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1 Supplementary lemma

Lemma 8. Let n € N* and let (uq,...,u,) € R} with u; # w; for i # j. Then,

K n
F = 1,( 1 ) ,<ﬂ> , with n > K, s linearly independent in the
Wuiz )y \1HuwiZ )i g y P

vector space of real-valued rational functions of Z € Ry

Proof. Since % =1- Hﬁ’ it is equivalent to prove the linear independence of
{1, (—Hiz) } To this end, let A = (Ao, A1, ..., A\y) € RY™ such that
i/ i=1
/\+§" Aj ! =0, VzeR
0 p= J1+Uj2 — Y +

we want to show A = 0. It is helpful to rewrite the above in the form

_ 1
Mo—i—zuj =0, VzeR,
j=1

z+v;
where py = Ao, p; = /\juj_l,vj = uj_l,j = 1,...,n. Evaluating this expression at
arbitrary z; < zp < ... < z,41, positive reals, yields the (n 4+ 1) x (n + 1) system
of equations: My = 0, where u = (o, .-, ftn), M = [tni1,C], tny is the (n + 1)-

=l,...

n+1

expansion of M along the first row yields det(M) = > (—1)*"det(C} ), where
k=1



-
row and first column of C'. Since Cj; is a n x n Cauchy matrix for all k£, we have (see
e.g Horn and Johnson (2012))

n+1l n

[1 H( zj)(vi — vj)
ot i

n+1l n

[] H(Zl + v5)

=1
z;ék]

det(CM)

> 0,

and hence det(M) > 0. Since M is nonsingular, it follows that p = 0, which in turn
implies A = 0. O

2 The remaining steps for the AR(p) model with
p>1

As indicated in Subsection 4.2, Step 1) (b) is entirely analogous to the AR(1) case
since the transition probabilities have the same functional form. Thus, as soon as
T > p+ 2, we can construct the transition functions displayed in Lemma 9. The

proof is identical to that of Lemma 3 in the main text.

Lemma 9. In model (ARp) with T > p+2, forallt € {p+1,...,T—1}, s € {1,.
p} and gt € V7, let 11g(0) = S0 7 YVieor + X048, wEVE(0) = SF_ vy + X’t+1ﬁ,

1
v1lvf

p 1=y
wi’fs'yl (0) = |1 — el (9)_“5(9))] [1 —e€ ~" ) =ne(0) and define the moment

functions:

gl\yl (Yt+1 ys X) _ ]I{Y;S _ yl} + wy1|y1( )]I{Y;S 7é yl}qﬁyl‘yl (Yt+12p 1) X)

(2p—1)7 “is—p>

Additionally, if T > p+3, for all collection of ordered indices si with J > 2 satisfying
t—p>s1>...>s5;>1, define analogously

| s s
gl yl(YH_ép 1)’}/;51 p""’ij —p’ ) _]I{YZS’ _yl}
+ Wl OV, Ay )G VLYY X))
Then
[Cy1\y1(yt+12p 1)aY;Z L )’Y;anﬁ 1 X“A} yl':Ul(AzaX)
|:<yl‘y1 (Y;?rép 3 7}/;21 —pr e 71/;:::; —p )’YO;)/;?J 1 XZ,A] yl‘yl (A’L7X)



For Step 2), provided T > p + 2, it is clear that the difference between any two
distinct transition functions associated to the same transition probability in ¢ € {p +
1,...,T — 1} will yield a valid moment function. Proposition 2 presents a family of
2T — (T + 1 — p)2P valid moment functions generalizing those obtained for the one
lag case. Recall that by Theorem 3, this is precisely the total number of moment
restrictions for the AR(p) logit model. We verified numerically for various values of

T and p that they are linearly independent.

Proposition 2. In model (ARp)
ifT>p+2, forallte{p+1,....,T =1}, se€{l,...,t —p} and y} € VP, let

v1ly? (Yt+1

} Ys X ) 19/1|y1 (Yt+1 X ) l;J1|y1 (Yt+1 Ys X )7

(2p—1)7 “is—p? it—(2p—1) it—(2p—1)7 “is—p>

if T >p+3, forallt € {p+1,...,T — 1} and collection of ordered indices s{ with
J > 2 satisfyingt —p > s; > ...>s; > 1, and for all yf € VP, let

| s S | | : s
i VL LYY X) = v (Vi 1 X) = ¢ o Viltopory Yipr - Yid) o X
Then,
[wyl\yl (Yt+12p 1) }/;.Z . l)’KO,YZi?l’X“Al} = O
| s : 7
|:77by1 i (YH_lQp 1)’ }/Zsi —pr 7)/18i -’ i)’}/lp’ Y’ 17 X Az} -

The proof is identical to that of Proposition 1. From a practical standpoint, these
results show that functional differencing in panel data logit models, i.e solving equa-
tion (1) in the main text, can be broken down into a sequence of equivalent simpler
subproblems period by period that collectively pin down all moment conditions. Our
procedure can be advantageous in sophisticated models with a few lags where numer-
ical/symbolic approaches using the full likelihood as in Honoré and Weidner (2020)

may start to prove difficult.

3 An identification argument for AR(p) logit mod-
els with p > 1

This section discusses ways to leverage our methodology and moment restrictions to
identify the common parameters. For ease of exposition, we concentrate on the AR(2)
logit model with 7" = 4 and generalize the insights towards the end.

There are two possible paths to inference. The first one is is to consider the “identified
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set” ©F of § based on the four conditional moment restrictions implied by the AR(2)

model:
o= {9 € R By, [ (VYL XY, X | =0, Wy, ae) € {0, 1}2}

and construct confidence sets for 0, following e.g Andrews and Shi (2013). Instead, the
sharp identified set may be computed following the approach of Dobronyi et al. (2021)
if the covariates X; are discrete with finite support. Alternatively, a second approach
which we develop further here is to formulate sensible restrictions on covariates that
secure point identification in the spirit of Honoré and Kyriazidou (2000). Specifically,
we consider the case where a continuous scalar component W, of X;, has unbounded
positive support conditional on Y, the other regressors, A; and has a non-trivial
effect Bow of known sign to the econometrician. This is the content of Assumption 1
in which Z; = (R}, Wi, Wiz, Wi), and Xy = (Wi, R.,) € RE= for all t € {1,2,3,4}.
Dobronyi et al. (2023) used a similar device to develop an alternative distribution-
free semiparametric estimator to that of Honoré and Kyriazidou (2000) that can

accommodate time effects in the baseline one lag model.

Assumption 1. (i) The covariate Wy is continuously distributed with unbounded

support on R, conditional on Y2, Z;, A; and (ii) Bow is known to be strictly negative.

Besides being a technical convenience, Assumption 1 may be reasonable in some
situations, e.g in the context of our empirical application, the econometrician may
have a confident prior that drug prices affect individual drug consumption negatively.
We point out that nothing in the discussion that follows hinges critically on [y <
0 and or W;, having support on the positive reals. A set of perfectly symmetric
arguments will deliver the same conclusions if instead Sy > 0 and W;5 has unbounded

support on R_.

Assumption 2. (i) 6y = (701,702, 5) € G1 X Gy x B =0, G1,Go,B compact. The

conditional densities of A; and Z; verify:

(i) lim qlaly’,z,ws) = gxo(aly’, 2), lim p(aly’ wa) = poo(2ly’), where oo and

Poo are densities.

(i1i) There exists positive integrable functions do(a),d;(z),ds(2) such that
q(aly®, z,ws) < do(a) for all a € A, di(z) < p(z|y®,we) < dao(z) for all
z € RE=~1

(iv) wy — plaly?®, z, ws), wy — p(2|y°, wy) are continuous in ws.
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Assumption 2 are standard regularity conditions for an application of the dominated
convergence theorem that once paired with Assumption 1 are sufficient to establish
that 6y is identified at infinity. The outline of the argument is as follows. Under these
assumptions, by sending W to oo, the valid moment function @/ngo’o(Y;4, Yis, Y21, X;)

of Proposition 2 reduces to

00y Yis, Y2, Z) = —(1 = Ya)(1 — Y)Y,

0,00

¥ = 1] (1= Vi) (1 = V) (1 - Yia) Vi (3)

+ 6—713€0+’72(1—3/i71)+x{31ﬁy;1(1 _ Y’i2)(1 _ }/;3)}/;4
+ 67’715/10*’721/171+X£415Y‘i1(1 _ Y; )(1 _ Y; )(1 _ Y; )

which occurs because lim,,, oo e2Pw = () and Y;, = 0 with probability one conditional
on the regressors and the fixed effects. The key observation is that this “limiting”
moment function has a similar functional form to the valid moment functions of the
AR(1) model with 7" = 3. In turn, this implies monotonicity properties on certain
regions of the covariate space that we can exploit to point identify 6, in the spirit of
Honoré and Weidner (2020). To this end, let (z,z) € R?, such that z > x and define
the sets

Xy = {2 €eRYZ>ap3 > 244 > a1 > 2O T > Tpg > Tpa > Tpy > 2}

Xy ={r eR™ |z <mps<apa<apy <Torz<ampy<apa <z <7}

for all k € {1,..., K,}. In words, &} + is the region of the covariate space in which
values of the k-th regressor in periods ¢ € {1,3,4} belong to [z, Z] and verify x5 >
Tpa > Ty with at least one strict inequality. Instead, A _ is the region of the

covariate space where realizations of the k-th regressor obey the reverse ranking.

With these notations in hands, we have the following theorem,

Theorem 5. For T = 4, suppose that outcomes (Y1, Yo, Yis, Yia) are generated
from model (ARp) with p = 2, initial condition y° € Y?, common parameters
b = (7,84 € R* = and that Assumptions 1 and 2 hold. Further, for all

Kq
s€{—, +}, let X, = kﬂl Xy, and suppose that for all y° € Y?

lim P(Y? =19’ X;€X|Wip=mws)>0

w2 —00



Let

UO00) = lim E |20 (Y, Vi, Y2 1, X0) | Y2 = 4%, X, € Xy, Wia = wy

0
$Y w2 —00

Then, 6y is the unique solution to the system of equations

o009y =0, Vse {—, +}5, wyle)?

ERTA

Proof. Specializing Proposition 2 to the AR(2) with 7" = 4 yields the valid moment

function:

1 (Vias Vi Y20, X0) = (007400 = 1) (1= Yi) (1= Vi)V

. {ewoxmﬂ + (1 Yot ) (=X 1} (1= Ya)(1 = Yio)(1 = Yig)Yig

+ 671(1*Yio)+“/2(Y¢O*Yi71)+X{215}/Z,1(1 _ }/;2)}/;.3

+ e~ MYiom Vi1 +-Xiy 8 [e”lﬂmo_xéﬂﬂ + (1 — e”””yio_xl{“ﬁ) 6”2_X1{43B] Yir(1 = Yie)(1 = Yi3)Yia
+ 6—71%0—723271+X{416yi1(1 —Yi)(1 = Yiz)(1 — Yig)

—(1=Ya)Yi

Consider, the “limiting” moment function 1#2'250(3/14,3/2'3,3/1-2,1,21') given in (3). For

s € {—,+}=, consider the moment objective

\I/0|0,0<0) = lim E [ S‘O’O(Ytﬂa Y;Z?n Y722_1a XZ)D/zO = yo’ XZ € XS’ VVZQ - w2i|

0
Sy w2 —r00

We will show in two successive steps (a) and (b) that

000(0) = tim B (g0 (Via, Vis, Y2, 20 = o, X, € X Wi = wa] ()

0
Sy w2 —»00 8,00
6,00

= E |69 (Yia, Yig, Y21, Z)IY? = 4, Xi € X, Wi = 00| (b)

To establish (a), we start by observing that the history sequence (1 —Y;;)Y}s featuring

in ¢3|0’0 has expectation zero. To see this, note that by iterated expectations

lim E[(1 - Yi) Y|V = %, X; € X, Wiy = w,]

w2 —00
eo2yo+zrBo+a 1
= lim a,z X, wo) dadz
Wo—300 1 4 ero2votasfota 1 eY01v0+y02yi-1+2] Sota j< ) ‘yo’ s 22

~
joint density

p(zlyo,w2) 1{X;€Xs}
S, p(zlyo,w2)dz

NOW7 f(aazyy();)(sva) = C](a‘ym Zaw2)p(z‘y05 XsawZ) = Q<a’y0>sz2)



Hence, by part (iii) of Assumption 2, an integrable dominating function of the inte-

grand is

eo2yo+zrf0+a 1 dg(z)
X, wy) < do(a)——22
p(a’7’z|y07 wz) 0(@) fXS d]_(Z)dZ

Moreover, by parts (ii)-(iii) of Assumption 2 and the Dominated Convergence Theo-

1+ eYo2yo+z5B0+A; | + eYo1yo+y02yi—1+x Bo+a

rem,

poo<z|y0)]l{X2 € XS} = (a Z\yo X)

lim faazya‘)(svw = (0| A|Yo, 2
Wa— 00 ( | 0 2) ( ‘ 0 ) IXS qoo(ZIyo)dZ

Hence another application of the Dominated Convergence Theorem gives

lim E [(1 - Y)Yi|V? = 4%, X; € Xy, Wiy = w,]

w2 —00

/ 6’702y0+$/250+a 1

= lim a, z|yg, Xy, wa )dadz
wy—oo | 4 er02v0t+Trfo+a 1 6701y0+702y—1+33'1,30+af( ’ |y0’ S 2)

= /O X foola, z|yo, Xs)dadz

=0

where the third line follows from the fact that lim,, . e¥2Pw — (0 by Assumption
1. Applying the same arguments to each remaining summand of wg‘o’o and collect-
ing terms delivers (a). To obtain (b), we note that by part (iv) of Assumption
1, wy > E [ng,‘gf(m, Yia, Y2, Z)Y0 = 0, X; € X,, Wiy = wz} is continuous with a
well defined limit at infinity in light of (a). As a result, we can work directly with its
continuous extension at infinity. Let us focus on the initial condition yy = y_1 = 0.
It is clear from Equation (3) that \1!2!8:8 (0) does not depend on ;. Furthermore, by

parts (i) of Assumption 2 we note that we have the following integrable dominating



functions for the derivative:

0[0,0
BW ( 4 137 Y —1> Z) _ 672+X1{316Y;1(1 o }/;2)(1 o }/;3)}/;4 S sup 6gg—',—2max(|:?:|,|§|)||bH1

572 g2€Go,beB

a¢0|00( 247 137Y 172)
B,

= Xik7346X1{346(1 —Yi)(1 = Ye)(1 —Yi3)Yia

+ Xik,31€72+X’{315Y;1(1 — Yio)(1 —Y;3)Yiu
+ Xik,41€72+X’{31ﬂY;1(1 — Yio)(1 = Y3)(1 — Yiy)

/ / /
< ‘Xik 34|eXi345 i ‘X'k 31|672+Xi315 4 ‘X'k 41|6W2+Xi315

< 2max(|z|, |z|) sup e?mex(ZHDIbl (1 49 sup e92)
beB 92€G2

Hence, by Leibniz integral rule, we get

8\IIO|0’O 0 0 0|00 iy L4 ,Y s Zi
30,0( ) _E Vo0 (i 43 3 “il )‘}/Z.O:(O,O),XiGXS,Wm:OO
72 2

B[ Y (L Ya)(1 - Y VlY? = (0,0),X; € X, Wis = o]

=E |7 E [V (1 - Yio) (1 — Yia)Yia |V = (0,0), Zi, Wia = 00, A;] Y = (0,0), X; € X, Wiz = 00

-

=0

>0

Similarly,

QW00 (0)

oJep
8 0|00 1, Y ,Y 7Z
_p |2 4353 1 )|YiO = (0,0), Xi € X, Wip = 00
k

/
=E [Xik,34€Xi34B X

E [(1—Y)(1 = Yia)(1 — Yi3)YulY? = (0,0), Z;, Wio = 00, 4;] [Y? = (0,0), X; € X, Wip = 00

(.

-~

>0

!
B [Xz'k,31€72+Xi315><



E [Vii(1 = Yi2)(1 = Yi3)Yu|Y" = (0,0), Zi, Wip = 00, A;] [Y* = (0,0), X; € X, Wip = o0

>0

!
+E [Xik,41€72+x"315><

E [V (1= Yio)(1 = Yis)(1 = Yia)|[Y?* = (0,0), Z;, Wig = 00, A;] [V} = (0,0), X; € Xy, Wiz = o0

N J/

~~
>0

0/0,0 0/0,0
The last display shows that ng’:(e) > 0 if s, = + and aqjgg’;’(e)

Therefore, appealing to Lemma 2 in Honoré and Weidner (2020), we conclude that

< 0if s = —.

the 2%+ system of equations in K, + 1 unkowns given by:
Tl0o(0) =0, Vs e {- 4}

has at most one solution. It is precisely (7o2,/30), since the validity of

2'0’0()24,)Q3,3231,Xi) for arbitrary X, directly implies the validity of the limiting
2}2;0(524, Yis, Y21, Z;) at “W;y = oo”. Then, notice that for any other initial
condition y° € {(0,1),(1,0),(1,1)}, the objective \1127'250(9) is strictly monotonic in ;.
Hence, given (72, o), it point identifies vp;. This concludes the proof of Theorem

5. [l

moment v

Theorem 5 shows that point identification of 6 is achievable in higher-order dynamic
logit models in short panels. The main cost for this guarantee is Assumption 1 which
presumes knowledge of the data generating process beyond the baseline setup. Addi-
tionally, there should be sufficient variation in the regressors X;; as W;s — 00 to ensure
that limy, .o P (Yio =19° X, € X, |Wyp= wg) > 0 for all s € {—, +}%=. Our argu-
ments are easily generalizable to AR(p) models with lag order p > 3. Under natural
extensions of Assumptions 1 and 2, the model parameters 6y = (Y01, - - ., Yop, 5) are
identified at infinity provided T' > 2 + p.

Remark 8 (Time effects). Theorem 5 does mnot readily deals
with  time effects since such covariates may violate the condition
limyy, 00 P (Y;O =y, X, € X, |Wp= wg) > (0. For example, it is clear that
if the k-th covariate is a time trend, the rank ordering on the regressors demanded
by the sets X+, Xy cannot be satisfied. Nevertheless, it is possible to adapt the
argument to accommodate these cases. Suppose for concreteness that X;,; = t. By

further sending W;3 to infinity, the limiting moment function of equation (3) reduces



to

oo (Yia, Yig, Y21, Z;) = —(1 = Y )(1 — Yio) (1 — Yia) Vg
+ e*’Yl5@0*723€71+3,3k+X'_k7i41/37kY'il(1 _ }/;2)(1 _ }/;3)(1 _ }/’14)

where we momentarily use the shorthands X_j, ;41 and 8_; to denote all covariates and
slope coefficients besides the k-th. For (Y, Y;—1) = (0,0), this valid moment function
only depends on 8 and we can view [y as playing the role of the state dependence
coefficients in the proof of Theorem 5. This means that under additional regularity
assumptions, analogous arguments to those in the proof will point identify 3. Varying
the initial condition is then sufficient to point identify v, given the monotonicity of

the moment function in (71, y2).

4 Proofs for the VAR(1) logit model

Proof of Lemma 4. We have

E |64 (Yier1, Yo, Va1, X0) [Yio, Vi, o, Ai| = P(Ya = klYao, Vi, X0, A)

X Z P(}/:itJrl = l’Y;OJ }/;tlilu }/:it = ka Xi7 Al) ];lk(l7 k? Y;tfh X’L)
ley
M e (32501 Y Yiit—1 X o Bmt-Ami)

114 erM:l Ym;j Yi,it=1+X, 1 BmtAm,i
m=

g 1 Ymiki+ X7, itg1Bm+Am.i)

5 E : eZgzl(lm*km)(Zjle’ij(%,it—rkj)*AXin,uHﬁm)
o> met 1+ eXi= 1 Vmi kg X 1 Bt A
lm(Z] 1'Ymg§/g it— 1+Xm ltﬁm"l‘Am z) ekm(szzl 'ijkj+X,{n7it+1ﬁm+Am,i)
%nl_[l 1+ eXi= Ly Yk Xl 1Bt Am 14+ erAil Ymg Yj,it—1+X, ;1 Bm+Am i
km(zj 1 'Ym]k +Xm Zt+1ﬁm+Am 7.) 1
H_ 1 J 1'ij§/j,it71+Xm7ith+Am,i 1 + eZ?il ’ijkj+X,:n,it+16m+Am,i
M

E H 1 'ijyvj,itfl'i‘X;n’itﬁm"FAm,i)

1€y m=1

Since

M
§ H elm(zj\il 777Lj§/j,it71+X;n’itﬁm+A7n A H 1 + e ] 1 'YnL]}/] it— 1+Xm lf;Bm"l‘Am z)
ley m=1 m=1
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we finally get

E |0 (Yier1, Yie, Va1, X0)[Yio, Y™, X, A

km(Zfil 'YMjkj"'X;n,iH—lme"‘AmJ) 1

M
M
x H (1 + er:1 ’ijY'j,it—l“!‘X,/n’itﬁm"rAm,i)

ekm (Z]Nil Ymjk; +X;n,it+lﬂm +Am,i)

1+ 62?; Ymiki+X o i1 BmtAm,i

1+ o271 Ymi Yiat—1+X ] Bt Am.i + o1 Ymiki +X ] iy Bt Am i

Proof of Lemma 5. By definition, for 7" > 3, and for ¢, s such that T—1 > ¢ > s > 1:

it—17 Tis—1»

E [ ki (ytel ys

leY\{k}

M km (/mes( +Amz

km (Nm,s (9)+Am,z)

erm
1_|_6I-Lms(9 mz

M
. (&
o H 1 _.I_ e#m,s(9)+Am 7

K (ot (8)+ A, i)

M
— H c”
1 + el fr‘bkt (0)+Am,i

The first line follows from the measurability of the weight w,

o

leV\{k}

p>

leY\{k}

i)’}/;'Oa }/;ji_ly Xia Az:| =

[ _

> WO [1{Yi, = Do} (Vi X0 Y, i X, Al

T (A, X)) P(Yae = 1Yo, Yi', X0, Ay)

S (k) [R5 0) u;s(ﬁ’}

K|k

,S,l

m=

1

the conditioning set and the linearity of conditional expectations.

penultime line uses Appendix Lemma 7.

11

P(}/;S = k'KOaY;i_17XiaAi)+

(k™ (0)+ Amm.i)

M
efm
1l

elm(,um,s(e)“l‘Am,z)

1 4 efme®)

m,i 1 _I_ e#m,s(0)+Am,z

(0) with respect to

The second line
uses the definition of () and follows from the law of iterated expectations and

Lemma 4. The third line makes use of the definition of m’;l’j;(e) and w; lkl(Q) and the



5 Moment restrictions for the dynamic multino-

mial logit model

This section presents new results for the first-order dynamic multinomial logit model
with fixed effects, MAR(1) for short. The model is described by

Y, = arg max Yy,
cey

t=1,...,T (MARI)
C

Vi = val{Yuot =1} + X[ B + Aie + it
=0

where Y = {0, 1,...,C}, € are serially independent identically distributed type I ex-
treme value errors, independent of strictly exogenous regressors X; = (X;1,..., Xir) €
X7 lagged outcomes variables, and of fixed effects A; = (Aj, ..., Aic) € A. Here,
we assume X C R¥o x ... x REc A = RE*+!. The initial condition is Y;y € Y and as
usual we leave its distribution conditional on (A;, X;) unrestricted. This setup gives

rise to the following transition probabilities:

i+ X 1 Bt Ak

(AL X)) = P(Yies = k|Yy = 1, X, A) = t=1,....T

C )
Z eel +Xét+1 Bj+Aec

c=0

Following Magnac (2000), we normalize the transition parameters and fixed effect of
the reference alternative “0” to zero '. That is ;0 = 7, = 0 for all j € ) and
Ao = 0, leaving 6 = ((”ykz)k,lzb (51)120) as the unknown model parameters.

Magnac (2000) studied the “pure” case without covariates and showed that an
extension of the conditional likelihood approach proposed by Chamberlain (1985)
can be used to identify and estimate the state-dependence parameters. Honoré and
Kyriazidou (2000) showed that this argument carries over to the case with exogenous
explanatory variables if one matches the regressors across specific time periods. The
two-step approach expounded below offers an alternative path for estimation circum-
venting the need for matching.

Step 1). Similarly to the VAR(1) model, the MAR(1) seems to admit transition
functions only for the probabilities of staying in the same state, namely Wf |k(Ai, X;)
for k € Y. This feature appears to be a common trait of multidimensional fixed

effects specifications. To derive the set of these transition functions available from

!The state dependence parameters of the reference state cannot be identified so a normalization
constraint must be imposed. Setting A;o = 0 is also without loss of generality since we can always
redefine the fixed effect as A}, = A; — Ajo.
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T = 2, we can apply the reasoning of Subsection 3.2.1 in the main text and seek

Z'k(-), k € Y satistying:

O (Yigpr, Y, Yiror, Xo) = 1{Vsy = K} (Vi k. Yieoy)

E (b’;f',k(}/itJrla}/ita}/itflaXi>| }/;Oa}étlileiaAi = Wf|k<AzaXl)

Upon obtaining their analytical expressions for the simplest case with C' = 2, it is easy
to conjecture and then verify as we do in the proof below that the generic expressions

are as displayed in Lemma 10.
Lemma 10. In model (MAR1) with T > 2 and t € {1,...,T — 1}, let for allk € Y

’g“f(yiiﬂ’ X)) =1{y, = k}GZcey\{k}ﬂ{Yn+1=c}(Zjey(%j*'ij)ﬂ(Yit—1=J’)+’ykkf%kJrAX{ktHBkfAX{Cch)

Then:

e Vkk +X 1 Bt A

k|k — k|k
E (651" (Vieon, Yo, Yin, X0 Yio, Vi X, 4] = (45, X) =
Z 670k+X7€Ct+1ﬁj+Aic
c=0

Proof. We have:

E [0 (Yierr, Yo, Yieot, Xo)[Yio, Vi, Xi, Ai| = P(Yie = IV, V7Y, X, i)
> P = UV YT Vi = b, X, A)g" (1K, i, X0)

ley
eZcC:o Ve L (Yie—1=0¢)+ X1, Bru+Aik et Xl 1 BitAa
= MR K, Yo, X,
- o X C 0 ( y vy Lgt—1, z)
Z eZC:O Yjel(Yie—1=c)+ X[, B+ A ley Z e’yjk—l—X{thﬁj-i-Aij
j=0 7=0
eZCC:o Ve L(Yie—1=c)+X[}, Brp+Aik
= X
c c (Y _ X/ LA
Z 625:0 Vjc ( it—1=c)+ ijtﬁj‘f' ij
Jj=0
Vik+X {1 BetAik Vb +X {11 Bt Ai ]
€ ' + € ' e(ZjC:o(le—%j)ﬂ(Yz‘t—1:J)+7kk—%k+AX{kt+1ﬂk—AX{ltJrlﬂz)
C C
ikt X BitAis e\ {k ikt X1 BitAij
ikt XLy 1 Bi+A kXD B+ A
j=0 7=0
eZCC:O Ve L(Yie—1=c)+X [}, Brp+Air e’Ykk+X£kt+15k+Aik
= X
& xe =c)+X] A S ! A
Z ezc:()'ch]l()/itflfc)‘i‘Xijtﬁj‘f' ij Z e’yjk+Xijt+lﬂj+ ij
j=0 7=0

13



e Vkk X1 Bt Aik 1

+ = X c X0 ML (Yir—1=3)+ X[, Brt-Au
c
Z 62020 Viel(Yie—1=c)+X7;,8;+Ai; ley\{k} Z 67jk+Xz{jt+15j+Aij
j=0 7=0
ek T X1 Bkt Aik 1

= — = erc:o Y L(Yie—1=5)+ X[, B1+Aq
Z eZCC:o Yjel(Yie—1=c)+X[;,B;+Ai; Z e’ij+X§jt+15j+Aij ey
j=0 7=0

e Vkk +X 1 BetAik

c
S ent X fitAi
=0

= " (A, X)

]

From there, if T" > 4, we can draw once again on the partial fraction decomposition of
Appendix Lemma 6 to get more transition functions associated to the same transition
probabilities. Of course, we reiterate that the (multivariate) rational fraction struc-
ture of the transition probabilities when the fixed effects are viewed as polynomials is

essential to these results. Lemma 11 gives their expressions and concludes Step 1).

Lemma 11. In model (MAR1) with T > 3, for all t,s such that T —1 >t > s > 1,

let fOT all <C7 k) € y2~' ,uc,s(e) = Zf:l P)/cj]l(Y:isfl = ]) + Xz{csﬂc - XZ{OSB()?

I I
Kb (0) = Yot Xy e = Kigpa o, wfLel0) = 1= et OO Ok g

define the moment functions
K|k s K|k K|k
0 VALY LX) = 1Y =k} Y Wi (0)L{Yi = 16, (i, X))
leV\{k}

Additionally, if T > 4, for any t and ordered collection of indices s{, J > 2, satisfying
T—1>t>s >...>s;>1, define analogously,

k|k s1 s
S Y LY LX) = 1Y, = k)

k|k k|k 51 sy
+ 3w (1Y, = G (VLY YL X)
leY\{k}

Then,

B (G Vi XY, Vi X, 4] = w44, X))

0

0

E |G (VL Y Y X0 Yo, Vi X A = w4, X))
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Proof. By construction for 7' > 3, and t,s such that T — 1>t > s > 1,
E |G (Vi Yo, Xo) Yio, Vi, X, Al
= P(Yis = 0Y;, Vi, Xi, A))

+ > W) {H{Yw—l}lﬁz[ 0V, X0 Yo, Y X, A (Yo, Vi X, A,
ley\{0}

1 0]0 s— 0]0
T AT Zwt'sz (10 = D¥io Vi, X, A (4 X)
¢ +(0)+A;
_ ! +Z< (=21200) o ))) et O+ L
]_ _I_ Z ellc s 0)+Azc —1 1 + Z eMc 5(9 +A7,c 1 + ZC 1 6 c‘t (9)+A

1
1+ Z . er ct(6)+AlC
=, (A;, X,)

The first line follows from the measurability of the weight wg ‘31(9) with respect to
the conditioning set and the linearity of conditional expectations. The second line
uses the definition of . s(f) and follows from the law of iterated expectations and
Lemma 10. The third line makes use of the definition of 50'0(9), w? LOZ(H) and the
normalization v, = Yo. = 0, Ag. = 0 for all ¢ € ). The penultime line uses Appendix
Lemma 6.

Analogously, for all k € Y\ {0},

E [Cg(lk(y;it%a Y;i—lv Xz>|Y;0’ Yﬁ_1> Xia Az}
_P( —k\Y;ij 1XZ?A)

+ Z wf‘skl |:]]-{§/ZS l}]E |: klk(}/;ff+%7 i)‘}/;OJ}/;iil?XiaAz} |§/;l07}/'5717Xi7Ai
leV\{k}

= + w is — 0 .s_ g i ‘
oo () Ase 2 s B |
I+ Z eres(O)F leV\{k}

eHk, s(0)+ A

1+ 30 emen@tae

s ( 1 (0) 0 (0)) (ni,?(@—uk,s(a»)

leY\{k}
e/‘k,s (9)+Azk

= 5 + (1 e Pt (0) 44k 5(9)) o
1 -+ Zc:l e#c,s(g)‘f‘Aic 1 + Z ehte,s 9)+Azc 1 + Z - 6 ot (9)+A

K|k
ett,s(0)+Aq eﬁk}t (0)+Aix

1 K]klk(e)—‘rAik

15



K|k
ett,s(0)+Aq e’%lt (0)+ Ak

C
K|k |k
£ 3 (1 - ettt @m0 <e>—uk,s<e>))
( 1+39,

=1
£k

M, 9 +Azc ]zlk(e)‘i’Aic
€ L+ Z et

klk
Pt O+ A

|
1+ Zf:l enff(@)—o—Aic
= (A, X))

[]

For Step 2), we are free to take the difference of any pair of transition functions
yielding the same transition probability to form a valid moment function. A collection
of linearly independent moment functions can be constructed following Proposition 1,
where we substitute the AR(1) transition functions with their MAR(1) counterparts

given in Lemmas 10-11.

6 Moment restrictions for a dynamic network for-

mation model

In this section, we show how our methodology can also be fruitfully applied to analyze
dynamic network formation models in the spirit of Graham (2013), Graham (2016).

We are now interested in a setting where the undirected social ties of N > 3 agents
are observed over t = 0,...,T periods. Assume that a large random sample of M
such network sequences are available to the econometrician, and that link formation

from t > 1 evolves according to:
Dijt = 1{v0Diji—1 + BoRiji—1 + ngtfso + A — et > 0} (4)

Here, D;j; € {0,1} encodes the presence or absence of a link between agent ¢ and
agent j at time t, R;j; = Zszl DD is the number of friends that 7 and j have
in common at ¢, X;;; = Xj;; are strictly exogenous covariates (e.g distances, time
effects), A;; = Aj; is a dyad-specific, time invariant, unobserved heterogeneity term,
and €;;; is an iid logistic error. The parameters of interest are 7o, 89, 0o which capture
respectively state dependence in friendships, transitivity (i.e the benefits of sharing
friends in common), and observable “homophily”. Let D, denote the N x N matrix
of social ties at ¢ with ij-th entry D,j;. Additionally, let D = (d',...,d") denote the
set of all possible undirected networks of N agents - with self-ties ruled out - with

cardinality n = (1;7 ) The initial network Dy at t = 0 is allowed to correlate freely with
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the matrix of fixed effects A with ij-th entry A;; and regressors X = (X;i,..., Xy)
where X, is the matrix of covariates at time ¢ with ij-th entry X,j;.

Graham (2013) studied the special case N = 3 without covariates and proved the
identification of #y using a conditional likelihood argument. To address the general
case with regressors, it is helpful to note that rule (4) is in fact similar to the VAR(1)
model studied in the main text. This has immediate implications. First, Lemma 4 in

the main text tells us that

5(Diy1, Dy, Doy, X) = 1{D, = d}

xexp | > (Dyjess — diy) <V(Dijt—1 — dij) + B(Rije—1 — 1ij) — AX{thﬁ)
1<J

is a transition function for Wf ‘d(A,X ), the transition probability of switching from

network d to network d. Formally, this means:

e%is (vodij+Borij+X[,;100+Aij)

d|d ‘ t—1 _ dd —

. ¢00 (DH_I’ Dty De-s, X)|D07 Dl R e (A7 X) - H 1+ 670dij+ﬁomj+X£jtéo+Aij
1<)
Then, if T' > 3, Lemma 5 tells us how to construct another set of transition functions
associated to Wfld(A,X). For example, for ¢,s such that T'—1 >t > s > 1, we can

consider
JUDIL D X)=1{D, =d}+ Y Wi (0)1{D, = d'}¢y"(Dysr, Dy, Dy, X)
d’'eD\{d}

dld

where wzgd,(G) =1- ezKi(ng’_d“)[H“’t(e)_“”’sw)] with /ifj'.i = vdij+ Bori; + X418 and

tijs = YDijs—1 + BRijs—1 + X{jsﬁ. This allows us to form n valid moment functions
for the typical case T' = 3, given by:
drp3 Pl _ 4dld _ dld, 3yl
mH(DDDOvX)_ 0 (D37D27D17X) 0 <D17D0>X)

In turn, this paves the way for an identification analysis of 6y and its estimation by

GMM leveraging our sample of M iid networks.

7 Additional results for the empirical application

Alongside the EL estimator, we computed the iterated GMM estimator of Hansen

et al. (1996). Starting from an initial consistent estimator 6 (we used the equally-
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weighted GMM estimator), it can be described as

0 = lim és

08 = arg min mN(Q)’QN(QS_l)_lmN(G)
0

where iy (6) = L3N me(Yi, Y2, X)) and  Qn(0) =
LS me(Yi, Y2, X)me(Y;, Y2, X;)'. While asymptotically equivalent to the
2-step GMM estimator, Hansen and Lee (2021) recommended its use over it for a
few practical reasons. First, 6 eliminates the arbitrariness in the choice of the initial
weight matrix of 2-step GMM estimators. Second, because the iteration sequence is
a contraction, each iteration is approximately variance reducing in the sense that:
Var(0,) ~ Var(f,_,) for some constant ¢ < 1. Table 2 shows that the iterated
GMM estimates align closely with those obtained using the empirical likelihood
approach.

Table 2: Parameter estimates of the trivariate VAR(1) logit based on NLSY data
continued

Empirical Iterated
Likelihood GMM
A M HD A M HD
O o V) (V) (VD)
Y1l 0.48 -0.06 0.38 0.36  -0.09 0.30
(0.13) (0.21) (0.33) (0.12) (0.21) (0.34)
Yrm2 0.29 0.83 0.49 0.18 0.78 0.52
(0.20) (0.14) (0.24) (0.19) (0.14) (0.24)
Ym3 -0.29  0.19 0.48 -0.28 0.10 0.48
(0.31) (0.22) (0.23) (0.30) (0.22) (0.23)
age 0.09 -0.09 0.03 0.05 -0.11  0.08
(0.05) (0.07) (0.10) (0.05) (0.07) (0.09)
college 0.25 0.20 0.31 0.28 0.20 0.30
(0.14) (0.15) (0.26) (0.12) (0.15) (0.26)
LR Test 56.45

“Wald” Test 54.38

< 10~°. Standard errors are

é5+1 - és

NoOTES: The convergence criterion for the iterated GMM procedure is
reported in parenthesis. Columns titled “A”,“M”, “HD” report parameter estimates for the alcohol layer, marijuana

layer, and hard-drugs layer of the trivariate VAR(1) logit model.
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