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Abstract

Dynamic logit models are popular tools in economics to measure state dependence.
This paper introduces a new method to derive moment restrictions in a large class
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common structure of logit-type transition probabilities and elementary properties of
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complexity (e.g the lag order or the number of observed time periods). We detail the
construction of moment restrictions in binary response models of arbitrary lag order as
well as first-order panel vector autoregressions and dynamic multinomial logit models.
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1 Introduction

The analysis of state dependence is a classic and important topic in many areas of economics.
Several discrete processes such as welfare and labor force participation manifest strong serial
persistence, and economists have sought various methods to unravel the underlying factors.
In this paper, we reexamine the estimation of one notable set of models employed for this pur-
pose: discrete choice models with lagged dependent variables, strictly exogenous regressors,
fixed effects and logistic errors. We shall refer to this class of models as dynamic fixed effects
logit models (DFEL) throughout. Specifications of this kind are used to discriminate between
“structural” state dependence, i.e the causal effect of past choices on current outcomes, and
heterogeneity, i.e the serial correlation induced by unobserved individual attributes (Heck-
man (1981)). An example of this approach is the analysis of welfare participation in Chay
et al. (1999). There has been considerable interest in this family of panel data models in
econometrics, with a recent surge in attention following new developments reported in Honoré
and Weidner (2020). One general reason is that DFEL models stand out as a rare case of
nonlinear dynamic panel data models for which solutions to the incidental parameters prob-
lem (Neyman and Scott (1948)) and initial conditions problem (e.g Heckman (1981)) have
been known to exist in short panels'.

In the “pure” version of the basic model which abstracts from covariates other than a first
order lag, Cox (1958), Chamberlain (1985) and Magnac (2000) showed that the autoregres-
sive parameter can be consistently estimated by conditional likelihood. This approach relies
on the existence of a sufficient statistic linked to the logistic assumption to eliminate the fixed
effect. In an important subsequent paper, Honoré and Kyriazidou (2000) extended this idea
to a setting with strictly exogenous regressors and showed that the conditional likelihood
approach remains viable if one can further condition on the regressors being equal in specific
periods. This strategy was also found to be effective in dynamic multinomial logit mod-
els (Honoré and Kyriazidou (2000)), panel vector autoregressions (Honoré and Kyriazidou

(2019)) and dynamic ordered logit models (Muris et al. (2020). At the same time, it has also

!The incidental parameters problem refers to the general inconsistency of maximum likelihood in short
panels. The initial conditions problem refers to the general difficulty of formulating a correct conditional
distribution for the initial observations given the fixed effects and covariates.



been noted that the necessity to be able to “match” the covariates imposes two limitations for
the conditional likelihood approach: it inherently rules out time effects and implies rates of
convergence slower than v/N for continuous explanatory variables. Furthermore, calculations
from Honoré and Kyriazidou (2000) suggested that it does not easily extend to models with
a higher lag order. These shortcomings have motivated the search for alternative methods of
estimation.

Recently, Kitazawa et al. (2013, 2016) and Kitazawa (2022) revisited the AR(1) logit
model - autoregressive of order one - of Honoré and Kyriazidou (2000) and proposed a trans-
formation approach that deals with the fixed effects without restricting the nature of the
covariates besides the conventional assumption of strict exogeneity. Their methodology leads
to moment restrictions that can serve as a basis to estimate the model parameters at v/N-rate
by GMM; even with continuous regressors. In parallel work, Honoré and Weidner (2020) also
derived moment conditions for the AR(1), AR(2) and AR(3) logit models in panels of specific
length using the functional differencing technique of Bonhomme (2012). Their approach is
partly numerical and relies on symbolic computing (e.g Mathematica) to obtain analytical
expressions but has a wider scope of potential applications, e.g dynamic ordered logit speci-
fications (Honoré et al. (2021)). In another recent paper, Dobronyi et al. (2021), the authors
analyze the full likelihood of AR(1) and AR(2) logit models with discrete covariates under
a new angle that reveals a connection to the truncated moment problem in mathematics.
Drawing on well established results in that literature, they derive moment equality and new
moment inequality restrictions that fully characterize the sharp identified set.

In this paper, we introduce a new systematic approach to construct moment restrictions
in DFEL models with additive fixed effects, i.e when fixed effects are heterogeneous “in-
tercepts”. This class of models encompasses most specifications studied in prior work but
excludes models with heterogeneous coefficients on lagged outcomes and/or regressors as in
Chamberlain (1985) and Browning and Carro (2014). Unlike some recent competing ap-
proaches, we do not require numerical experimentation nor symbolic computing. Rather, as
we shall see in examples, we exploit the common structure of logit-type transition probabil-
ities and elementary properties of rational fractions, to obtain analytic expressions for the

identifying moments. We shall focus our attention on deriving valid moment functions for



AR(p) models with arbitrary lag order p > 1 as well as first-order panel vector autoregres-
sions and dynamic multinomial logit models (Magnac (2000)).

Our methodology exploits two key observations. First, the transition probabilities of
logit-type models can often be expressed as conditional expectations of functions of observ-
ables and common parameters given the initial condition, the regressors and the fixed effects.
We shall refer to these moment functions as transition functions. They have the important
feature of not depending on individual fixed effects. Second, as soon as T' > p + 2, where T’
denotes the number of observations post initial condition, many transition probabilities in pe-
riodst € {p+1,...,T—1} admit at least two distinct transition functions. The combination
of these two features motivates a two-step approach to obtain moment restrictions in panels
of adequate length. In the first step, we shall compute the model transition functions. Then,
the second step will simply consist in differencing two transition functions associated to the
same transition probability. We show that a careful application of this procedure delivers
all the moment equality restrictions available in the binary response case. We shall further
elaborate on these steps in examples and use the resulting moment functions to derive new
identification results. At a high level, the approach we advocate in this paper consists in
solving a sequence of problems with identical structure period by period instead of solving
directly a large system of equations based on the model full likelihood as in Honoré and Wei-
dner (2020) and Dobronyi et al. (2021). As a consequence, our procedure remains tractable
when the number of time periods increases and in models with higher order lags.

Besides the aforementioned papers, our work also connects to a line of research studying
the identification of features of the distribution of fixed effects in discrete choice models.
One branch in this literature has focused on developing general optimization tools to com-
pute sharp numerical bounds on average marginal effects. This includes most notably the
linear programming method of Honoré and Tamer (2006), recently adapted by Bonhomme
et al. (2023) to the case of sequentially exogenous covariates, and the quadratic programming
method of Chernozhukov et al. (2013). A second branch in this literature has sought instead
to harness the specificities of logit models to obtain simple analytical bounds. In static logit
models, Davezies et al. (2021) exploit mathematical results on the moment problem to formu-

late sharp bounds on the average partial effects of regressors on outcomes. In DFEL models,



Aguirregabiria and Carro (2021) are the first to prove the point identification of average
marginal effects in the baseline AR(1) logit model when 7" > 3. In related work, Dobronyi
et al. (2021) make use of their moment equality and moment inequality restrictions to es-
tablish sharp bounds on functionals of the fixed effects such as average marginal effects and
average posterior means in AR(1) and AR(2) specifications. We complement these results
as a byproduct of our methodology: average marginal effects and their variants in AR(p)
models, with arbitrary p > 1 are merely differences of average transition functions.

The remainder of the paper is organized as follows. Section 2 presents the setting and our
main objective. Section 3 introduces some terminology and gives an outline of our procedure
to construct moment restrictions. Section 4 implements our approach in AR(p) logit models
with p > 1 and discusses identification of model parameters and average marginal effects.
The semiparametric efficiency bound for the AR(1) is also presented for the base case of four
waves of data. Section 5 discusses extensions to the VAR(1) and the dynamic multinomial
logit model with one lag, MAR(1) for short. In Section 6, we present an empirical illustration
on the dynamics of drug consumption amongst young people and Section 7 offers conclud-
ing remarks. A complementary set of Monte Carlo simulations showing the small sample
performance of GMM estimators based on our moment restrictions is available in Appendix

Section D. Proofs are gathered in the Appendix.

2 Setting, assumptions and objective

Let ¢+ = 1,..., N denote a population index and ¢ = 0,...,7T be an index for time. We
study DFEL models which may be viewed as threshold-crossing econometric specifications
describing a discrete outcome Y;; through a latent index involving lagged outcomes (e.g Yi;—1),
strictly exogenous regressors X;;, an individual-specific time-invariant unobservable A; and

an error term €;. The canonical example is the AR(1) model:
Yie=1{Yi1 + Xjfo+Ai—e >0}, t=1,...,T

and we shall concentrate more broadly on cases where A; is additively separable from the

other explanatory variables. An initial condition that we will generically denote Y;° com-



pletes such models to enable dynamics. The common parameter 6 is one target of interest
and governs the influence of lagged outcomes and the regressors on the contemporaneous
outcome. Other quantities of interest include counterfactual parameters such as average
marginal effects.

Throughout, we leave the joint distribution of (Y, X;, A;) unrestricted where X; =
(Xi1, ..., X;r) and thus refer to A; as a fixed effect in common with the literature. The
schocks €; are assumed to be serially independent logistically distributed, independent of
(Y2, X;, A;), except for the MAR(1) model where they are instead extreme value distributed.
Finally, we shall assume that (V;, Y%, X;, A;) are jointly i.i.d across individuals.

The data available to the econometrician consists of the initial condition Y, the outcome
vector Y; = (Yi1,...,Yir), and the covariates X; for all N individuals. Interest centers
primarily on the identification and estimation of 6y in short panels, i.e for fixed T. To
this end, the chief objective of this paper is to show how to construct moment functions

Yy(Y;, Y2, X;) free of the fixed effect parameter that are valid in the sense that:
E [0, (Y:, Y}, Xi) | Y2, X3, Ai] = 0 (1)
When this is possible, the law of iterated expectations implies the conditional moment:
E [¢o,(Y:, Y2, Xi) | Y2, X] = 0

which can in turn be leveraged to assess the identifiability of 6, and form the basis of a GMM
estimation strategy. This is the central idea underlying functional differencing (Bonhomme
(2012)) and was applied by Honoré and Weidner (2020) to derive valid moment conditions
for a class of dynamic logit models with scalar fixed effects. We borrow the same insight
but instead of searching for solutions numerically on a case-by-case basis, we propose a
complementary systematic algebraic procedure to recover the model’s valid moments . In
doing so, we flesh out the mechanics implied by the logistic assumption which in turn suggest

a blueprint to deal with estimation of general DFEL models. For example, we are able

2Dobronyi et al. (2021) and Kitazawa (2022) also have an algebraic approach but our methodologies are
very different. The first paper uses the full likelihood of the model and focuses on the AR(1) and special
instances of the AR(2) model. The second paper has a transformation approach adapted to the AR(1) model.
Our emphasis here is primarily on developing an approach that is tractable for a large class of models.



to characterize the expressions of valid moment functions in AR(p) models for arbitrary
p > 1 which to the best of our knowledge is a new result in the literature. Furthermore,
our approach carries over to multidimensional fixed effect specifications: VAR(1), dynamic
network formation models and the MAR(1) in which searching for moments numerically is
cumbersome or intractable.

In what follows, we shall use the shorthand Y;;? = (Yy,, ..., Ys,) to denote a collection of
random variables over periods t; to t, with the convention that Ylﬁ = () if t; > ty. Likewise,
we may use the notation y;> = (y,, ..., %,) to denote any (t, —t;)-dimensional vector of reals
with the convention yif = () for t; > t5. Elements 1,, and 0,, shall refer to the n-dimensional
vectors of ones and zeros respectively. The support of the outcome variable Y;; shall be
denoted ). We let A denote the first-differencing operator so that AZ;; = Z;; — Z;;_; for any
random variable Z;; and make use of the notation Z;;, = Z;; — Z;s for s # t to accommodate
long differences. We use 1{.} for the indicator function; Im(f), ker(f), rank(f) to denote

the image, the nullspace and the rank of a linear map f.

3 Outline of the procedure to derive valid moment
functions

Let T > 1. Given an initial condition ° € Y?, p > 1 being the lag order of the model,
and strictly exogenous regressors X; € RE=*T we denote the (one-period ahead) transition

probability in period ¢ > 1 from state (I¢,4°) € V' x Y to state k € ) as:
k|1f y° kI ) _ _ 0_ 0yt _ gt
Ty (AiaXi) = Ty (Ai,Xueo) = P(Y;'tﬂ = k’ Y =y,Y, = llaXivAi)

With p lags, the markovian nature of the models considered in this paper imply that
t ,0
Wf Ihy (A;, X;) will not depend on the entire path of past outcomes but only on the value of

the most recent p outcomes. For instance, in an AR(1) model where p = 1, we have:

t .0
Wfllhy (A, Xi) = P(Yiern = k| Y =0° Y = 11, X5, Ai) = P(Yarsa = k| Yie = I, X, Ay)



and thus we will suppress the dependence on (y°, 1, ...,l;_1) and write Wfllt (A;, X;). We shall
proceed analogously for the more general case p > 1.
t ,0
We call a transition function associated to a transition probability Wf hy (A;, X;) any

moment function gzﬁlg‘ltl’yo(Yi, Y, X;) of the data and the common parameters verifying:
E lethyo(yvi?}/ioaXi) | Y;OinaAi = Wf”%’yO(Ai,Xi) (2)

With these notions in hand, we are ready to describe our two-step approach to derive valid
moment functions in the sense of equation (1). In Step 1), we begin by computing the
model’s transition functions. Our procedure requires a minimum of 7" = p + 1 periods of
observations to accommodate arbitrary regressors and initial condition. In this case, we can
get analytical formulas for the transition functions associated to the transition probabilities
in period ¢t = p and Theorem 1 and Theorem 3 below imply that they are unique. However,
this is not immediately helpful to get moment (equality) restrictions on y. We require one
more period. As soon as T > p+ 2, we explain how to construct distinct transition functions
associated to the same transition probabilities in periods t € {p + 1,...,T7 — 1}. The key
ingredient is the use of partial fraction decompositions for rational fractions adapted to the
structure of the transition probabilities. It is then a matter of taking differences of two
transition functions associated to the same transition probability to obtain valid moment
functions; we refer to this last step as Step 2). The ensuing sections demonstrate this

procedure in scalar and multidimensional fixed effect models.

4 Scalar fixed effect models

4.1 Moment restrictions for the AR(1) logit model

For exposition, we begin with the baseline AR(1) logit model with fixed effects introduced

above:

Yie = 1{noYie1 + X6+ Ai —ew >0}, t=1,....T (3)



Here, Y = {0,1}, 6y = (70,8)) € R x RE=_ the initial condition Y;° consists of the binary-

7

valued random variable Y;y and A; € R.

4.1.1 The number of moment restrictions in the AR(1)

We start out by enumerating the moment restrictions implied by the model. This will provide
a means to assess the exhaustiveness of our approach. To this end, let &, , denote the
conditional expectation operator mapping any function of the outcome variable Y; to its

conditional expectation given Y;o = 39, X; = x and the fixed effect A;, i.e

Epa: R — RE

O(5 90, ) — B [0(Y;, 90, 2)|Yio = yo, Xi = 2, 4; = ]

For example, for any y € Y, &, » []1{ = y}] yields the conditional probability of observing
history y for all possible values of the fixed effect, i.e:

gyo,w []1{ - y}] - P(Yi = y|Yio = y(sz‘ = %Ai = )

T W o
where P(Y; = y|Yio = 40, X; = 2, A; = a) = [] w1755 g € R . Then, we have

e

the following result,

Theorem 1. Consider model (3) with T > 1 and initial condition yo € ). Suppose that for
any t,s € {1,...., T — 1} and y,§ € YV, Yoy + ;B0 # 1y + z.00 if t # s ory # y. Then, the
family Fy, 7 = {1,7?8’0‘3/0(.,35), (W?'O(.,:L‘),ﬂ'tlll(.,x))z:ll} of size 2T forms a basis of Im(&,, »)
and dim (ker(€,,,)) = 27 — 2T

Theorem 1 formalizes the intuition that the transition probabilities summarize the parametric
component of the model: 27 histories are possible yet only 27 basis elements are necessary
to fully characterize their conditional probabilities. This follows from the observation that
when the covariate index * of each transition probability differ, the conditional probability
of each history y € V7 is a ratio of polynomials in e, where the numerator has lower degree
than the denominator, and the later is a product of distinct irreducible terms. A sufficient

condition for this is that 7y # 0 and that one regressor is continuously distributed with

3We refer to the quantity voy:—1 + 2} for a given period t.



non-zero slope. In turn, standard results on partial fraction decompositions ensure that this
ratio can be expressed as a unique linear combination of transition probabilities. To finally
conclude that Fy, 1 is a basis of Im(&,, ), we leverage upcoming results demonstrating that
the transition probabilities live in Im(&,, ) as expectations of transition functions.
Importantly, since ker(&,, ,,) is the set of valid moment functions verifying equation (1),
Theorem 1 tells us that the AR(1) model features 27 — 27" linearly independent moment
restrictions in general. This is a consequence of the rank nullity theorem for linear maps
with finite dimensional domains. The fact that 27 — 27" moment conditions are available for
the AR(1) appeared initially as a conjecture in Honoré and Weidner (2020) and was later
established by Dobronyi et al. (2021) using different arguments from here. They do not
emphasize the role of the transition probabilities. Our ideas extend naturally to the case
of arbitrary lags which was hitherto an open problem. We discuss this extension in Section

4.4.1.

Remark 1 (Counting moments in logit models). The idea of decomposing the conditional
probabilities of all choice histories in a basis provides a useful device to infer a lower bound
on the number of moment restrictions in logit models. If one can further prove that elements
of this basis belong to the image of the conditional expectation operator, then this lower

bound coincides with the exact number of moment restrictions.

e In the static panel logit model of Rasch (1960), 79 = 0 and we have th‘l(.,x) =
1 - W?'O(.,IL‘). Thus, provided that x}8y # x5y for all t # s, Fr = {1, (W?lo(.,x))tT:BI}
spans the image of the conditional expectation operator. This implies at least 27 —
(T + 1) moment restrictions. It turns out that 27 — (T + 1) is precisely the total
number of moment restrictions for this model. This follows from Remark 6 below

which characterizes the transition functions associated to each element of Fr.

e In the Cox (1958) model, 79 # 0 and By = 0 and the transition probabilities

are: 7'0a) = —— and 7'l(a) = % (or equivalently 7(a) = 1%%)
See the mnext section for further details. In this case, the family F, r

, NT-1
{1, (7?0‘0(.)],%0“(.)3) ,ﬂoyo(.)T} which consists of powers of the time-invariant
j=1

transition probabilities spans the image of the conditional expectation operator. Since

10



| Fyor| = 2T, the model produces at least 27 — 2T linearly independent moment re-

strictions.

Remark 2 (A matrix perspective). Since &, ., is a linear map, it admits a unique 27 x
2T matrix representation A, , where each row translates the conditional probability of a
choice history y € Y7 in terms of the transition probabilities of F,, 7*. From this point
of view, valid moments correspond to 27-vectors ¢ in the left nullspace of A, ., meaning
Y'Ayy. = 0. Constructing Ay, , and then solving this 27 linear system of equations in 27
unknowns directly is straightforward using symbolic tools when T is “small” (e.g Dobronyi
et al. (2021), Honoré and Weidner (2020)) but is computationally impractical otherwise.
Instead, we propose a constructive approach to back out analytic expressions of the valid

moment functions that is tractable for arbitrary values of T'.

Having clarified the total count of moment restrictions in the AR(1) logit model, we next

discuss how to construct them with our two-step procedure.

4.1.2 Construction of valid moment functions for the pure model

In the absence of exogenous regressors, model (3) simplifies to:
Yie = H{yoYie1 + Ai —ey >0}, t=1,....,T (4)

which was first introduced by Cox (1958) and then revisited in Chamberlain (1985), Magnac
(2000). These papers established the identification of vy for T' > 3 via conditional likelihood
based on the insight that (Yo, Z:ll Yi, Yir) are sufficient statistics for the fixed effect. Our
methodology is conceptually different as we seek to directly construct moment functions ver-
ifying equation (1).

For what follows, it is helpful to remember that the individual-specific transition proba-

bility from state [ to state k is time-invariant and given by:

ek('YOl‘i‘Ai)
T A;) = P(Yier = k[Yie = 1, A;) Vi, k) ey

1 + erol+A:’

4Entries of this matrix may be found using for example the identities in Appendix Lemma 8 or any other
standard textbook tools for rational fractions.

11



Step 1). We shall begin by deriving the transition functions for 7°°(4;) and 7!'(A4;).
Observe that 7'°(A;) and 7% (A;) are effectively redundant since probabilities sum to one.
A natural starting place is to investigate the case T' = 2, i.e 2 periods of observations after
the initial condition. Recalling definition (2), we search for qbg *(Yia, Vi, Yio), respectively

;‘1(}/;2,}/;1,}/;0), whose conditional expectation given (Y, 4;) yields 7°°(4;), respectively

7l (A;). For the purposes of illustration and to show the kind of calculations arising broadly

in DFEL models, let us derive gbg ( 72, Yi1, Yio). By Bayes’s rule:
E |95 (Via, Yir, Yio) | Yio = v, Ai =

11
= Z Z P(Yie = ya|Yi = y1, Ai = a) P(Yir = 11 |Yio = o, Ai = a)% (Y2, Y1, %0)

y2=0y1=0

- 1+ evovota \ 1 4 grota 1+ evta

1 e
( g|0(1707y0)

1+ evoyo+a 1+ e@

e’Yoy0+a e’}'oJra 1
( 01,1, 90) + ———— °'°<0,1,yo>)

0|o
0,0
1+ e ( ?Jo))

where the second equality uses the logistic hypothesis. By quick inspection, we see that
the terms in the first parenthesis have (1+€?°7%) in their denominator unlike 7°°( A;). Because
—e™ is not a pole of T°(A4;)?, we conclude that ¢)° (1,1, 40) = ¢9°(0,1,40) = 0. This first

deduction leaves us with

0[0 1 e’ 0[0
E gl (YiQ:Y;hY;‘OHY;O:yOaAi:a]:1+6%y0+a g |(10y0)+

5" (0,0, o>>

1+ e

Now, since 7°°(4;) does not depend on gy, we must cancel the denominator (1 + e0¥0+e),
To achieve this, we must set: ¢0‘0(1,O,y0) = Coewoyo,¢gl)0(0, 0,y0) = Cp for some constant
Co € R\ {0}. Then,

1
1+ e

[9250'0( i2, Yi1, 20)|Y;0 y07Ai=a = ()

and Cy = 1 is the appropriate normalization to obtain the desired transition function. Of
course, the exact same logic applies for (;59 ( w2, Yi1, Yio) and 7r1|1(Ai).

This short calculation provides a useful recipe for the general case T" > 2. We learned

5A pole of a rational function is a root of its denominator. Formally, we are substituting © = e® and we
are extending 7°/°(u) to the real line.

12



that we can search for functions of three consecutive outcomes gzﬁe ( a1, Yit, Y1) such that:

OEF Vi1, Yie, Yaot) = 1{Yi = kYo" (Yiar, b, Yaoy)
(bklk( ’Lt+17}/;t7}/;t 1>| 3/107}/;{/1 17Ai:| = ﬂ-k'k(Al>

The first restriction is a functional form that eliminates terms with inadequate poles after
taking expectations. The second restriction is a normalization condition to match the desired

transition probability. Following this argument, we arrive at the expressions in Lemma 1.

Lemma 1. In model (/) with T > 2 and t € {1,...,T — 1}, let

glo(Y;H-l? Y;lt> Y%t—l) = (1 - }/;;t)efyyiH'lY“_l

é'l (Yie1, Yar, Yie—1) = Vet Yirr) 1= Yieo)

Then:
1
E [ 2!)0(}/;#1;}@,Y;tfl)’Y;mY;tlil’Ai} - 7T0|0(Ai) - 1+edi
11 t—1 1 e
E [ o0 (Yitr1, Yie, Yie—1)|Yio, Vi) ’Al} =m () = 1 entd

Remark 3 (Connection to Kitazawa). Interestingly, Lemma 1 is a reformulation of results
first shown by Kitazawa et al. (2013, 2016), Kitazawa (2022), albeit with a very different logic
than the calculations displayed above. We set out the connection between our respective

approaches in Section 4.3 where we also discuss the case with exogenous regressors.

Step 2). The second step in the agenda is the construction of valid moment functions.
Because the transition probability of the model are time-invariant, one trivial way to achieve
this is to consider the pairwise difference of % ( i1, Y, Yir—1) and <Z>9 ( is+1, Yis, Yis—1) for
any feasible s # t. This is the content of Proposition 1. We will need a minimum of four total
periods of observations, which coincides with the requirements of the conditional likelihood

approach.

Proposition 1. In model (/) with T > 3, let
VL YD) = 6 (Viern, Yie Yier) — & (Viear, Vi, Yieo)

is—1

13



forallke Y, te€{2,..., T —1} and s € {1,...,t — 1}. Then,
E [ (i, Y Vo, Y, A] = 0

Remark 4 (Efficient GMM). Given that the conditional likelihood is semi-parametrically
efficient for 7' = 3 (Gu et al. (2023), Hahn (2001)), it is natural to ask whether the approach
advocated here accounts for all the information in the model in that case. It turns out that it
does. Specifically, letting s¢(6) denote the conditional scores when yo = 0 as in Hahn (2001),

we have:

$00) = ey — g W YR 0+ .13 0)

where the right-hand side corresponds to the efficient moment for the moment restriction

00 1]1
E [4s(Y3,Y2)|Yio = 0] = 0, ¢a(Y3, Y3,0) = (05 *(V3, Y3,0), 0 (Y, V3, 0)).

4.1.3 Construction of valid moment functions with strictly exogenous regressors

In this subsection, we move on to the AR(1) logit model with strictly exogenous covariates
characterized by equation (3).
Step 1). We employ the same shortcut recipe as in the “pure” case and begin by looking

for moment functions ¢2|0(.) and ¢§‘1(.) verifying:

lglk(}/:itJrla }/:L'ta }/:L'tfla XZ) = ]I{Kt = k}d)]g'k(}/iﬂrla ka }/itfla X’L)

E gb];(l)k(}/;’t-i-la }/;'ta }/;'t—h Xl)|Y;07 3/?1_17 Xiv Al = Wf‘k(Am Xz), ke y

where this time

ek(70l+XZ{t+160 +Al)

qu(AiaXi) =P(Yip = kY =1, X5, A) = V(k,1) € )?

1+ 6’)’01+X{t+150+Az‘ ’

The same simple calculations described just above lead to the expressions in Lemma 2. The
only (expected) change is the appearance of a new term +/ — AX/, ,# which accounts for

the presence of covariates in the model.
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Lemma 2. In model (3) with T >2 and t € {1,...,T — 1}, let

8‘0<Et+17 }/ita }/;tflg Xz) = (1 — }/;t)eyit""l (’Yyit—l_AXz{tjtlﬁ)

é‘l (Yit-f—la Yita Yit—lv XZ) = }/;:teuiYiH—l)(7(17Yit_1)+AX£t+1B)

Then:

1
" B 0lo
E [ 9(|) (Yies1, Yie, Yieo1, Xi) | Yao, Yy 1’Xi’Ai] B th (A Xi) = 1+ eAtXifo

670+X,£t+1,80+14i

1+ 6W0+Xz{t+1ﬁo+A¢

E |0 (Yiers, Yie, Yaor, Xo)lVio, Vi, X, A =" (43, X5) =

At this point, it is important to highlight that unlike previously, the transition probabilities
are covariate-dependent. The upshot is that the naive difference of gb’glk(YiHl, Yie, Yiee1, Xi)
and ¢Z|k(Yi5+1, Yis, Yis_1, X;) for s # t no longer leads to valid moment functions in general.

Indeed, while Lemma 2 ensures that
|k K|k kK K|k
E ¢9 (}/it-i-l?Yita}/it—l?Xi) ] (Y;s+17)/isa}/is—hXi)D/iOaXiaAi = Ty (Alel) — T <A17Xz)

clearly, ¥ (A;, X;) — 7% (4;, X;) # 0 when X! 180 # X[ 1160 °. Thus, a different logic is
required in the presence of explanatory variables other than a first order lag.

The key, as foreshadowed in Section 3 is that as soon as T > 3, it is possible to construct
transition functions other than ¢lg‘k(§§§ﬂ,Xi) also mapping to |k(A7;,XZ-) in time periods
t € {2,...,T — 1}. These new transition functions that we denote Cg‘k() to emphasize
their difference have a particular form. They consist of a weighted combination of past

outcome 1(Yis = k), 1 < s < ¢, and the interaction of 1(Y;s # k) with any transition

function associated to Wf |k(AZ-,Xi) having no dependence on outcomes prior to period s,

k

e.g gbg‘k(Yiiﬂ, X;). This property follows from a partial fraction decomposition presented in

Lemma 8 that exploits the structure of the model probabilities under the logistic assumption.
It relates to the hyperbolic transformations ideas of Kitazawa (2022). In the sequel, we shall
see that this insight carries over to the AR(p) logit model with p > 1. Lemma 3 below gives

the “simplest” additional transition functions that one can construct when 7" > 3 for the

6A matching strategy in the spirit of Honoré and Kyriazidou (2000) may still be applicable when in our
example X111 = X;s41. However, this is known to lead to estimators converging at rate less than v N for
continuous covariates and it rules out certain regressors such as time dummies and time trends.
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AR(1) model with exogenous regressors (the only ones when 7" = 3).

Lemma 3. In model (3) with T > 3, for allt,s such that T — 1>t > s> 1, let:

:us(e) = 7}/;8—1 + Xz/sﬁ

&?‘0(0) = Xz{t—&-l/Ba ”2‘1<9) =7+ Xz‘lt+15

W) =1 — el @m0 Il (g) = 1 — el O)-ms(6)

Y

and define the moment functions:
0 (VAR Yoy, Xo) = (1= Vi) + wih (8)Yisdy * (Yiern, Y, Y1, X0)

1y rt41 s
0 (Y;'t—lvy

is—1

Xi) = Vi + w1 (0)(1 = Vi) g (Yiesr, Vi, Y1, Xi)

Then,

1
E [ (Vi Y, X0 Yo, Vi~ X, A = (41, 0) =

1 + exl{H,lBO"FAi
eo +X{ 1 1B0+A;

K |:C61(11 (Y;?—riu Y;zfl ’

. g s—1 ) | 11 ) N
X2>|Y10=Y;1 7X17A1} =T (A“XZ> o 1 +€70+X£t+150+Ai

When T > 4, it turns out that we can build even more transition functions from those
given in Lemma 3 by repeating the same type of logic based on partial fraction expansions;

Corollary 3.1 provides a recursive formulation.

Corollary 3.1. In model (3) with T > 4, for any t and ordered collection of indices s,

J > 2, satisfying T —1>t>s1>...>s;>1, let

0|0 t+1 51 Sy . 0|0 0|0 t+1 Ss1 S7—1
0 (Y;t—lvy;sl—lv"'7}/;5J—17Xi) - (1 _}/iSJ)_'_wt,SJ(e)}/;SJ 0 (Y;t—hY;sl—lv"'7Y;sJ,1—17Xi)
ULy t41 st sy _ 11 ULy 41 st sj_1
[ (Y;tfla Y;slfla s 7Y;5J71> Xl) - Y;SJ + wt,s‘](e)(l - Y;SJ) [ (Y;tfla Y;slfla s 7Y;3J71717 XZ)

with weights wy"° («9),wtl7|81l](9) defined as in Lemma 3. Then,

t,sg

E G0 Y Y XY, YL X A = (4, X)), ke Y

Step 2). Provided T > 3, the difference between any transition functions associated to

the same transition probabilities in periods ¢t € {2,...,T — 1} constitutes a valid candidate
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for (1). One particularly relevant set of valid moment functions for reasons explained below

is presented in Proposition 2.

Proposition 2. In model (3), for all k € ),

if T'> 3, for allt,s such that T —1>t>s>1, let
klk s k|k klk s
0| (Y;Et%? Xl) - 9| (Y;?—L}? Xl) - 0| (Y;iti Xl)7

is—1> s—1»

if T >4, for any t and ordered collection of indices s{, J > 2, satisfying T —1 >t > 51 >

o> 87>1, let
Elk v t+1 vrs1 s _ klk iyt Elk v t+1 vrs1 s
0 (}/Z:tfl’Y;Slfl""7}/?L'SJ717X1;) — % (Yitflei> Y] (Yz’tflvy;slflv'"’Y;stl’Xi%

Then,

E [y (Vi Yo, X0lYie, Vi i Af] =0

E [ (Vi Vil ay o, Y0 X0)lYao, Vi ™ X Al =0

0 is1—1y ) Fasy—1»

This family of moment functions has cardinality 27 — 27 which by Theorem 1 is precisely
the number of linearly independent moment conditions available for the AR(1). To see this,

notice that for fixed (k,Yj) € V?, and a given time period ¢ € {2,...,T — 1}, Proposition 2

t—1
E=1\ _ger
l
=1

valid moment functions. This follows from a simple counting argument. First, we get (tzl)

gives a total of:

possibilities from choosing any s in {1,...,t — 1} to form wglk(}/;iﬂ,}/;z_l,)(i). To that,

we must add another f;; (t_ll) possibilities from choosing all feasible sequences s{ with
t—1>s5 > s> ...>5;>1to form wglk()/;ifi,}/;zi_l,...,Y;Zj_l,Xi). Summing over

t=2,...,7 — 1 and multiplying by 2 to account for the two possible values for k£ delivers

the result:

T—1 t—1 t 1 T—-1
2 x ) =2x ot=1 _ 1)y = 9T _oT
>3 () -ege-n

t=

Furthermore, there is evidence that the family is linearly independent. It is readily verified for
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T = 3 since the two valid moment functions produced by the model depend on two distinct
sets of choice histories. This can be seen from their unpacked expressions in equations (9) and
(10) in the Appendix. Unfortunately, this argument does not carry over to longer panels but
we have verified numerically that the linear independence property of this family continues
to hold for several different values of T" > 4. This suggests that our approach delivers all
the moment equality restrictions available in the AR(1) model with 7" periods post initial

condition “.

Remark 5 (Symmetry). The transition functions and valid moment functions of the AR(1)
model share a special symmetry property. Indeed, by inspection the transition functions of

Lemma 2 verify
01 = Vi1, 1= Y, 1 = Yoy, = X3) = p " (Yiwr, Y, Yieo1, Xi)
0 it+1, ity it—1, i) — ¥o it+1y Laty Lit—15 <Xe

It is not difficult to see that this symmetry, i.e substituting Y;; by (1 — ¥;) and X;; by
— X, to obtain ¢y (Y, X;) from ¢)° (Vi1 X;) transfers to the other transition functions
of Lemma 3, Corollary 3.1 and ultimately to the valid moment functions of Proposition 2.

This symmetry can be useful for computational purposes.

Remark 6 (Static logit). If 79 = 0, model (3) specializes to the static panel logit model of
Rasch (1960) and our two-step approach is still applicable. For that case, Lemma 2 gives

two moment functions for 17" = 2:

gIO(Y}m Vi, Xi) = (1 — Yy )e Y2 X308
U (Yig, Yo, Xi) = Yy e Yi)AX00

eX1/'2 /BO+Ai
14eXinfotAi”

- 7
1+eXizBotAs

follows that a valid moment function with two periods of observation is

Yo(Yio, Yir, Xi) = ;H(Y;‘QaY;laXi) —(1- 2‘0(3@2,3@1,)(1‘))

= (1= 72567 (Y (1 = Vi) A5 — (1= Vip)Yop)

"This is not all the identifying content of the AR(1) specification since we know from Dobronyi et al.
(2021) that the model also implies moment inequality conditions.
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which is proportional to the score of the conditional likelihood based on the sufficient statistic

Y1 + Yie (Rasch (1960), Andersen (1970), Chamberlain (1980)).

4.2 Semiparametric efficiency bound for the AR(1) with regressors

Honoré and Weidner (2020) gave sufficient conditions to identify 6y = (7o, 5)" in the AR(1)
model with T = 3. A natural follow-up question is to ask how accurately can 6, be estimated
in that case, or equivalently what is the semi-parametric information bound. In a corrigen-
dum to Hahn (2001), Gu et al. (2023) confirmed that the conditional likelihood estimator is
semiparametrically efficient for T = 3 in the “pure” AR(1) model. However, the characteri-
zation of the semiparametric efficiency bound and the question of what estimator attains it
remain unclear with covariates.

To answer these questions, let (Y3, Y, Xi) = (V3 Y X)), va (Y3, Y, X,))
where the two components correspond to the valid moment functions of Proposition 2 for
T = 3. Additionally, let D(X;,y) = E [W;YG - yg,Xi] and let S(X;,y) =
E [wG(}(Yg? Y;éaXi)weo(YﬁaY;é?Xi)IMO = y07Xi]-

Assumption 1. In model (3) with T = 3 and initial condition yo € {0,1}, the matriz
E [D(Xi, y0)2(Xi, y0) " D(Xy,40)'|Yio = o] exists and is nonsingular.

With these notations in hand and under the mild conditions of Assumption 1, Theorem
2 clarifies that the efficient score coincides with the efficient moment for the conditional
moment problem: E [@Z)g(Yg, Y, X)) Yo = vo, Xi} = 0. Put differently, the maximal efficiency
with which 6y can be estimated is Vy(yo) = E[D(X;, yo)X(Xs, yo) *D(Xi, v0)'|Yio = yo] L
This result is in accordance with Remark 4 which noted that the score of the conditional
likelihood without covariates is precisely the efficient moment implied by our conditional

moment restrictions in this case.

Theorem 2. Consider model (3) with T = 3. Fix an initial condition yo € {0,1} and
suppose that Assumption 1 holds. Then, the semiparametric efficiency bound of 6y is finite

and gwen by Vo(yo) = E[D(X;, y0)5(X;, y0) " D(X;, 40)[Yio = yo] "

The proof of Theorem 2 only involves careful bookkeeping of some tedious algebra and an

19



application of Theorem 3.2 in Newey (1990). Interestingly, Davezies et al. (2023) presented

analogous results in the static panel data case with three periods of observations.

4.3 Connections to other works on the AR(1) logit model

As indicated previously, there is a connection between our methodology and that of Kitazawa
(2022) for the AR(1) model. Indeed, after some algebraic manipulation, we can re-express

the transition functions of Lemma 2 (or Lemma 1 without covariates) as:

0 (Yl Xo) = 1= Yo = (1= V) Viera + (1= Vi) Yirae X0 465 1 (1 = Yigar)Yirae i

MV X)) = YaYi + Ya(1 — Vi) e X 4 (1 = Yi_1) V(1 — Yipyy e Xien?

where 6 = (¢” — 1). Thus, the moment conditions of Lemma 2 imply that we can write:

/ )
€X¢t+150+AZ 0[0
+ €54

Yie + (1= Y)Yy — (1 — Yit)YitHeiAX’{t“ﬁo —6Yir—1(1 — Yit+1)Y;t+1€7AX£t“ﬁo = 14 XriPotAs

/ .
6’}/0+X7Lt+150+AZ 1|1
+ €,

YaYirrr + Ya(l = Vi )X 4 60(1 = Vi 1) Yig(1 = Yiggy e X = 1L+ o0 Xy 1Pot A

where E [e?th|Y;0,Yiﬁ_1,Xi,A,~ =0 and E eglmo,}ﬁ_l,Xi,Ai] = (. These expressions are
the so-called h-form and g-form of Kitazawa (2022) for model (3) and were originally obtained
through an ingenious usage of the mathematical properties of the hyperbolic tangent function.
The evident connection between the transition functions and the h-form and g-form offers

an interesting new perspective on the transformation approach of Kitazawa (2022) for the

AR(1) model. If we further define

Uit = Yie + (1 = Yi) g1 — (1 = Yi) Yippre 25007 — 651 (1 = Vi ) Yigar e~ 250

Tir = YiYiesr + Ya(1 = Yiey1 ) X% 1 6(1 = Vi 1) Yig (1 = Yiga )€ ¥ier?

the two moment functions of Kitazawa (2022) for the AR(1) model write

Yo+ AXZ +AX2' '
VYir—o + ( . t t+1) /B) (U + Y1 — 2Uu Y1)

—Yio) + (AXy + AXy)'B
2

hU; = Uy — Yj—1 — tanh <

1
hYy =7y — Y1 — tanh (7( ) (Yot + Y1 — 203 Y1)
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which can be formulated in terms of our own moment functions as

2
2
2 — w4 (0)

Appendix Section B provides detailed derivations for the mapping between our two ap-

hUy = — 0" Vil Yich, Xo)

11 _
hYy = Gl (Ygti’ Y;i,é, Xl)

proaches. This last result indicates that our moment conditions essentially match those of
Kitazawa (2022) when 7" = 3. However, for T' > 4, Proposition 2 imply that there are further
identifying moments than those based solely on hU;; and AY;; for the AR(1) model. Inter-
estingly, it turns out as we demonstrate in Appendix Section B that our moment functions
coincide exactly with those derived by Honoré and Weidner (2020) for the special case T' = 3.

To the best of our knowledge, besides the AR(1) model and a few specific examples, the
structure of moment conditions in models with arbitrary lag order is not fully understood in
the literature. Building on Bonhomme (2012), Honoré and Weidner (2020) propose moment
functions for the AR(2) model up to 7' = 4 and the AR(3) model with 7" = 5 but no results
are offered beyond these special instances. Yet, this is of general interest not only to better
understand the properties of DFEL models but also for practical modelling and estimation
purposes. For example, Card and Hyslop (2005) argue in favor of using higher order logit
specifications to better fit the behavior of a control group in the context of a welfare ex-
periment. Relatedly, there are few results available for multivariate fixed effect models and
existing methods developed for the scalar case are likely to be difficult to adapt in practice
due to computational barriers. In the remaining sections, we show that our two-step ap-
proach addresses these issues by providing closed form expressions for the moment equality

conditions of these more complex models.

4.4 Moment restrictions for the AR(p) logit model, p > 1

Allowing for more than one lag is often desirable in empirical work to model persistent
stochastic processes and to better fit the data (e.g, Magnac (2000) on labour market histories,
Chay et al. (1999) and Card and Hyslop (2005) on welfare recipiency). To this end, we now

discuss how to extend our identification scheme to general univariate autoregressive models.
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We consider
p
Yitzﬂ{Z%rY;'tr+X£tﬂo+Ai—€itZO}> t=1,...,T (5)
r=1
for known autoregressive order p > 1 and vector of initial values Y? =
(Yiep-1),---,Yi1,Yio) € VP, with A; € R. Here, we let 6y = (v, 3;) € RF¥+. The
corresponding transition probabilities are:

ek(zle ’70rl7‘+X,£t+150 +Az)

k|I®
i 1 (A“ XZ) - P(Yit_‘—l - k‘Yn - ll, o 7Yit_(p_1) - lp; Xi, Al) - 1+ ezf:1 “/orlr+Xz{t+150+Ai

and there will be moment restrictions attached to each of the 2 (non-redundant) transition
probabilities. Before detailing the specifics of their construction, we enumerate the moment
restrictions for this model as we did for the AR(1). This provides a way to ensure that we

are not leaving any information on the table.

4.4.1 Impossibility results and number of moment restrictions when p > 1

Based on simulation evidence, Honoré and Weidner (2020) conjectured that AR(p) models
possess 27 —(T+p—1)2? linearly independent moment conditions in panels of sufficient length.
We prove this claim in Theorem 3 and establish that no moment restrictions for the common
parameters exist when 7" < p + 1; that is with less than 2p + 1 periods of observations per
individual. To introduce the result formally, it is again convenient to consider the conditional

expectation operator mapping functions of histories Y; to their conditional expectation given

Y =% X; = x and the fixed effect, i.e

so that for any y € Y7, 5;§?$ [IL{ = y}} yields the conditional likelihood of history y for all
possible values of A; in the AR(p) model. That is,

T oYt (3P vorye—r+a;Bo+a)

(») _ _ - 0_ .0 v _ )
gyo,x []]-{ - y}] - P(Y; - ypfz =Y 7Xz — x7A’L — ) =atr>r 11 1 + 62713:170Tyt,¢+m250+a

Then the following result holds:

22



Theorem 3. Consider model (5) with T > 1 and initial condition y° € YP. Suppose that for

any t,s € {1,...,T — 1} and y,5 € Y?, vy + x,00 # vy + x-00 if t # s ory # §. Then, the
family

T

p
. y0|y y1|y1 Y0, Y—(p—t) y1|y1
Fyovva - ('7x)) ) Trt*l ('7:6) P »
U eV ) impt1

forms a basis of Im ( and therefore

y7x

1. If T <p+1, rank (5(§) ) =27 and dim <ker (5y(€)x>) =0

2. If T'> p+2, rank (5;{;)33) = (T —p+1)2° and dim (ker (5;15)35)) =2 —(T—p+1)2°

Theorem 3 generalizes Theorem 1 for AR(p) logit models with p > 1. It confirms the
basic intuition that all the parametric content lies in the transition probabilities, no mat-

ter the lag order. Specifically, the conditional probabilities of all choice histories are

spanned by the transition probabilities. In the basis Fyo,r, elements 7ry0|y (.,z) and
P
v1lyt ™ Y0,y () - -
T, (.,z)) correspond to transition probabilities that are af-
eyt )i

fected by the initial condition y°. In the AR(1) case, it reduces to 72°*(.,z) (see Theorem
1). The remaining basis elements are free from the initial condition and correspond to the
collection of all transition probabilities in each period starting from ¢ = p.

Theorem 3 is an implication of partial fraction decompositions and of the fact that the
transition probabilities of AR(p) models admit transition functions. This property is set out
in the following section. If T' < p+1, S;ﬁ)?x is injective and no non-trivial moment conditions
can be found. Beyond this threshold, the rank nullity theorem which connects image and
nullspace of linear maps tells us that 27 — (7' — p + 1)2P moment restrictions exist. Under
weaker conditions on the parameters or regressors then those of the theorem, the model may

admit additional moment conditions even with 7' < p + 1.

4.4.2 Construction of transition probabilities with p > 1

Having clarified that T'= p+ 2 is the minimum number of periods required for the existence

of identifying moments, we are now ready to address the issue of their construction. The
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blueprint generalizes that of the AR(1) model and can be summarized as follows:
1. Step 1)

(a) Start by obtaining analytical expressions of the unique transition functions for the
transition probability in period ¢ = p when T' = p + 1 8. Shift these expressions
by one period, two periods, three periods etc to get a set of transition functions

for periodt € {p+1,...,T —1} when T > p + 2.

(b) Apply partial fraction decompositions to the expressions obtained in (a) for ¢ €
{p+1,...,T — 1} to generate other transition functions mapping to the same

transition probabilities.

2. Step 2). Take “adequate” differences of transition functions associated to the same
transition probability in periods t € {p+ 1,...,7 — 1} to obtain valid moments that

are linearly independent.

Step 1) (a) is akin to how we started by getting closed form expressions for the transition
functions in period ¢ = 1 for 7" = 2 in the one lag case and then deducted a general principle
for t > 2 (see Section 4). From a technical perspective, this is the only part of the two-step
procedure that differs from the baseline AR(1). Indeed, Step 2) is fundamentally identical
and Step 1) (b) is also unchanged for the simple reason that the transition probabilities
keep the same functional form as before. That is, a logistic transformation of a linear index
composed of common parameters, the regressors and the fixed effect only. Hence, the same
partial fraction expansions apply. In light of those close similarities with the AR(1) and in
order to focus on the primary issues, we defer a discussion of Step 1)(b) and Step 2) to
Appendix Section C.

Theorem 4 provides the algorithm to compute the transition functions for Step 1) (a)
for arbitrary lag order greater than one. It is based on the insight that we can leverage
the transition functions of an AR(p — 1) and partial fraction decompositions to generate

the transition functions of an AR(p). A simple example is helpful to illustrate those ideas.

8The fact that the transition functions in period ¢ = p are unique when T = p + 1 is a direct corollary
of Theorem 3. Otherwise, the difference of two distinct transition functions mapping to the same transition
probability would yield a valid moment which is a contradiction.
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Consider an AR(2) with 7" = 3 (i.e 5 observations in total) and suppose that we seck a

transition function associated to, say, the transition probability

1
1 + er02+XizBo+A

Ty (A X,) =

The first ingredient of the theorem is to view the AR(2) model as an AR(1) model where
we treat the second order lag as an additional strictly exogenous regressor. This change
of perspective is advantageous since we already know how to deal with the single lag case.
In particular, Lemma 2 readily gives the transition function (259 ( i3, Yio, Y1, Yio, X;) for the
transition probability 7T(2)‘0 Y“(A“X) = P(Yiz = 0|Y:a = 0,Y;1,X;, 4;) in the sense that it

verifies:
]E 21)0(1/;371/2271/1'17 i05 )|Y }/;laleA] (2]|07}/’L1(AiaXi)

This is an intermediate stage since ¢9 ( i3, Yio, Yi1, Yio, X;) does not quite map to the target
of interest; indeed 9 0¥ (A;, X;) depends on the random variable Y;; unlike W?'O’I(Ai, X;). To
make further progress, one would intuitively need to “set” Y;; to unity to make the two transi-
tion probabilities coincide. We operationalize this idea by interacting ¢9 ( i3, Yo, Yi1, Yio, Xi)

and Y;; to achieve the desired effect in expectation:

E | Yaadgy (Vis, Yio, Y, Yio, Xo) [V, Xi, Ai] = B [Varg™ (4s, X)IV2, X, Ay

] 0+ —1+X5, Po+
6'701 oTYo2ti—1 1~°0 %

1 + evo2+X38+4; | + e01Yio+v02Yi—1+X, fo+A;

Here, the first equality follows from the law of iterated expectations. Then, the second ingre-
dient of the theorem is a partial fraction ezpansion (Appendix Lemma 8) to turn this product
of logistic indices into 7r(2)|0’1(Ai, X;). This last operation is analogous to how we constructed
sequences of transition functions in the AR(1) model. It ultimately tells us that the solution
is a weighted sum of (1 — Y;;) and Ymbe ( i3, Yio, Yi1, Yio, X;). Theorem 4 turns this proce-

dure into a recursive algorithm that computes the transition functions for any lag order p > 1.
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Theorem 4. In model (5) with T > p+ 1, for allt € {p,..., T — 1} and y} € Y, let

kiJl'yl Z VrlYr + X t+15

k+1
k+
ki/1|y1 Zﬁ)/ryT—i_ Z P)/r it—(r—1) -+ Zt+1ﬁ, k:l,...,p—Q, pr>2
r=k+2
u—(0) = th_<r+k> + X}, 4B k=1,...,p—1
r=1

AL Yk+1 A 1-ypt1

and
| k+1
zl i (}/it-f—ly }/lty Yt %p-i—k) X ) =
r "l " (1=y1)yr+41
(1 - Kt k) + wt yl ( )¢zl g (Kt—i—l; Y;t, Y;i %p—l—k 1)’ X )}/;:t—k:| X

1—=Yux— wfllyl (0) <1 - gllyﬁ(YitHathayt ‘ ) Xi )> (1= Yir) X

_ (I=y1)(1=yr41)
it—(pt+k—1 ]

r " " y1(1=Yr41)
Yiek + w it (9) o (Yiesr, Yie, Vi~ ey Xi)(1 —Yz‘tk)] X
- - o y1|y1 ; - y1|y’f v v Yt . . v Y1Yk+1 b1 1
1 (1 th—k) Wy ( ) 1 0 ( it4+1 Laty Ly (p+k—1)° ) it—k ) =1L...,D
where
glo(YitHmeYzi zlmX‘> (1 —Et)ent“(“m‘l_zfﬂWAY““—Z_AXZ{“AB)
3 (Yieas, Y, Y7k, X0) = Yige ¥ (n0-Yieo )t By mVien o4 AXG,106)
Then,
D
E o (Vier, Yie, Vi by 1, X0) [ YO VS, X 4] = w4, X0)

and fork=0,...,p—2

+1 k+1
yilyyt t—1 0 yit- (k+1) _oyly T Y (k1) Yie— (p—1)
|:¢ ! (}/:it-i—h }/;h }/;t (p+k)? ) | 1/; ’ 44l ) Xi7 AZ = T (A27 Xl)v

The remaining steps to complete the construction of valid moment functions are described

26



at length in Appendix Section C. The end product is a family of (numerically) linearly
independent moment functions of size 27 — (T + 1 — p)2P. By Theorem 3, this implies that

our two-step approach recovers all moment equality conditions in the model.

Remark 7. (Extensions) While the exposition emphasized model (5), our methodology

applies more broadly to models of the form
Vi=1{g(Vi-1,... . Yip, Xit,00) + Ai — € >0}, t=1,....T

where the lag order p > 1 is known and g(.) is known up to the finite dimensional parameter
0y. We can thus incorporate interaction effects which are often of interest in applied work.
For instance, Card and Hyslop (2005) model welfare participation as a random effect AR(2)

logit process of the form
Vie = 1 {y01Yir—1 + Y02 Yit—2 + 00Yir—1 Yo + X 00 + A; — e >0}, t=1,....T

where A; either follows a normal distribution or a discrete distribution with few support
points. In this case, minor modifications of the results in this section will deliver moment
conditions for 6y = (701, Vo2, 0, 5,) that are robust to misspecifications of individual unob-
served heterogeneity. The key is that A; enters additively in order to leverage the rational

fraction identities of Lemma 8.

4.5 Identification with more than one lag

This section discusses ways to leverage our methodology and moment restrictions to assess
the identifiability of common parameters. For ease of exposition, we concentrate on the
AR(2) logit model.

We start by briefly reexamining an identification result due to Honoré and Weidner (2020).
Using functional differencing, they proved (under some regularity conditions) that 6, is iden-
tified with 7' = 3 provided X;» = X;3 and that the initial condition Y;° = (Y;_y, Yj) varies in
the population. Notice that this is not in contradiction to Theorem 3 since X;» = X;3 and Y,
“varying” constitute two violations of its key assumptions. It is therefore not unsurprising

that identifying moment exist in that case despite 1" < 4. To understand why, note that im-
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posing X;» = X3 effectively amounts to equate the transition probabilities in period ¢ = 2 and
in period t = 1 for adequate choices of the initial condition; e.g ﬂ?'O’YiO (A, X;) = WS‘O’O(Ai, X;)
provided that Y;o = 0 and X;, = X;3. In turn, this implies that differences of the correspond-
ing transition functions in periods t = 2 and ¢ = 1 deliver valid moment functions to estimate
0y in certain subpopulations. In Appendix Section J.1, we show that this is an interpretation
of the moment conditions that Honoré and Weidner (2020) use to show point identification.

Because this identification argument hinges on matching covariates as in Honoré and
Kyriazidou (2000), it breaks down in the presence of certain types of regressors like an age
variable or a time trend. In fact, Dobronyi et al. (2021) showed that there are actually no
moment equality conditions available in the model with such regressors. This finding is con-
sistent with the intuition that we cannot match the transition probabilities in periods ¢t = 1
and ¢ = 2 in that case. However, with one additional period, i.e T" = 4, we can leverage
the moment restrictions of Proposition 4 which are valid for free-varying regressors and any
initial condition. This leads to two possible approaches to inference. The first is to consider
the “identified set” ©! of , based on the four conditional moment restrictions implied by

the model:
0" = {61 R, [y (g YL XV X =0 V) € 0.1

and construct confidence sets for 6, following e.g Andrews and Shi (2013). Instead, the
sharp identified set may be computed following the approach of Dobronyi et al. (2021) if
the covariates X; are discrete with finite support. Alternatively, a second approach which
we develop further here is to formulate sensible restrictions on covariates that secure point
identification in the spirit of Honoré and Kyriazidou (2000). Specifically, we consider the
case where a continuous scalar component W;, of X;, has unbounded positive support con-
ditional on Y, the other regressors, A; and has a non-trivial effect By of known sign to the
econometrician. This is the content of Assumption 2 in which Z; = (R}, Wiy, Wiz, Wyy), and
Xt = (Wi, Rl,) € RE= for all t € {1,2,3,4}. Dobronyi et al. (2023) used a similar device
to develop an alternative distribution-free semiparametric estimator to that of Honoré and

Kyriazidou (2000) that can accommodate time effects in the baseline one lag model.
Assumption 2. (i) The covariate Wiy is continuously distributed with unbounded support
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on Ry conditional on Y, Z;, A; and (ii) Bow is known to be strictly negative.

Besides being a technical convenience, Assumption 2 may be reasonable in some situations,
e.g in the context of our empirical application, the econometrician may have a confident prior
that drug prices affect individual drug consumption negatively. We point out that nothing
in the discussion that follows hinges critically on Sy < 0 and or W;, having support on the
positive reals. A set of perfectly symmetric arguments will deliver the same conclusions if

instead Sy > 0 and W;5 has unbounded support on R_.

Assumption 3. (i) 6y = (701,702, 0) € G1 X Gy x B = 0, Gy,G2,B compact. The condi-

tional densities of A; and Z; verify:
(i) lim plaly®, z,ws) = qlaly’,2), lim p(zly’,ws) = q(z]y")

(111) There exists positive integrable functions do(a),dy(z),ds(2) such that p(aly®, z,wy) <
do(a) for all a € R, dy(2) < p(z|y°, wy) < do(2) for all z € RE=~1

(iv) wa — plaly’®, z,ws), wy > p(z]y°, wy) are continuous in ws.

Assumption 3 are standard regularity conditions for an application of the dominated con-
vergence theorem that once paired with Assumption 2 are sufficient to establish that 6 is
identified at infinity. The outline of the argument is as follows. Under these assumptions, by
sending W;, to oo, the valid moment function 1/)2‘0’0 (Yis, Yis, Y2, X;) of Proposition 4 reduces

to

27'2;0(3/%4,1@375/;2_1, Zi) = =(1=Ya)(1 = Y)Y,
+ [€X£345 — 1} (1 — Y;l)(l -Y; )(1 - Y;‘3>Y;‘4
+ 6—713€0+’72(1—3/i71)+xz{31ﬁ}/;1(1 — Y;-2)(1 — }/;3)}/;4

+ 6_71%0_72}/"—1“‘)(1{4151/;1(1 —Yio)(1 — Yi3)(1 — Yiy)
which occurs because lim,, o, €“??" = 0 and Y;, = 0 with probability one conditional on the
regressors and the fixed effects. The key observation is that this “limiting” moment function

has a similar functional form to the valid moment functions of the AR(1) model with 7" = 3.

In turn, this implies monotonicity properties on certain regions of the covariate space that
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we can exploit to point identify 6y in the spirit of Honoré and Weidner (2020). To this end,

let (Z,z) € R?, such that z > z and define the sets

Xy = {2 €eRYZ>ap3 > 244 > a1 ST OT T > Tp3 > Tpa > Tpy > 2}

Xy ={r e R |z <aps <apa <apy <Torz<apg <apa <y <7}

for all k£ € {1,..., K,}. In words, &} 1 is the region of the covariate space in which values
of the k-th regressor in periods t € {1,3,4} belong to [z,Z] and verify xx3 > xp4 > T
with at least one strict inequality. Instead, X _ is the region of the covariate space where
realizations of the k-th regressor obey the reverse ranking. With these notations in hands,

we have the following theorem,

Theorem 5. For T = 4, suppose that outcomes (Y1, Y, Yis, Yia) are generated from model
(5) with p = 2, initial condition y° € Y2, common parameters 0y = (v}, 3,) € R**E= and that
Assumptions 2 and 3 hold. Further, for all s € {—, +}5=, let X, = lﬁm Xk s, and suppose that
for all 3° € Y? =

lim P (Y =4’ X;€X|Wp=ws)>0

7
w2 —00

Let

\I/0|0’0(9> = lim E |: 0|0’0<}/i47 1/;.3’ }/;317 X’L) | }/io = y07Xi € XS7 Wi2 = Ws

0
Sy w2 —00 8,00

Then, 0y is the unique solution to the system of equations

00y =0, Vse{— +}, W' e)?

5,40

Theorem 5 shows that point identification of 6, is achievable in higher-order dynamic logit
models in short panels. The main cost for this guarantee is Assumption 2 which pre-
sumes knowledge of the data generating process beyond the baseline setup. Additionally,
there should be sufficient variation in the regressors X;; as W;; +— oo to ensure that
lim,, 00 P (Yio =y, X, €X,|Wp= wg) > 0 for all s € {—,+}%. Our arguments are
easily generalizable to AR(p) models with lag order p > 3. Under natural extensions of

Assumptions 2 and 3, the model parameters 6y = (Y1, - - -, Yop, 5)) are identified at infinity
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provided T" > 2 + p.

Remark 8 (Identification with time effects). Theorem 5 does not readily deals with time
effects but it is straightforward to adapt the argument for this case. Suppose for concreteness
that one covariate is a time trend. By further sending W;3 to infinity, the limiting moment
function of equation (6) reduces to

000y, Vi, Y21, Z) = —(1 — Yi) (1 — Yio) (1 — Yis)Y;

6,00

+ e—vﬂéo—vﬁﬁfﬁX{Mﬁy;l(l —Yio)(1 = Yiz)(1 — Yiy)

For (Yo, Y;—1) = (0,0), this valid moment function only depends on § and arguments anal-
ogous to those in Theorem 5 will point identify ;. Varying the initial condition is then

sufficient to point identify 7y given the monotonicity of the moment function in (vq, 7).

4.6 Average Marginal Effects in AR(p) logit models

In discrete choice settings, interest often centers on certain functionals of unobserved hetero-
geneity rather than on the value of the model parameters per se. One particular family of
such functionals that are of interest from a policy perspective are average marginal effects
(AMESs) which capture mean response to a counterfactual change in past outcomes. It turns
out that these key quantities are simply expectations of our transition functions. To see
this, consider first the baseline AR(1) model with discrete covariates X;;. We can define
the average transition probability from state [ to state k in period t for a subpopulation of

individuals with covariate 2™ = (x1,...,2,,1) and initial condition y, as

" (yo, 2571) = B | w1 (Xig, A)) | Yio = yo, X5 = att! =/ﬁﬂﬁﬂammmw?mm
N’
:Wfll(Xi,Ai)

where p(alyo, #071) denotes the conditional density of the fixed effect A given (yo, 24t1). The

AME is defined as the following contrast of average transition probabilities:

AME,(yo, 1) = T (yo, 21 — T (o, 2+1) = T, (g, 2571) — (1 — T (3g, 2+1))
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It is interpreted as the population average causal effect on Yj; 1, of a change from 0 to 1 of Y},
given (yo, 24™). By Lemma 2 and the law of iterated expectations, we have that for T' > 2

and ¢t > 1:

HO‘O(yo, 95t1+1) [¢0|0( it+1, zt»Yit—hXi) |Yz‘0 = meitfrl = fEi“}

3 (o, 571) = B |50 (Yiesa, Yoo, Yao1, Xi) | Yio = o, X5 = 21|

which implies that AM E,(yo, #™") is identified so long as 6 is identified. A sufficient con-
dition for that is 7" > 3 and X;3 — X;2 having support in a neighborhood of zero (Honoré
and Kyriazidou (2000)). Aguirregabiria and Carro (2021) were the first to highlight that
AMESs can be point identified in the AR(1) model. When the lag order p is greater than
one - which seems to be the case for persistent variables such as unemployment (e.g Magnac
(2000)) and welfare recipiency (e.g Chay et al. (1999)) - we can analogously define average

transition probabilities from states I} € VP to state k € ) as:

3154 k|7 3154
(0,2t = B |7 (X, A) [V = o, X5 = ! Z/m'l(ﬂfm, a)p(alyo, 21"")da
N———

_ k\l(X“A )

This permits the consideration of more nuanced counterfactual parameters compared to
the AR(1). In the context of studies on long term unemployment, contrasts of the form
Hk” L0 ottty — I_Ik”‘v1 (°, 24*) may be especially relevant to measure more accurately the
relative effects of work histories spanning multiple periods. Again, these counterfactuals are
simply expectations of transition functions by Theorem 4 and will be identified whenever 6,
is identified (see Section 4.5 for examples of sufficient conditions).

Multiperiod analogs of average transition probabilities in AR(p) models

kS|P s
T ()0, i) =

E[P(}/;t+s:ks>-'-a}/;t+l :kl‘}/;t:lla---ay;ltf(pfl) :lan;;_s: t+8 )‘Yo—y Xffrsz

may also be of interest to assess state-dependence. These quantities give the average prob-

ability of moving from states I € )P to future states ki € Y*, where s > 1 and the average

is taken with respect to the distribution of A; conditional on (yo,z{™). The special case
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ki = ko = ... = ks delivers a discrete version of the survivor function employed in duration
analysis, i.e the average likelihood to survive s consecutive periods in the same state after
experiencing a given choice history. Proposition 3 shows that they are also identified when

fy is identified under certain conditions.

Proposition 3. Consider model (5) with T > p+ 2, and initial condition y° € YP. Suppose
that 6y is identified and that for anyt € {p,..., T —2}, se€{l,..., T —1—t} and y,5 € )7,
Yy + B # Yy + xi Bo . Then, fort € {p,...., T =2}, se {l,....,T —1—1t}, and any
e Yr, ki eyYs, the quantity Hffllf(yo, x'7%) s identified.

The source of this result is the fact that the integrand of Hf i (y°, 2%7*) is a product of
transition probabilities. This entails that under appropriate conditions on the regressors
and common parameters, we can turn this integrand into a unique linear combination of
transition probabilities by means of a partial fraction decomposition. It is then a matter of
taking expectations and invoking the fact that average transition probabilities are identified

from our transition functions.

Example 1 (Survivor function for an AR(2)). To illustrate Proposition 3, and in the spirit
of our upcoming empirical application, suppose that Yj; is an indicator for drug consumption
at time ¢ obeying an AR(2) logit process. Fix y° € V? and assume T' = 5. One might be

interested in

" (40, 2) =B [P(Yis = 0,V = 0] Yis = 1, Yo = 1, X; = 2, A) | V2 = 4, X; = a]

= B [0 (A, ) (A 2) Y0 = X =

which gives the average propensity of individuals with characteristics (y°, z) who consumed
drugs in t = 2, 3 to stay drug-free over the next two time periods. A simple calculation using

for instance the identities of Appendix Lemma 8 gives

1 1
1 + ero2tasfotAi 1 4 ero1+702+2yfo+Ai

m O (A, 2)mg (A ) =

6701 +x£15/80

1
_ —WO‘O’I(AZ', z)

1 — enoitalsBo 4

7_‘_0|1,1 (A“ l’)

N 1 — evo1tzysbo 3
and since Theorem 4 implies E 2(‘)0’1(3651’,33) Y0 =4 V2 X, = x,Ai] = wg‘o’l(Ai,x) and
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E ¢2L1’1(Yiév$) Y =4° Y0, X, =z, Az] = 7T§|0’1(Ai, r), we obtain

e01+24580

1
0,0[1,1 0]0,1 0]1,1
"6 2) =B | Tt (Vi) b, (Yioo ) |V =4, Xi =

T = e +sBo

5 Multi-dimensional fixed effects models

We now turn our attention to multi-dimensional fixed effects models. We show that the
general blueprint developed in the scalar case to derive valid moment functions carries over
to VAR(1) and MAR(1) models. We make no attempt at showing that our approach is
exhaustive in those cases and do not claim that it is. We leave these important questions
for future work. Readers uninterested in the details of the multivariate extensions can skip

directly to Section 6 where we discuss the empirical application.

5.1 Moment restrictions for the VAR(1) logit model

We begin with the analysis of VAR(1) logit models, variants of which have been successfully
used to study the relationship between sickness and unemployment (Narendranthan et al.
(1985)), the progression from softer drug use to harder drug use among teenagers (Deza
(2015)), transitivity in networks (Graham (2013), Graham (2016)) and more recently the

employment of couples (Honoré et al. (2022)). For a given M > 2, the model reads:

M
Vit = LY YomViieor + X iBom + Ami — €mun >0, m=1,... M, t=1..T

(7)

Welet Yy = (Y1, .-, Yarat) denote the outcome vector in period ¢ with support Y = {0, 1}
of cardinality 2. We let Xi = (X{,,..., Xj) € RF x ... x R¥M denote the vector of

exogenous covariates in period ¢ and A; = (A1, ..., Ay,) € RM . The initial condition is
now given by Yo = (Yii0,.-.,Ya0) € Y and the model transition probabilities are given
by:

M ekm(zjjvil 'YOmjlj+X:n,it+150m+Am,i)

Wf”(AiaXD =P(Yip = kY =1, X5, A) =

1 1+ ezé‘v; Yomgli+X 1 i1 Bom+Am.i
m=
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for all (k,1) e Y x V.

Building on Honoré and Kyriazidou (2000), Honoré and Kyriazidou (2019) use a condi-
tional likelihood approach to prove the identification 8y = (Yo11, Yo12, Yo21, Yo22, Bo1, Boz2) for
the bivariate specification when 7" = 3 and the regressors do not vary over the last two pe-
riods. As in scalar models, we show hereinafter that this strong restriction which can yield
undesirable rates of convergence is unnecessary to obtain valid moment conditions.

Step 1) in the VAR(1) logit model has a nuance relative to its scalar counterpart in
that the only transition functions that appear to exist are those associated to 7rf |k(Ai, X;),
for k € ), i.e the probabilities of staying in the same state. We can use the same heuristic
as in the baseline AR(1) model to derive their expressions, especially in the bivariate case.
Once all four transition functions are obtained for the case M = 2, it becomes clear that the
general functional form is as per Lemma 4. It is then a matter of brute force calculation to

verify that this is indeed correct.
Lemma 4. In model (7) with T > 2 and t € {1,...,T — 1}, let for all k € Y

§|k(}/it+17 }/:ita }/itflu Xl) = ]1{}/;,25 - k}ez'%:l(ym'i”rl_km)(Zé'\il 'ij(X/j,it—l—kj)—AX;n’it_'_l/Bm)

Then:

M ekm(Z;Lil 70mjkj+X;nyit+150m+Am,i)

k|k t—1 k|k
E ¢90 (}/it-i-layita}/it—l?Xi)D/iO?}/il 7Xi7Ai - 7Tt (A17XZ> — Z]u X! Bom+Am
el 1 + eZi=170mi % TR m i1 POm T Am, i

Next, we can appeal to the second partial fraction decomposition formula in Appendix Lemma
9 to guide the construction of another set of transition functions when 7" > 3. These identities
may be regarded as a generalization of Kitazawa (2022)’s hyperbolic transformations to the
multivariate case. As is clear from Lemma 5, the resulting transition functions have a special

structure that generalizes those found in the AR(1) model.

Lemma 5. In model (7) with T > 3, for all t,s such that T —1 >t > s > 1, let for all
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me{l,...,M} and (k1) € V?
M
,um,s(e) - nymjy},isfl + Xr/nyisﬁm
j=1

M
k|k
“ry'z,t(e) = Z Ymjkj + Xrln,itﬂﬁm
j=1

|
S (0) =1 (S0 0]

and define the moment functions

klk s k|k kl|k
SR YE LX) = WY =k + ) w01V, = ey (Vi X))
leY\{k}

Zhen,
E klkitlys XY, QSI.X-A' ——7lk|kA'.X'
CGO ( it—1y Tis—1» z>| 10y L41 iy 414 t ( 1) z)

Beyond T' = 4, more transition functions are available and can be derived sequentially from

those of Lemma 5. See Corollary 5.1 for their expressions.

Corollary 5.1. In model (7) with T > 4, for any t and ordered collection of indices sy,

J > 2, satisfying T —1>t>s1>...>s;>1, let forallk ey

o (LY Y X)) = 1Y, = k)
K|k klk % .
+ Z wt,LJ,l(e)]l{Y;SJ = l}<9| (Y;it%v Y;s1—17 T 7}/;5‘;71—1’ Xl)
leV\{k}

with weights wﬁ!i,l(@) defined as in Lemma 5. Then,

it—17 “is1—10 0 Tisy—1

B[O Yt Y XY, Vi X Al = wihay, x))

Step 2). One can obtain a family of valid moment functions by adequately repurposing
the statement of Proposition 2 to the VAR(1) case, i.e by updating the expressions of ¢Z|k(.)
and Cg Ik according to Lemma 4 and Corollary 5.1. To conserve on space and avoid repetition,

we leave this simple exercise to the reader.

Remark 9 (Network Extension). Similarly to Remarks 7, we emphasize that the tools de-
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veloped here can be modified to handle other interesting variants featuring more complex
interdependencies across the different layers of the model indexed by m = 1,..., M . To
illustrate the wider applicability of our two-step method, we show in Appendix N how one
can derive moment restrictions in the dynamic network formation model of Graham (2013)

and extensions thereof incorporating exogenous covariates.

5.2 Moment restrictions for the dynamic multinomial logit model

Last, we cover dynamic multinomial logit models which have been utilized to measure state-
dependence in a range of economic contexts including: employment history in the French
labor market (Magnac (2000)), the impact of international trade on the transition matrix of
employment across sectors (Egger et al. (2003)) and consumer product choice (Dubé et al.
(2010)) amongst others.

We focus on the the baseline MAR(1) logit model with fixed effects.

The model assumes a fixed number of alternatives C' + 1 with C' > 1 and is characterized
by the following transition probabilities:

k|l eMhit Xl 1 BetAik
Ty (AHXZ):P(}/zt+1:k|}/7,t:lez7Al): C ) tzl,,T (8)
Z e’ycl+X1{ct+1ﬁj+Aic
c=0

with (k,1) € Y ={0,1,...,C}. Here, Y;; € ) indicates the choice of individual ¢ in period
t, X,j: denotes a vector of individual-alternative specific exogenous covariates and A;; € R
is the fixed effect attached to alternative j for individual i. The initial condition is Y;o € Y

and in keeping with the fixed effect assumption, its conditional distribution given unob-

C

qs 18 left fully unrestricted.

served heterogeneity and the regressors, (P(Y;0 = k‘|XZ-,A,~))
Following Magnac (2000), we normalize the transition parameters and fixed effect of the
reference alternative “0” to zero ?. That is ;0 = Y0; = 0,4p; = 0 for all j € Y leaving
0 = (('Ykl)k,ZZh (ﬂl)lzo) as the unknown model parameters.

This specification can be motivated by assuming that agents rank options according to

random latent utility indices with disturbances independent over time and across alterna-

9The transition parameters of the reference state cannot be identified so a normalization constraint must
be imposed. Setting A;o = 0 is also without loss of generality since we can always redefine the fixed effect as
Af = Ai — Aio-
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tives. In this context, equation (8) is obtained if the best alternative is selected and the error
terms are Type 1 extreme value distributed conditional on Y;o, A;, X;. Magnac (2000) studies
the “pure” case without covariates and shows that an extension of the conditional likelihood
approach proposed by Chamberlain (1985) can be used to identify and estimate the state-
dependence parameters. Honoré and Kyriazidou (2000) show that this argument carries over
to the case with exogenous explanatory variables if one matches the regressors across specific
time periods. Here, we offer an alternative estimation strategy that circumvents the need for
matching.

Step 1). Similarly to the VAR(1) model the MAR(1) appears to admit transition func-
tions only for the probabilities of staying in the same state, namely 7Tt (A,,, X;) for ke Y.
This feature appears to be a common trait of multidimensional fixed effects specifications.
To facilitate the derivation of the relevant transition functions, we follow our usual heuristic

of looking for qb’;lk(.), k € Y satistying:

¢zk< Zt—l—l;Y;,t)Y;t 1 ) ]]-{}/;t_k}gbk“c( zt+17k Kt 1)
(bk'k( zt+17}/it7}/it717X’i>| }/;07}/;251717Xi7"4i _Wf|k<A27Xl)

Upon obtaining their exact expressions for the simplest case with C' = 2, it is easy to
conjecture and verify by direct calculations that the general expressions of the C'+1 transition

functions of the MAR(1) model are as displayed in Lemma 6.
Lemma 6. In model (8) with T > 2 and t € {1,...,T — 1}, let for all k € Y
bk (YL XY = 1{Y; = keXeenit HYin=e} (Sey (e —mw) 10iem1 =) 49ms—ert AX Gy 1 Sr— AX oy 41 Be)
Then:
E | ég (Yierr, Yo, Yieo1, Xo)[Yio, Vi, X, As| = w1 (43, X))

Unsurprisingly, given the similarities shared between the MAR(1) and all other specifications
discussed in the paper, so long as T" > 3, one can again derive transition functions other than
kw(Y;iﬂ,Xi) also associated to 7" (A;, X;) for k € Y in periods t € {1,...,T —1}. The

simple logistic identities of Appendix Lemma 8 imply that these transition functions, that we
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keep denoting (g lk() have a similar form to those of the VAR(1) model as shown in Lemma

7.

Lemma 7. In model (8) with T > 3, for all t,s such that T —1 >t > s > 1, let for all
(c. k) € Y?

,ucs Z 76] ’LS 1 — j) + lecsﬁc 10550

K|k
'Lic‘t (9> = Yek T Xz/ct+15c 0t+1ﬁ0

W () = 1 — eleEE O e O) =50 e (9)

and define the moment functions
|k s |k K|k
o (VL YE L X)) = 1Y =k + Y Wi (O1{Yi = D" (Vi X0)

leY\{k}

I'hen,
£ ’“"“Wl ys X)|Yio, V371 X, A, —wklkA-X»
CGO ( it—1 Tis—1» z>| 10y 141 iy LA t ( 1 z)

Additionally, if the econometrician has access to a dataset with more than four observations
per sampling unit - counting the initial condition - then, more transition functions associated

to the same transition probabilities are available per Corollary 7.1.

Corollary 7.1. In model (8) with T > 4, for any t and ordered collection of indices s,
J > 2, satisfying T —1>t>s1>...>s;>1, let forallk ey

Mk (vt ys Y LX) = 1{Y;,, = k}

it—1) “is1—10 ) Tasy—1

+ ) Wl OV, = G (VLY YT LX)

t,sy, l
leV\{k}

with weigts wi'j}vl(e) defined as in Lemma 7. Then,

it—17 fisp—10 0 Tasy—1

[Cklk(YtH Y Y i)!Ym,}/z'?_laXz’»Ai] = Wflk(AuXi)

This completes Step 1) for the MAR(1) logit model. For Step 2), we recommend a

family of valid moment functions mirroring those of Proposition 2 for the AR(1) case to
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ensure the linear independence of its elements.

6 Empirical Illustration

In this last section, we illustrate the usefulness of our methodology by revisiting the analysis
of Deza (2015) on the dynamics of drug consumption amongst young adults in the United
States.!’

To provide context, multiple studies have documented that young individuals who ex-
periment with soft drugs have a tendency to continue using them and are at a higher risk
of transitioning to hard drugs. Such correlations are certainly concerning. However, the
empirical evidence of genuine causal links, in particular from softer drugs to harder drugs,
remains limited with Deza (2015) standing as a notable exception. Fundamentally, these
empirical regularities may be attributed to a causal effect (i.e. state dependence within and
between drugs) or alternatively to latent traits that make individuals more prone to using
illicit substances in general. Our primary concern is to untangle these two explanations to
inform the design of policies aiming to mitigate drug addiction '!. For example, if marijuana
consumption indeed serves as a gateway to later cocaine use, early educational interventions
cautioning against casual marijuana usage could potentially have enduring effects on the
population of heavy drug users.

To investigate these issues, we employ the restricted version of the National Longitudinal
Survey of Youth 1997 (NLSY97). This is a panel dataset of 8984 individuals surveyed on a
diverse range of subjects, including drug-related matters from 1997 to 2019. We concentrate
on a subsample of four waves, spanning from 2001 to 2004. This subsample provides insight
into the behavior of young adults between the age of 16 and 20 in 2001 to 19 and 24 in 2004.
We shall examine the statistical association between three binary outcome variables, namely
the consumption of alcohol, marijuana and hard drugs, derived from respondents answers’

during annual interviews. Upon retaining those providing answers in all four waves as well

10This research was conducted with restricted access to Bureau of Labor Statistics (BLS) data. The views
expressed here are those of the author and do not reflect the views of the BLS.

HSee Heckman (1981) for insights on the implications of state dependence for the design of labor market
policies.
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as a valid state of residence, our cross section ultimately consists of N = 6317 individuals '°.

Following Deza (2015), we then consider the trivariate VAR(1) logit model

3
Yioi=1 Z YomjYjit—1 + Bomagei + pomT ED Sy, it + voa1{age; > 21} 1{m =1} + Api — €mie > 0

J=1

m € {1,2,3} (1="“alcohol”, 2="“marijuana”, 3="“hard drugs”), t = 1,2,3 where t = 0 corre-
sponds to the year 2001. The state-dependence coefficients oy, (within) and ~yom,;, m # j
(between) are the principal coefficients of interest in the 16-dimensional vector of common
parameters 6. We are most particularly concerned about the sign and the statistical
significance of g3z, i.e the so called “stepping-stone” effect of marijuana on hard drugs.
The covariate age;; denotes the age of respondent 7 at time ¢. The regressors TED.S,, it
measure state-level deviations from national trends in treatment admissions for substance
abuse caused by drug m in year t in the state of residence of i'3. They are computed as the
ratio of the share of admissions to treatment centers due to drug m in the state of 7 in year ¢
against the country wide analog in year t. Intuitively, this may be interpreted as a measure
of exposure to substance m for each respondent in our sample.

Deza (2015) parameterizes both the latent permanent heterogeneity (A,;)3,_; and
the initial condition Y% to estimate the model by maximum likelihood. We leave these
components unrestricted and exploit the valid moment functions presented in Section 5.1.
We specifically use six of the eight valid moment functions available: g lk(Yﬁ’, Yy, X;) for
k € {(0,0,0),(0,1,0),(1,1,1),(1,1,0),(1,0,1),(1,0,0)}. The other two corresponding to
states k € {(0,0,1),(0,1,1)} are null for over 99.5% of our sample and were dropped to
mitigate noise in estimation. Next, we (arbitrarily) select a constant, the initial condition
Y?, age; and the covariates TEDS,,;; in all periods t = 1,2, 3 as instruments to form the

)

96 x 1 moment vector

12We adapt the sample selection procedure described in Deza (2015) for the period 2001-2004.
3 The variables TEDS,, ;: are constructed from the Treatment Episode Data Set-Admissions which records
admissions to substance abuse treatment facilities in the United States.
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With mg(Y;, Y%, X;) in hand, we then consider the iterated GMM estimator of Hansen et al.
(1996). Starting from an initial candidate f,'*, it can be described as

0 = lmé

§—00

0, = arg minmy (0) W x(0,_1) "' min (0)
0

where T (0) = 5 0L, mo(Vi, Y, Xi) and W(0) = 3 2L, ma(Y:, Y7, Xi)mo (Y3, Y7, X0’
Under some regularity conditions (Hansen and Lee (2021)), this estimator is well defined and

asymptotically normally distributed with

VNG — b5) —5 N(0, (MgWy M)~

#} and Wy = E [my, (V;, Y2, X;)mqg, (Y3, Y, X;)']. Our motivation

where My = E [37”60(6

for focusing on this specific estimator originates mainly from Hansen and Lee (2021) who
advocate its use for two practical reasons. First, for a given set of moments, it eliminates the
arbitrariness in the choice of the initial weight matrix of 2-step GMM estimators (see also
Imbens (2002)). Second, because the iteration sequence is a contraction, each iteration is
approximately variance reducing in the sense that: Var(f,) ~ ¢2Var(f,_1) for some constant
¢ < 1 . Empirically, we also found in Monte Carlo simulations that the iterated GMM

estimator performs relatively well for this type of specification (see Appendix D).

Table 1 presents the iterated GMM estimates for the trivariate VAR(1) logit model in

141n practice, we used the GMM estimator putting equal weights on each moment as our starting candidate.
5Note that the limiting variance of the iterated GMM estimator and a 2-step GMM estimator will be
identical.
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columns (I), (II), (III). For comparison, columns (IV), (V), (VI) report a random effect (RE)
estimator akin to Deza (2015) ¢ while columns (VII), (VIII), (IV) display the “naive” logit
maximum likelihood estimator (MLE) neglecting the presence of fixed effects.

The first observation is that, in line with conventional wisdom, GMM estimates for the
state-dependence parameters within drug, 711, V22, V33, are all positive. As is apparent from
columns (I)-(IIT), they are statistically significant for alcohol and marijuana but surprisingly
not for hard drugs. In other words, there is no statistical evidence of a direct effect from
past consumption of hard drug to future usage of hard drugs once we account for unobserved
heterogeneity and the effects of other substances, at least in our four-wave sample'”. Notice
that the magnitude of the estimates for i1, 729,733 sharply contrast with the other two
estimators. The naive MLE largely overestimates the amount of within state-dependence,
yielding coefficients that are comparatively four to eight times larger. Intuitively, this can be
rationalized by the fact that this estimator misinterprets any serial correlation produced by
A; as evidence of state dependence. The RE estimator borrowed from Deza (2015) (see also
Card and Hyslop (2005), Chay and Hyslop (1998)) acts as an intermediate estimator between
the other two as can be seen in columns (IV)-(VI). This behavior is expected to the extent
that the additional parametric structure of this methodology will account to some degree for
the presence of unobserved heterogeneity. We note that the role of within state dependence
in the dynamics of drug consumption is nevertheless overstated by this approach.

Second and importantly, we observe in column (IIT) a positive and statistically significant
effect of marijuana on hard drugs. This supports the view that marijuana usage can be a
gateway to the consumption of harder drugs and accords with the key findings of Deza (2015).
From a practical standpoint, this result corroborates that there may be scope for policies on
marijuana usage to indirectly curb the consumption of more lethal substances by teenagers
and young adults. The efficacy of such policies in the short and long run are important

questions that will intuitively depend on the distribution of heterogeneity in the population.

16We borrow the specification presented in Deza (2015). The heterogeneity distribution is discrete with 3
mass points and is independent of the regressors. The initial condition relates to the covariates through a
logistic regression.

1TThe transition parameters for hard drugs are expected to be noisier given that a smaller fraction of
individuals consume these more lethal substances: approximately 15% of the respondents indicate having
consumed hard drugs at least once from 2001-2004. This contrasts with 86% for alcohol and 40% for mari-
juana.
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We do not explore those questions here but further research in this direction would be of
interest '®. The other two estimators also agree on a positive influence of marijuana on the
consumption of harder drugs, albeit it is statistically insignificant in the RE case.

Table 1: Parameter estimates of the trivariate VAR(1) logit

Iterated GMM Random Effects Naive MLE
A M HD A M HD A M HD
(1) (II) (III) (IV) (V) (VI) (VII) (VIII) (IV)
Ymi1 0.30 -0.04 -0.02 1.41 -0.36 -0.2 2.44 0.87 0.77
(0.12) (0.21) (0.32) (0.16) (0.22) (0.63) (0.06) (0.14) (0.37)
Vm2 -0.07 0.70 0.69 -0.52 1.48 0.16 0.72 2.55 1.43
(0.16)  (0.14)  (0.22) (0.12)  (0.13)  (0.25) (0.07)  (0.07)  (0.16)
V3 -0.20 0.26 0.32 -0.66 -0.17 1.59 0.22 0.74 2.12
(0.27) (0.22) (0.21) (0.19) (0.13) (0.13) (0.12) (0.09) (0.12)
age 0.06 -0.18 0.08 0.04 -0.14 -0.05 -0.08 -0.13 -0.21
(0.05) (0.06) (0.09) (0.6) (0.27) (0.32) (0.03) (0.02) (0.03)
age > 21 0.04 0.46 0.54
(0.11) (0.2) (0.07)
TEDS, -0.09 0.96 0.67
(0.09) (0.77) (0.50)
TEDS, -0.18 0.02 -0.13
(0.12) (0.48) (0.30)
TEDS, 0.42 0.15 -0.10
(0.32) (0.44) (0.40)
N 6317 6317 6317
Periods 2001-2004 2001-2004 2001-2004
# ITterations 12

éerl — és < 10~%. Estimated standard

NOTES: The convergence criterion of our iterated GMM procedure is

errors are reported in parenthesis.

Otherwise, it is noteworthy that the between state dependence estimates can vary quite signif-

icantly across specifications. Again, the naive MLE likely misinterprets spurious correlation

18 A natural idea to gauge the effectiveness of policy interventions would be to compute average marginal
effects. However, as mentioned in Section 5.1, we were unable to find transition functions for the transition
probabilities where the state switches in VAR(1) models. This leads us to believe that only the average
transition probabilities where the state remains unchanged are identified. In turn, this would imply that
average marginal effects are generally partially identified in VAR(1) models. In this case, it is possible that
ideas analogous to those in Dobronyi et al. (2021) and Davezies et al. (2021) could be used to characterize
and compute the identified set of average marginal effects; albeit some difficulties might arise due to the fact
that the fixed effects are now multidimensional. Computing outer bounds as in Pakel and Weidner (2023)
could be another plausible option.
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from the A; as state dependence which results in positive and inflated cross effects. Column
(IV) and (I) show disagreements of the RE and GMM estimates regarding the strength of
the impact of marijuana and hard drugs on alcohol. Overall, this comparative exercise has
showed that accounting for unobserved heterogeneity as flexibly as possible can be essential

to obtain an accurate picture of the patterns of state dependence in practice.

7 Conclusion

Dynamic discrete choice models are widely used to study the determinants of repeated deci-
sions made by individuals or firms over time. In this paper, we have introduced a procedure to
estimate a family of such models with logistic (or Type I extreme value) errors and potentially
many lags while remaining agnostic about the nature of unobserved individual heterogeneity.
This type of approach may be attractive when the risk of misspecifying the initial condition
and the unit-specific effects are important. We also provided general expressions for average
marginal effects in the binary response case which are often the counterfactuals of interest in
practice.

The list of discrete choice models covered in this paper is of course not exhaustive and
it would be interesting to know if our two-step approach could be deployed in other settings
with “logit” noise. In ongoing work, we have found that this is one avenue to approach

estimation of dynamic ordered logit models, potentially of arbitrary lag order.
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Appendix

A Partial Fraction Decomposition

Lemma 8. For any reals uy,us, ..., ux, U1,Va, ...,V and ai,as,...,ax, K > 1 we have
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Lemma 9. Fiz M > 2, let Y = {0,1}M. Then, for any k € Y and any reals ui, us, . . . , ups,

V1, Vg, ..., Uy and a1, as, ..., ay, we have
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and let Num denote the numerator of LHS. We have:
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It follows that Num = Hf\le ehmum+am) (1 4 evm+am) and consequently
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B Connection to Kitazawa and Honoré-Weidner

Recall from Proposition 2 that when 7" > 3, our simplest moment conditions for ¢, s such

that T'— 1 >t > s > 1 write:
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Wit (O i = (2 = wy 1 (0))(Tir = Yie1) = wif1(8) (a4 Yoy — 200 Yoy 1)
=2 | T = iy — wiy (0) Vi (1= Yig )
= 203" (Viesn, Yo, Y1 X) = Yaor = w0 (0063 (Yies, Yaes Yaoo1, X3) (1= Y|

= 20, (VL VLX)

To establish the connection to the work of Honoré and Weidner (2020), it is useful to re-write

the moment functions slightly differently. By re-arranging terms, one obtains the following

for T =3

o (VY X)) = (1= Ya)gp (Vi Xo) + e Mo Xl 8oy, gl0(vE X3) — (1 - Vi)
= e X B (1 — V1) (1 = Yio)Yis + (1 — Yar) (1 — Yao) (1 — Y33)
+ e(XiQ—Xﬂ)'ﬁ-i-’Y(l—Yio)Y;l(l _ }/1'2)}/1'3
+ e(Xi3*Xi1)/B*’YYi0}/;,1(1 — Yio)(1 — Yi3)
— (1Y) (9)
_ (e( i2—Xi3)'B __ 1)(1 _ yﬂ)(l _ yig)y;3
+ e(Xiz—Xn)’BJr'y(l—Yio)y;l(l _ Yi2)Yi3
+ e(Xi3*Xil)/ﬁ*’YYi0}/;,1(1 — Yio)(1 — Yi3)

— (1 —-Yn)Ye

where the last line uses the fact that: (1 —Y;;) = (1 —Y;1)Yia + (1 = Yi1)(1 — Yio)Yis + (1 —

Yi1)(1 —Yi2)(1 —Y;3) to make some cancellations. For the initial condition, Y;y = 0, equation

(9) corresponds to their moment function m$ which they express in an extensive form. For



Yjo = 1, we get instead m$. Similarly,

o (ViE Vb Xo) = Yaay (Vi Xi) + e 00X — i g (v, X) — Vi

= X=Xl BY, Vip (1 = Vig) 4 Yin YiaVis
+ =X BV (1 — ;)Y (1 — Vi)
+ X=X B 1=Yo) (1 — V1)Y,5 Y5
~ Yy, (10)
= (MNP )YV (1 — Vi)
+ X=X o (] — 1 )Y(1 — Vi)
+ X=X B (1=Yo) (1 — V)Y,V
Va1 - Ya)

where the last line uses the fact that: Y;; = Y (1 — Vi) + Vi1 YiaYis + Vi1 Yia(1 — Yi3). For the

initial condition Y;o = 0, equation (10) gives their moment function m3 and for Y;y = 1, we

get m§. Our moments are thus identical, at least for the case T = 3.

C The remaining steps for the AR(p) model with p > 1

As indicated in Section 4.4.2 , Step 1) (b) is now analogous to the AR(1) case since the
transition probabilities keep an identical structure. As soon as T' > p + 2, we can construct
transition functions other than gbgl'y;f (Yiert1, Yi, }/ii:%Qp—l)’ X;) also associated to W?l‘yf(Ai, Xi),
for y7 € VP in periods t € {p+1,...,T —1},. These new transition functions that we denote

é“'yzf(.) take the form of a weighted combination of past outcome 1(Y;s = 1), s € {1,...,t—
p} and the interaction of 1(Yjs # y;) with any transition function whose conditioning set

D
encompasses Yj, for it to map to o (A;, X;). The simplest examples which are also the

only ones available when 7' = p 4 2, are given in Lemma 10.

Lemma 10. In model (5) with T > p+2, forallt e {p+1,..., T =1}, s {l,...,t —p}



and y} € VP, let
P
= Z 707‘}/1‘5—7’ + Xz/sﬁ

y1|y1 Z Yoryr + Xip 1 0

Y1

t,s

1-y1 oP
WP () = [1 o 0o >>] [1 _ o s O) s 0))

and define the moment functions:

g”yl (Yt+%2p 1):Y{; p,X) =1{Ys =wu} +wylly1( O)I{Yis # 1 }Gbyl'yl( zt+1,th7Yt %Qp 1) , Xi)

Then,

|:<-y1|y1 (Yt+1 YS

1s—p)

)|Y'07Yﬁ 1 X,,A] y1|y1(A“X)

(2p—1)°

Unsurprisingly, as in the AR(1) case, it becomes possible to construct iteratively more tran-
sition functions from those given in Lemma 10 when at least T" = p + 3 periods are observed

post initial condition. They are given in Corollary 10.1 below.

Corollary 10.1. In model (5) with T > p+ 3, for allt € {p+1,...,T — 1} and collection

of ordered indices si with J > 2 satisfyingt —p > sy > ... > s; > 1, and for all y} € VP, let

0[0,y5 1 0[0,y5 0[0,y5 1 -
o (YValopny Yo Yid) o Xa) = (1= Vi) w2 (0)Yi, G P (Vi L Yid - Vi
1Lys 1 1Ly 11,5 1 -
[ ? (Yt+(2p 1)’ Yzii —py 7}/;? —p’ X) }/;:Sj + wt,SJ 2 (8)(1 - Y;:SJ) 0 ? ()/1?_17 Y;zi —pr 7}/{;,1_]37
with weights wyl‘yl( 0) defined as in Lemma 10. Then,
vilyy 1 0 1 Y vy
E (G (Vs Y Vi XDV YV X, A = m (4, X))

Step 2). Provided that T' > p+2, it is clear that the difference between any two distinct
transition functions associated to the same transition probability in ¢t € {p+1,..., T —1} will
yield a valid moment function. Proposition 4 hereinbelow presents one set of valid moment

functions that generalize those obtained previously for the one lag case.

Proposition 4. In model (5)



ifT>p+2, forallte{p+1,....,T =1}, se{l,....t —p} and 3} € VP, let

yily? (Yt+1

; v X, ) gl|y1 (Yt+1 X, ) gl|y1 (Yt+1 Y X, )’

(2p—1)» “is—p? it—(2p—1)’ it—(2p—1)7 T is—p’

if T >p+3, forallt € {p+1,...,T — 1} and collection of ordered indices s{ with J > 2

satisfying t —p > s1 > ... > s; > 1, and for all y} € VP, let

ly? , . s vilyy 1 yilyy 1 s s
0 (Vi oy Vi 0 Yie o Xa) = 05 (Vi gy Xi) = G (Vi Z ) Vil - Vil X
Then,
[¢y1\y1 (Ylep 0 Y, i)mo’yﬁ—l,Xi,Ai} =0
| ‘ : 7
|:77Z}y1 W (Yt+12p 1)’ Y;si p,-..>Y;sj —p’ i)’}/;ov}/;lj ’Xi’AZ} =0

This family of moment functions features precisely 27 — (T + 1 — p)2P distinct elements
for any initial condition. Indeed, fix Y and a p-vector ¢} € {0,1}*. Then, for a given time
period t € {p+1,...,T — 1}, there are (*;”) moments of the form wyl‘yl (Yt+%2p 1 Yo Xo)
corresponding to choices of s € {1,...,t — p}. Moreover, by choosing any feasible sequence

s{, J > 2, verifying t —p > s; > ... > s; > 1 we produce another f;é’ (t_lp) moment

functions of the form wy”yl (Y”bp 1y Y oY), Xi). In total, for period ¢, we count

t—
(7)o
l

=1
valid moments. Now, summing over all possible values for t € {p + 1,...,7 — 1} and

multiplying by the number of distinct values for ¢, namely 27, we get:

T—1 t—p T-1 1 _ oT—p-1
PEE() B (5 )
=p+1 1

t 1= t=p+1
Numerical experimentation for various values of 7" in the AR(1) and AR(2) cases suggest
that the moment functions of Proposition 4 are effectively linearly independent. Therefore,
Theorem 3 implies that they constitute a complete family of moment functions for AR(p)
models. From a practical standpoint, this shows that functional differencing at least in panel

data logit models can be broken down into a series of equivalent simpler subproblems period



by period that find all moment equality restrictions. Our procedure can be advantageous
in sophisticated models with a few lags where an analysis of the full likelihood, a high

dimensional object, can prove difficult.

D Simulation Experiments

In this section, we report the results of a small set of simulations designed to assess the finite

sample performance of GMM estimators based on our moment conditions.

D.1 Monte Carlo for an AR(3) logit model

For our first example, we consider an AR(3) logit model with 7" = 5 periods (i.e 8 periods
in total with the initial condition) and a single exogenous covariate. We set the common
parameters to v = 1.0, 702 = 0.5,703 = 0.25, 5y = 0.5 and use the following generative
model in the spirit of Honoré and Kyriazidou (2000):

Yio=1{X] 8 + Ai — ;2 > 0}
Yioi = 1{ynYia + X/ 1060+ 4 — ;1 > 0}
Yio = 1{101Yi1 + 702Yi2 + Xjo00 + Ai — €0 > 0}

Vi =1 {701Yi-1 + 702Yi—2 + v03Yir—s + X}, fo + A —eq >0}, t=1,...,5

The disturbances €; are iid standard logistic over time, X;; is iid A(0, 1) and the fixed effects
are computed as A; = \/Lg t§:2 X;:. To evaluate the performance of the estimators described
below, we simulate data for four sample sizes : 500, 2000, 8000, 16000, and perform 1000
Monte Carlo replications for each design.

For T' = 5, we know from Proposition 4 that 8 valid moment functions are available,
each stemming from the 8 possible transition probabilities of the model (there are really
16 transition probabilities in total but 8 are redundant since probabilities sum to one).

We consider the interaction of all 8 valid moment functions with a constant, the 3 initial

conditions Y; o, Y;_ 1, Y and the covariates X;; in each period ¢t € {1,...,5} to construct the



72 x 1 moment vector:

D YE LY, X)

YNV, Yy, X3

0\0,1,0(3/;5 L Yzl ) Xi) Yl
i—2

1101<Yi5 ;Y; z:Xz) Y;;

Y, X)) i

YR LY, X)

where ® denotes the standard Kronecker product. The choice of this particular set of instru-
ments is of course arbitrary and only motivated by simplicity. We also consider a rescaled
version of my(Y;, Y, X;) that we denote my(V;, Y, X;) where each of the 8 valid moment func-
tions are appropriately rescaled so that Vy} € {0,1}%, supy, y. 4 gl‘yl’”’%(yg’ LYo X)) <
0. We do so by normalizing 94" (Y5, Y1, X;) by the sum of the absolute values of all
unique values it can take as a function over choice histories ;3. The rationale for normalizing
the moments originates from Honoré and Weidner (2020) who presented numerical evidence
that a rescaling of this kind improved the finite sample performance of their estimators in the
one and two lags cases. Given, my(Y;, Y, X;) and my(Y;, Y2, X;), we study the properties of

two simple GMM estimators:

N

. 1 1

0" = ~ Y, VP X, — o(Y; YO
ar@g;lglax ~ ;1 me(Yi, Y., X5) N E , X;)

!

. 1 & 1 &

0 = — § (Y3, Y2 X, — E o(Y;, Y0 X
areg;lgax N £ y ) N o ) )

which both put equal weight on their individual components (i.e the weight matrix is the iden-
tity)'?. Under standard regularity conditions, %, 8* should be consistent and asymptotically

normal.

19Tn a previous version of this paper we also considered a two-step “rescaled” estimator that uses a diagonal
weight matrix with the inverse variance of each component in the spirit of Honoré and Weidner (2020). It
performs very similarly to the equally-weighted estimator 6°.

10



Table 2: Performance of GMM estimators for the AR(3)

e A SR Y SER pr B

N =500

Bias  -0.52 -0.50 -0.51 -0.50 -0.39 -0.32 -0.15 0.10

MAE 0.52 0.69 0.51  0.58 0.39 0.51 0.15 0.14
N = 2000

Bias -0.37 -0.10 -0.45 -0.12 -0.31 -0.04 -0.08 0.02

MAE 037 0.42 0.45 0.34 0.31 0.25 0.08 0.06
N = 8000

Bias -0.24 0.04 -0.32  0.01 -0.21  0.01 -0.04 0.00

MAE 0.24 0.17 0.32 0.15 021 0.11 0.04 0.03
N = 16000

Bias -0.18 0.01 -0.25 0.00 -0.16  0.00 -0.03  0.00
MAE 0.18 0.11 0.25 0.10 0.16 0.07 0.03 0.02

NoOTES: Bias and MAE stand for median bias and median absolute error respectively. Reported results are
based on a 1000 replications of the DGP.

Table 2 presents the median bias and median absolute errors of the two GMM estimators
for each design N € {500, 2000, 8000, 16000}. Figure 1 plots their densities which as expected
resemble gaussian distributions for the larger values of N. Interestingly, a first observation
is that both estimators appear to suffer from a negative bias on the lag parameters at least
up to N = 2000. And while this bias effectively vanishes for the “rescaled” GMM estimators
for the larger sample size N > 8000, it remains quite significant for all lag parameters and
also the slope coefficient for the “unnormalized” estimator. This is evident from the sign
of the bias in Table 2 and from the fact that all green densities are to the left of the true
parameters in Figure 1. This observation confirms the practical importance of normalizing all
valid moment functions in binary response logit models to obtain precise estimates in small
samples. Focusing on the “rescaled” estimator i , we can see that it performs relatively well
for N > 8000 with very little bias. This is corroborated in Figure 1: the blue densities are
approximately centered at the true parameter values for N > 8000 . Estimates for the slope
parameter [ are quite accurate even for N = 500 but precise estimation of the transition
parameters requires a larger sample size. In terms of median absolute bias, it is interesting
to note a ranking on the precision of estimates of the transition parameters: the coefficient

on the first lag is noisier than the coefficient on the second lag which itself is noisier than

11



Figure 1: Densities of GMM estimators for the AR(3) with one regressor

N =500 N = 2000 N = 8000 N = 16000
A
P | A
R U | N .
% )
\
B

Notes: The densities of estimates based on the first GMM estimator (i.e é“), the second GMM estimator (i.e
6 ) are indicated in green and blue respectively. Reported results are based on a 1000 replications of the DGP
presented above with o1 = 1.0,v92 = 0.5,7v3 = 0.25, 8y = 0.5. True parameter values are indicated with a
vertical dashed line.

the coefficient on the third lag for each N € {500, 2000, 8000, 16000}. In an unreported set
of simulations, we have found that this empirical pattern is robust to other choices of the
population parameters and initial condition and also applies to the AR(2) model with a

similar data generating process.

12



D.2 Monte Carlo for a VAR(1) logit model

In our next example, we examine a bivariate VAR(1) logit model with 7" = 3 and scalar
regressors X,, ;+ in each layer m € {1,2}. We set the common parameters to 711 = 7Yo22 = 1.0,

Yoz = Yo21 = 0.5, 1 = B2 = 0.5. The data generating process is:

Ym,iO =1 {X;n,i()BOm + Am,z’ — €m,it 2 O} ) m = 17 2

Vit = 1 {tom1¥ia1 + Yome Va1 + Xy Bom + Ami = ema 2 0f, m=1,2, t=1,2,3

where the disturbances €, are iid standard logistic, the covariates X, are iid N(0,1)
and the fixed effects are computed as A,,; = \/%ItioXm’it' We consider sample sizes N €
{2000, 8000, 16000} with 1000 Monte Carlo replications per design.

We use all four valid moment functions implied by Proposition 2 when 7" = 3 for the VAR(1)
case, viz w;f'k(Yﬁ, Y, Xi), k € {(0,0),(0,1),(1,0), (0,0)} and form the 40 x 1 moment vector:

LSOO (vE v X) 1

(01 y3 yl X, v

mo(Y%Y;OaXi) = (10 ( il 240 ) ® 1/
(}/37 }/;(l)a Xz) Xiil
v X X3,

Given the importance of rescaling the valid moment functions for better precision of GMM
in the context of the AR(3), we also consider a normalized moment vector my(Y;, Y, X;) in
which each ¢§ |k(Y;:f, Y3, X;) is divided by the sum of the absolute values of their unique non-
zero entries as a 64-dimensional vector (64 possible choice histories Y;3 per initial condition).
With these moment functions in hand, we then compare the finite sample properties of three
estimators: i) the VAR(1) analogs of 6* and 6" defined previously for the AR(3), ii) the
iterated GMM estimator 6¢ based on my(Y;, Y, X;) as in Section 6. The results of the
simulations are summarized in Table 3 and Table 4.

Similarly to the AR(3) example, both the transition parameters and the slope parameters
of 0% are negatively biased for the three sample sizes under consideration. This is particularly
true for the “between” state-dependence parameters v15%, 751* which maintain a small bias

even for N = 8000, 16000. By comparison, the rescaled GMM estimator 0® and the iterated

13



Table 3: Performance of GMM estimators for the bivariate VAR(1): transition parameters

71” 7111) Y1 V12" 712b Y12 Yor“ 7§1b Va1 V22" 7§2b Va2

N = 2000

Bias -0.23 0.10 -0.05 -0.21 -0.04 -0.04 -0.20 -0.06 -0.05 -0.24 0.10 -0.05

MAE 0.27 0.23 0.16 0.29 0.24 0.19 0.27 0.23 0.19 0.27 0.23 0.16

Iter 5 5 5 5)
N = 8000

Bias -0.07 0.03 -0.00 -0.08 0.00 -0.00 -0.09 -0.01 -0.01 -0.06 0.03 -0.00

MAE 0.13 0.11 0.08 0.14 0.12 0.09 0.15 0.12 0.09 0.12 0.11 0.07

Tter 4 4 4 4
N = 16000

Bias -0.04 0.01 -0.00 -0.05 -0.01 -0.00 -0.07 -0.01 -0.00 -0.03 0.01 0.00

MAE 0.09 0.08 0.05 0.11  0.07 0.06 0.11  0.08 0.06 0.08 0.08 0.06

Iter 3 3 3 3

NOTES: Reported results are based on a 1000 replications of the DGP. Bias and MAFE stand for median

bias and median absolute error respectively. The convergence criterion for the iterated GMM estimator is

il
MAE for the iterated GMM are reported for replications where convergence is attained which is ~ 91% for
N = 2000 and =~ 100% for N = 8000, 16000.

< 10~* and Iter corresponds to the median number of iterations to reach convergence. Bias and

GMM estimator ¢ demonstrate better accuracy, especially for v;2 and v9; which are really the
key parameters in our empirical application presented in Section 6. In this specific simulation
design, 6° slightly outperforms 6 for all N = 2000, 8000, 16000 in terms of median bias and
median absolute error for the transition parameters. The comparison is somewhat less clear
for the slope parameters /31, 8. %

Surprisingly, when experimenting with a trivariate logit extension, we found that the
analog of g performs very poorly for the same simulation design relative to the iterated
GMM estimator or even the naive equally-weighted GMM estimator 6. This is perhaps
due to the “large” rescaling factor applied to each valid moment function in that case which
pose problems for the optimization of the GMM objective. We have not investigated these
peculiarities - which could be design specific - further at this moment but a more thorough
analysis of the behavior of GMM in future work would be beneficial. The good performance

of 6¢ and this shortcoming of 6® in the trivariate case was one additional motivation for

20We also experimented with an iterated GMM estimator based on my(Y;, Y, X;) and found nearly iden-
tical results to 6°.
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Table 4: Performance of GMM estimators for the bivariate VAR(1): slope parameters

N = 2000
N = 8000

N = 16000

~a ~b ~Ac ~Aa ~b A c

B 5 b1 P Bo P
Bias -0.04 0.01 -0.01 -0.04 0.00 -0.01
MAE 0.06 0.06 0.06 0.06 0.06 0.05
Tter 5 5
Bias -0.01 -0.00 0.00 -0.01 0.00 0.00
MAE 0.03 0.03 0.03 0.03 0.03 0.03
Tter 4 4
Bias -0.00 0.00 0.01 -0.00 0.00 0.01
MAE 0.02 0.02 0.02 0.02 0.02 0.02
Iter 3 3

NOTES: Reported results are based on a 1000 replications of the DGP. Bias and MAFE stand for median

bias and median absolute error respectively.
051 = 0.

The convergence criterion for the iterated GMM estimator is

< 10™* and Iter corresponds to the median number of iterations to reach convergence. Bias and

MAE for the iterated GMM are reported for replications where convergence is attained which is ~ 91% for
N = 2000 and = 100% for N = 8000, 16000.

concentrating on the iterated GMM estimator in our empirical application.

E Proofs of Theorem 1 and Theorem 3

We focus our attention on proving Theorem 3 since proving Theorem 1 would follow nearly

identical arguments. At each important step of the proof, we highlight where the arguments

for the AR(1) would differ.

Fix a history y € YT and consider the corresponding basis element 1{. = y} of RY T We

have:

g (p)

Yo,z
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[ =y} =PVi=yV? =y’ Xi =2, 4 =)



where by definition, for all a € R,

PlY;,=ylY?=y" X; =2,A;, = a)

Ny’ (%)

pDulv° (%)

NI (e2)

Dyly° (e2)

eYt (3P Yorye—r+a;Bo+a)

-

1

1~

(1 _|_ 62221 'YOryt—r+1460+a>

~+

1

Notice that N¥¥’(e%) and DY’ (e*) are just polynomials of e® - with dependence on z sup-

pressed for conciseness - and that we always have deg (N y|yo(e“)> < deg (Dy|yo(e“)> with

strict inequality unless y = 17. Moreover, since by assumption for any ¢,s € {1,...,7 — 1}

and yag c yp’ 763/"‘37;50 7& 763]—1—:17'550 ift # sory

+ §, DYV’ (e%) is a product of distinct irre-

ducible polynomials in e®. Therefore, by standard results on partial fraction decompositions,

we know that there exists a unique set of coefficie

the fixed effect such that:

T
P =y =y’ X =, A= a) = M+ DN~
t=1

nts (A, A],..., \%) € RT*! independent of

1
-+ 627}3:1 'YOr?,lt—r‘H%ﬁO‘l’a

=\ + To(a) + Ti(a) + Tr(a)

To(a) =\

p
Ti(a) =) N 7
—2 ]_ —|— 627":1 Y

T3(Cl) = Z Atyl_i_ezle,y

t—=

1
1 + eXr—1Yory1—r+ai fota

1
Oryt—r+1250+(l

Yy
1

T 1

Oryt—r+1250+a

p+1

with Aj = 0 unless y = 1. This decomposition breaks down the conditional probability

P(Y; = y|Y?

namely Ty(a),Ti(a), and components that do not, i.e Ty(a).

16

y°, X; = x, A; = a) into components that depend on the initial condition,

Notice that T(a) would not



appear in the AR(1) case. Starting with the first group, we can write:
To(a) = )\170 (‘1755)
— N 1{yo = 0} (2. 0) + X1 {yo = 1} (1 - = (2. 0))

= N {yo = 1} + N1 {yo = 0172 (2, a) — W1 {yp = 1}72" (2, a)
and

P
~ 0 YOy Y (p—
SN g =y = e 0 (0, )

=2 gl-leye-1

P
. 010,75 0,y (p—
:Z/\g Z Hye1 = 0,92 =02, ..., Y1 = o1} | y2 ko “(a, )

gh2eyt—2
P
- LG5 y0sey (o
+Z>\? Z Hyo1 =L y2="02,-- -, 41 = i1} ( tl 1y2 i t>(a,33))
t= QE*ZEyt—2
P
= ZA? Z Hyr1 =1L y0="0o2,- -, 41 = Je1}
t= gi-2eyt-2
a 0[0,7
EN S Uy = 0,0 = Gy = G} Y0 (g, )
gy eyr—2
. 11
- Z A Z Hyor=Liyeo =102, -, y1 = G117, ’yz ’yo,...,yf(p*ﬂ(a,x)
gL 2eyt—2
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Then, for the second group,

T
0 - - olg?
T3(a) = Z ALY Z Hyer =01, Yp = yp}thyf (a,z)

t=p+1 greyr
T P
0 <\ _0[0,5
= Z ALY Z Hyr1=0,002=Y2, .-, Yp = Z/p}ﬁt‘qy2 (a,z)
t=p+1 ggeypfl
T , )
. 11,3
N My = Lo = Yo, Uiy = Gip) (1 —m " (a,fc))
t=pt1 g teyrt
T
0 ~
=+ Z ALY Z Hyer = Lo =12, Yt—p = Up}
t=p+1 gg—leyp—l

T
0 ~ . 0[0,35
+ Z ALY Z Hye1 = 0,002 =42, -, Yp = yp}thny (a,z)

t=p+1 ggeypfl
T D
0 ~ v 1L,
Yy J— — J— 7y2
- E A E ]l{yt—l =Ly 2=,  Ytp= yp}ﬂ-tfl (CL; 33)
t=p+l g teyr-t

The unique decompositions for each term make it clear that

p R T
y1|y1 )
x
) {( t—1 ( ) ) yfeyp}

t—1
- yoly° Y1y Y0rsY—(p—1)
Fyppr =14 1 (@), (ﬂ-t—l (., z)) T .
yifleyt—l =9 t:p+1

forms a basis of Im (5@%;) if we can show that the transition probabilities are elements of

Im (5 () ) We now argue that it is indeed the case:

Yo,z

e First, Wé’o‘yo(.,x) € Im <5(p)

o ) since
Y0,

1
- 1 + er:l 'YOTyl—r+-r/1/BO+a
625:1 707'y177'+$/160+0«

yoly°

=" (a,x), ifyy=0

E[(1-Y)|Y =4, X; =, A = ]

= Wém'yo(a,x), if yo=1

i ,0 e 0 A . e
E[Y;l |)/; v, X'L Z, Az CL] 1 + ezi’:l Yory1—r+a) Bo+a

T
e Second, {(ﬁfllyl (,1;)) N } € Im <5g§§)m> by Theorem 4. For the AR(1) model,
yreyr ’

t=p+1
one would appeal to Lemma 2.

e Finally, one can easily adapt the proof of Theorem 4 to show that
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p

t—1
(Wflliyl ,yo,...,y—@—t)(_?x))) € Im (5@5{;;) First, it follows immediately
t 1€yt 1 4=
from Lemma 11 that:

() ()

Then, by inspecting the induction argument of Theorem 4, it is easily seen that the

y1eyt—1

result that for T >p+1andt e {p,..., T — 1}

Pylyl (Y;t+17Y;t7Yt %p%)’ )|Y;0, 11 —(k+1) XZ,A] y1|y1 LYt (k1) e Yz’t*(ﬂfl)(Ai’XD

for k = 0,...,p — 2 can be generalized. It actually holds for ¢t = k + 1 when k =
0,...,p— 2, yielding
|:¢y1|y1( it+1, }/’Lt7 Yt ! i)|YiO7 Xi? A’Li| - ﬂ-l%ll'yi’Yio """" Yit_(p_l)(A’b Xl)

11—p>

p
t—1
This is the desired result. The terms { (ﬂ'i/l'ly Lo x))) } are not
t=leyt—1

t=2
present in the AR(1) case which simplifies the argument.

Thus, we have shown that F,o , 7 is a basis of Im <€;§)x> . Next, since S;ﬁ’)x is a linear mapping,

we know by the rank nullity theorem that:
dim (ker(gég)m» — dim (R{O,I}T) ek (gy(g)x>

Therefore, we have the following implications:

T T-1
LT <p, |Fppr| = 14+14+3200 =24 320 = 2422200 = 97 Hence,
t=2 t=1

y?x

rank (5 () ) = 27 and the rank nullity theorem implies dim (ker(€;§)$)> =0

p
2. T =p+1, |Fpopr|=1+1+3 271492 =2x2 =271 Then, rank (525%;)%) —of
t=2 ’

and the rank nullity theorem implies dim (ker(é’éﬁ?ﬁ) =0

3. UT >p+2, [Fppr| = 1+1+Z2t1+2p(T p) =20+ 2°(T —p) = (T —p+1)2°.
=2

It follows that rank (5@5§$> (T p+1)2? and dim (ker(é’ )) =2 — (T —p+1)2r
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F Proofs of Propositions 1, 2, 4

Propositions 1, 2 and 4 all follow from the same strategy proof based on the the law of

iterated expectations. We focus on Proposition 1 here and leave the other cases to the reader.

Take any t, s verifying T'— 1 >t > s > 1. For any k € ), we have

E [up (L YDV, Vi As] = B [ 641 (Vi Yio, Yie1) = 05 Ve, Yo, Yie 1) [Yio, Y30, Ay

— E |7 (A Yo, Y51, Ay | — 7 ()
_ ’/Tk‘k(Ai) . Wklk(Ai)

=0

The second and third equalities follow from the law of iterated expectation and Lemma 1.

G Proofs of Lemma 1 and Lemma 2

Without loss of generality, we will consider the case with covariates. The proposed functional

form for the transition function qzﬁe ( a1, Yie, i1, X;) implies that it is null when Y;, # 0.

Hence
E[O'O(Y- Yo, Yio1, Xo)[Yio, YL, X, Ay ! X
0 it+1y Laty, Lat—1, 10y L1 I3 1 4+ e'YOth 1+X”ﬁo+A
Bo+A;
e it+1 0‘0 1 0‘0
<1 + 6X£t+150+142‘ ¢¢9 (17 O’ Y;'t_1, XZ) + 1+ 6X£t+150+Ai ¢0 (07 O, Y;'t—la Xz)
Thus, to obtain the transition probability 7rt (Az7 X;) = m at 0 = 6y, we must set:
e K3

00(1,0, Yipy, X;) = 71t (K= Xisa)'8
glo(()? 07 }/it—ly Xz) =1
2|0(k7 1,Y1,X;) =0, Vke)

This can be expressed compactly as: gzﬁe ( a1, Yi, Y1, Xi) = (1 — Yit)em“(w“*“AXéHlB)
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Likewise, for (ﬁé'l(YitH, Yit, Yii—1, X;) we have:

e’YOYit— 1+X[,Bo+A;

11 t—1
E |05 (Yieer. Yio Vi, XYoo, Vi X Ar] = 1

1 11
1+ 10 +XG, 1 Po+Ai 0 (0’ 1, Yie1, XZ))

670+X{t+1,30+14i m
[/] (17 ]-7 }/’it—la XZ) +

1 _|_ e’YO +X1{t+150 +A2

10Xy p 1o+ A;
/ .
0t X P04

Hence, to get thll(Ai,Xi) = at 0 = 6, we must set:

1+
;‘1(]‘? 17}/;t—17Xi) == 1
;‘1(07 1,V 1, X;) = e YD)+ X1 —Xa)'8

Uk, 0,Yi 0, X)) =0, Vkey

This can be written succinctly as: ¢é'1(}ﬁt+17 Yi, Yiee1, Xi) = Yite(lfy”“)(V(lfmfl)*BAX““)

H Proofs of Lemmas 3,10 and Corollaries 3.1, 10.1

The proofs of Lemma 3, Lemma 10, Corollary 3.1, Corollary 10.1 all follow the same logic
based on the use of a partial fraction expansion. We prove Lemma 3 here and leave the other
cases to the reader.

The result hinges on the simple rational fraction identity provided in Lemma 8 that for

any three reals v, u, a, we have:

1 - evte 1
41— _
1+ evte 1+ evt) (1 +evte) (14 evta)
vta u+ta u+ta
S O € __¢
14 evte (14 evte)(1 4 evta) (14 evto)
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By construction for 7> 3, and ¢, s such that T — 1>t > s > 1:

[C[)'O(Y;i—i_ia Y{Z 15 i)’Y;Oa }/3_17 Xi’ Al}

- E |:(1 — Y ) + w0‘0<90)}/;8¢2(|)0(}/it+17 }/;;tu }/;:tflu X’L) |}/;07 }/5717 Xi; Al:|

1 - s—
= T enma + et G)E {YZSE 600 Vi, Yae, Yar, X0 Yao, Yi7 X, A Vi, Y7 X, A,
B 1 o|0 s—1 1
= Ty e T @ (O0)E [Yal Yo, Yii ™, Xi, A 1 4 ext(60)+4;

s(00)+A;
= —1 + (1 - ert (90)—ps(80) eteo)t
1+ eﬂs(60)+A (1 + 6#5(00)+Ai)<]_ —+ e’ff (90)+A )
1

1+ e”t (90)+
= 7T5|0(Ai>Xz‘)

The second equality follows from the measureability of the weight wg LO(HO) with respect to
the conditioning set. The third equality follows from the law of iterated expectations and
Lemma 2. The penultimate equality uses the first mathematical identity presented above.

Similarly,

E |Gl (Vi Vit

X)) Yo, Vi~ X A

= E | Vis + il (90)(1 = Yi) o4l Va1, Yie Y1, X)| Vo, Y3~ X, Ay

etts(00)+Ai

= W + wlll(eﬂ)]E |:(1 - 1/;S)IE: [ éj)l(}/;'t-&-l?}/;'t?}/;t—l?Xi)D/;O) Y;§_17Xi7 AZ |}/;'0a }/;'i_l)Xia Az

otts (00)+A; " » ot (00)+ A
= o s (GO)E [(1 = Yis)[Yio, Yii™h, X3, Ay PRI
hts(B0)+A; my! " (B0)+Ai

= e + (11— et o) :
1 + 6“5(90)+Ai (1 + 6“5(60)+Ai)(1 + eﬁt (90)+A )

ot (00)+ A

1 —|—e’it H(00)+A;
=N (A, X5)

The second equality follows from the measurability of the weight wg If(@g) with respect to
the conditioning set. The third equality follows from the law of iterated expectations and

Lemma 2. The penultimate equality uses the second mathematical identity presented above.
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I Proof of Theorem 4

We start by proving the following Lemma
Lemma 11. In model (5), with T > 2 and t € {1,...,T — 1}, let

0|0 j/ j/t—l )i ] j/ Y; + }/z — —E I Y AYZ _—AX! ﬂ
0 ( it+1, )/ih it—p’ 7,) ( ’it)e ‘ 1(’\{1 -t =21t -l i+l )
1|1 Y t—1 — 1 )'+ Y1 (1=Yir— +§ _’YA)'+—+AXZ{ B
9 (}/rit+17 ts )/;t p? X) — }/Z‘te( i 1)( 1( it 1) 1=21 i1l t+1 )
Then7

E [¢2(|)0(Y;t+17 Y, yi-1 Xz)D/an ifitfl?Xi? A{| _ 7Tl(t)|0,Yms71,--~,Yn—(p—1) (A“ Xz)

it—p?
1
1+ elezg YorYity1-1+X{, 1 Bo+A;

E [ 1|1(}/;'t+1,}/:£t7Yt71 Xi)‘y[)’}/itlfl,Xi,Ai} _ 7Tt1|1,Yit71,...,Y¢tf(p71) (A“XZ)

() it—p> 7

eo1 +3 0o vorYieg1 -1+ X}, 1 Bo+Ai

1+ e’YOH-Zf:Q YouYit+1—1+Xj; 1 Bo+A;

Instead of verifying the result directly from the expression given in the Lemma, it is easier to
start from the heuristic idea, emphasized throughout the text, that we look for two functions

such that:

0 Viesr, Vi, Vb X)) = (1= Yi) o (Yigr, 0, V2L X))

it—p? it—p>

M (Yieer, Yie, Yao1, Xo) = Yady! (Yieer, 1, Y7L X))

it—p>

wt—p?

E [6h"(Vieen, i, Yich, X2, Vi, X0, A = mi Yoo, X, vk ey
By definition, gbg‘o(YiHl, Y, Yii:;, X;) is null when Y;; # 0. Hence

1
1+ ei=1 YorYit—1+X] Bot+Ai

x(

it—p>

E [0 (Viess, Yio, Yich XV, Vi X, A =

625’:2 YorYit+1-1+X{ 11 Bo+A;

1
01,0, V7L X)) + 0,0, Y7L, X))

1_|_ezg;g’YozYz'tHfz-i-X{tHBo-l—Ai 0 » Tit=p) 1+€7021’it—1+X{t+150+Ai 0 » Tit=p)
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3 O‘Oant—lz'-w}/z‘t—(p—l) 1
Thus, to obtain 7, (A, X;) = PSS TS ATy at 6 = 6y, we must set:

0|0(1’ 0, yi-1 X) _ 6715’it—1—2f=2WAYnH—z—AX{H_lﬁ

0 it—pr <
2|0(07 0, YZ&:II): X’L) =1

Ok, 1,V X)) =0,Vk e

w—p?
more compactly this writes,

0|0 _ g 2 _\P - _ /
0‘ (Kt—l—l) Y;:t; }/;i—]lﬁ XZ) = (]_ — }/Z.t>eyzt+1(W1th—1 El:Z ’YlAY'“H,lfl Ath+16)

Analogously, gzﬁé'l(Y;tH, Y, Yi~1 X;) is null when Yj; # 1. Hence

it—p?

BZL YorYit—1+X/, Bo+A;

11 t—1 0 yt—1
E 6 (YVier, Vi, YETL X)) YO, VEL X A] _ X
0 (Yirs1, Yar, it—p? Y YL X 1 4+ eXi=1 YoYie—1+X{ Bo+A; (
Yor+> o Yor Yit+1—1+X], 1 Bo+A;
e 1=2 41 11 t—1 1 11 t—1
1,1,V X, 0,1.Y: " X,
1+eVOl"'ZfZQ’YOleit+lfl+X£t+1ﬁO+Ai [} ( y o Lit—po z)+ 1+6’Y01+'YO2Yit—1+X£t+1ﬁ0+Ai¢9 ( ) Ty Tat—py “he

!
Y01 + 50 Y01 Yier1—i+ X 1 Bo+A;s

Consequently, to get Wzll’nH""’Y"t*(p*l)(Ai,X,-) = at 0 = 6y, we

14701 +Zf:2 YouYit+1—1 +X§t+1 Bo+A;

must set:

11,y X)) =1

it—p)

é|1(07 1, Yii:;nXi) _ 671(1_3/”’1)"‘_2?:2 NAYigr11+AX, B

(k0,7 X)) =0,Vke Y

it—p>
This can be written succinctly as:

11 t—1 _ 1-Y; Y (1=Ys 1) +> 7 o nAYu 1 +AX, 1B
o (Yier1, Y5, Yy, X5) = Ve o) (1 (= Yar- )+ 20 nAYit1 e+18)

which completes the proof of the Lemma.

Now, for T > p+1fixt € {p,..., T — 1} and y = (y1,...,yp) = ¥} € {0,1}*. We will

prove by finite induction the statement P(k):

k+1 k+1
y1ly t—1 0 yt—(k+1) oyl T Y (k) Yit— (p—1)
E ¢.90 ! (Et+17mt7}/;t7(p+k)7Xi)|}/; 7Y;1 7XiaAi = Ty (A25X2>

for k=0,...,p—2for p>2.
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Base step:
P(0) is true by Lemma 11 which also deals with the edge case p = 2. Thus, let us assume

p > 3 in the remainder of the induction argument.

Induction Step:
Suppose P(k — 1) is true for some k € {1,...,p — 2}, we show that P(k) is true. Using the
law of iterated expectations, the induction hypothesis P(k — 1) and the identities of Lemma

8, we have:

Ify =0,yp11 =1

|:¢0|0y2’ ( 2t+17}/;,t7}/;i %p-i—k )|Y07 ztl (k+1)7Xi7Ai
~E [(1 ~Yiea) + @ G0)0n Y (Yin, Yie, Yimh 1y Xo) Vi Y2, Vi HD Xi,Az-]
B 1
o 1+ eut—k(00)+A;
k k
+w?|o’y271(90)E |:E|: 2L07y2 (Yvitersztay;i %erk 1) )‘Y;O?YZ ¥ X’HA] it— k|Y;O7 ztl (k+1)7Xi7Ai1
1

0]0,y% 1 010,55, Yt oy, Yt — (o —(k
- 1+€ut7k(90)+Aiwt| : (QO)E |:7Tt| e v 1)<Ai7Xi)Yit*k|Y;07Y;t1 ( +1)’Xi’AZ}

1 010,451 1 t—(k+1)
—= ’ ’ 9 E }fl — YO Y XfL Az
1 + eutfk(go)—i_Ai + wt ( 0) 1 + 627]?:2 Worerer:kH VOTnt_(r_1)+X£t+1BO+AZ‘ t k| © 07l ) ’
ug—k (00)+A;
_ L (1= oW G -uatoon) 1 et
1+ eut—k(00)+As 14 ekO\O vk (60)+As 1+ eut—k(0o)+A
1

14 b G a

O|O)y 71» it — ERRRE) Yit—(p—
— 7Tt 2 it—(k+1) it—(p—1) (Al,XZ>
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Ifyi =0,yp1 =0

010,
E |:¢ y2 ( Zt+1a}/;taYt %erk )‘}/;07 ztl (k+1)7Xi7Ai:|
00,5, 0lo,
=Eﬁ—mtww%y2w>@— '%@mbmA”aMlyXDu—ztmwxg@“%nA]
eut—k(eo)—"_Ai
- 1 + ewt—k(00)+A;
— w0 (6)) x
E [( ¢0|O,y2< Yiests Yie, Y~ (pin1): z)) |YiO,Y,~t1_k;Xz’,Ai} (1= Y)YV, VY X5, A
ut k(90)+A1 k kv .
=1 T —ﬁ%W@Eh—ﬁ%%mmwwmwmm—mwmwﬁwﬁ&&]

ut k (90 ) +A;

1 + euwt— k(00)+A
627‘:2 'YOryT+Zf:k+1 'YOrYit—(r—l)‘f'XZ{tJdBO‘f'Ai

k
— )6, (1= Ya) V2 Y, X A,

k
1 + le:2 ’YOTyT+ZZ;:k+1 ’YOTY;'t—(T—l)'FXZ{t_‘_l:BO‘FAi

o (00)+A; " KOI0950 (0014 A
T (P (1= ek )0y o 1
L et (Gt 14 kO 00y a, 1+ etk o)A
ek“'o’y§’°(9 )+ A;
-
14 k" o),

1

14 ek o) 14

0|07y 7033/75 — 30y i —(p—
_ ﬂ-t 2 t—(k+1) t—(p 1)(Al X)
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fyi =191 =0

E |:¢1|1,312: ( zt+1,Yit,Yt %erk )\YU t (k+1) X, A
=K [Y;t k+wtl‘17y27 (0 )¢1|1’y2( Yierr, Yie, Yoo %p+k 1)’ X (1= Yi ) V9, Y, t . Xi’Ai]

eut—k(90)+Ai 1k 0
7y b

- 1 + eut—k(00)+A;
11,yk - -
B {E[ 9(‘) 2 (Y, Yi, Y~ ooy X1V Y5 X A | (1= Yo )Y, Y5 (Hl)’Xi’Ai]
eut,k(90)+Ai 11 1|1,yk,Y¢ ey Yit— (p t—(k+1
- 1+€ut7k(90)+,4 + wy 5.0 (QO)E T S @ 1)<Ai7Xi)<1 _Y;t*k)n/;()?y;l ( )’Xi’Ai:|
eut_k(90)+Ai

1 + eut_k(00)+Az
6'701 +Z§:2 'YOTyr‘f'Zfzk_,_l ’YO’I‘S/itf(rfl)"rX;tJrl/BOJ’_Ai

+ wg'l’ygo(@o)E (1= Yip) Y, Y;i_(k+1)’ Xi, Ai

14+ 6701—1—2]::2 Yoryrt+2 b1 Yor Yir—(r—1) X}y Bo+Ai

otk (00)+A; ek 0 ektl“’yg’o(eo)JrAi 1
_ 4 (1 — e (e (90)_ut—k(90))>

1+ eut—k(00)+A; 14 oy

11, y2 (6)+A 1—|—eut k(eo) A

111,950
eke 2T (00)+ A

11,9%.0
14+ ek 27 (00)+A;

1|1,95,0,Y;, _ seees Yit— (p—
— 7_‘_t| 2 it—(k+1) it—(p—1) (AZ’X>
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Iy, =1Ly =1

|:¢1|1’y27 ( zt+1a}/;taYt %erk )‘1/;07 @tl (kJrl)?XiaAi
=K {1 —(1-=Yyx) — wtl\l,yz, (6o) (1 — ¢1|1,y2( 1t+1,YmY$ %erk 1),X )> Et,k|1§0,y’if(k+1),Xi>Ai

1
T ew—k(B0)+A;

—wtlll’ylg’l(ﬁo)E E zt k|Y‘07 i —(k+1) XZ,A

UL, Vit Yo (o
(1 — Y 1)(AiaXi)) V2, YR, X, Ay

1
1 + eut—k(fo)+A;

1

1+ 6’701+Zf:2 Yoryr+dr_ g1 Y0r Yie— (r—1)+ X[y 11 Bo+A;

_ wi'l,yé“’l(@o)E Yie—i|Y?, Yitii(kﬂx Xi, Aq

7

—1_ 1 I (1 B e(ktl\l,ylf,l(00)_%716(00))) 1 elt x(00)
1+ €ut7k(90)+Ai 1+ 6 1\1 vk (00)+As 1+ eut,k(QQ)JrAi
-1 1
1+ ekl‘1 vk (60)+A;
ok o)+,

11,951
14 ek @04,

k . ;
— 7Tt1|17y2717th—ka---7th—(p—1)(Ai’Xi)
Putting these intermediate results together, we have effectively proved that

XYY,

)

{ﬁ’”’l (Yiesr, Yar, Y2

t—(k+1) . y1|y1 Yt (k1) Yit—(p—1)
t—(p+k)’ il Xla A ! (Aza Xz)

which shows that P (k) is true and completes the induction argument.

Now, it only remains to show that

]E[ z(l)wz;(}/it‘*‘l’)/lt’yt %Zp 1)? i>|Yi07YZ_vai7Ai] _ﬂ-?l‘yl (AMXZ)

To this end, it suffices to perform calculations identical to those used in the induction argu-
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ment but using this time

it—(2p—2)’ i

E [%gyf‘ (Yiers, Y Vil 0 Xo) YO, V070 G, Az} = a4 X))
W -
kN (0) = Z Yot + Xip 1 B
r=1

p
ut*(pfl)(e) = Zf}/r}/;tf(r%»pfl) + Xz{t—(p—l)ﬂ

r=1

. Yp . 1-yp
w! ¥ (9) = [1 _ e(kz”%ut_@_l)(e))] [1 _ e(ki’l"%)ut_(p_l)(e))]

This concludes the proof of the theorem.

J Identification of the AR(2) with strictly exogenous

regressors

J.1 Identification for 7' = 3 with variability in the initial condition

By Theorem 4, the transition functions associated to:
wS'O’O(AZ»,Xi), ﬂglo’l(Ai,X,-), ﬂ%ll’O(Ai,Xi), W%'l’l(Ai, X;) are given by:
(9)‘070(}/;& }/;2’ Y;'l_lv Xl) = 671”0—"_72%_1_)(231/8(1 - Y; )
+ (1 _ 671Yz'o+’)/2Yi—1—X{315) (1 _ Yz‘l)(l _ Y;:2)€Y7;3(’Y2Y7;0_X£326)
2‘071(}/1‘3, Yo, Y;I_sz‘) _ (1 _ YZI) + (1 _ 6—71%0-&-72(1—3’1‘—1)-&-)({315) Yz‘l(l _ }/iQ)eYiB('Yl—VQ(I_YiO)_X;gQB)
;‘171(}/;& Yio, Vi1, X;) = AR

+ (1 _ e“fl(1—1’20)+72(1—39—1)+X{315> Yilyﬂe(l—Yis)(W(1—Y¢o)+X§325)

;‘1’0(}/;‘3, Yoo, Y;l_hXi) =Y + <1 o 6—71(1—5’1'0)-%723@—1—)({31/5’) (1 _ Y;l)}/;26(1—3’1'3)(71—72Yio+X{32,3)
Moreover, an application of Lemma 11 gives

2'0(}/;2, Yo, Yio—la X)) =(1- Y;l)eYiz(V1Y}o—72(3€0—5671)—X{21/3)

éll(Y;Qa Vi, Y2, Xi) = Vi el ¥id) (n—Yio) 2 (Yio—Yie 1)+ X(31 )
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such that:

. 1
0]0 0[0,Y;
E |05 (Via, Yoo, Y21, X0) Vit Yio A = 77040 X) = - — oy

671 +72 Yio +X{2ﬁ+Al

11 0 _ 1Y _
E 6" (Via, Yoo, Y21 X lYion, Yo A = ™40 X) = —— e

For wg\o,o(Ai,Xi) and ﬂglo,YiO(Ai,Xi) to match, we require both Yy = 0 and X;3 = X;o in
which case:
OO0V, 0,Yi 0, X) = Y M1 = v 4 (1= @Y M) (1 Ya)(1 - Vi)
glo(Y;i 07 Yi—la Xz) — (1 - }/;.1)65@2(725671—)({31/3)
= (1 = Yi1)Yipe? ==X 4 (1 — Vi1)(1 — Yio)
Therefore,

M0YE 0,Yii1, Xi) = ¢ (VE3,0,Yii1, X;) — o0 (Y20, Vi1, X;) = 0

So there is no information about the model parameters in this moment function.

For Wg‘o’l(Ai,Xi) and W?lo’y"O(Ai,Xi) to match, we require both Y;p = 1 and X;3 = X in

which case:

il &

2|0,1(Y3 1 Y;—la Xz) _ (1 _ Y;l) + <1 _ 6—71+72(1—%71)+X{31,3> Y;l(l _ Y;Q)e’ﬂyis

2|0(Y37 17 Y;,l, Xz) = (1 — Y;1)63&2(71772(171@*1)*)(1{315)

Then, a valid moment condition that depends on all model parameters is:

o VLY X)) = g (YL LY Xa) — g (VR LYo, X))
— (1 _ 6—71+72(1—3€71)+X{31/3) e’nYil(l _ }/;2)}/;3
+ (1 — 6771+72(17Yi71)+X,§315> Y;l(l _ }/;2)(1 -Y; )

_ 6’71*72(1*}/1'—1)*)(;31,8(1 _ 6*71+72(1*Yi—1)+X{315)(1 —-Ya)Y;

’ ’ -1
Rescaling this moment function by the factor (e”l_W(l_K’—l)_Xi?rlﬁ(l - 6_71+72(1_Yi_1)+Xi315)> ,
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one obtains

—_~—

o (V1 Yio, Xi) = €070 XalY, (1= Vig) Vi 4 e P07V X0fy, (1 — Vi) (1 — Yig)

i1y =

— (1 = Yi1)Ye

Thus, for for the initial condition Y;o = 1,Y;_; = 1, we have

—_~—

DUV L1 XG) = PV (1= Vi) Vi 4 e NPV (1 - Vi) (1 - Yig) — (1= Ya)Y;

which only depends on y; and . In the notation of Honoré and Weidner (2020), this coincides
with their moment function my ;). Clearly, it is strictly decreasing in ;. Furthermore, this
moment function is either increasing or decreasing in 3, depending on the sign of X3 — Xj1x.
Honoré and Weidner (2020) show that these monotonocity properties can be exploited to

uniquely identifies v, 5. Instead, for the initial condition Y;o = 1,Y; ; = 0, we have

P

o (V1,0,X0) = @ XalYy (1= Vi) Vi + By (1= Vi) (1= Vi) — (1= Ya)Y,

which Honoré and Weidner (2020) denote as m ). Provided that vq, f are identified, the

strict monotonicity of the moment functions in 7, ensure that ~, is identified.

Analogously, for W%‘l’O(Ai,Xi) and W?'O’Yio (A;) to match, we require both Y;p = 0 and X;3 =

X;> in which case:

0¥, Xi) = Vi (1= et X (12 v e (1Y)

éu(}/gu Oa Yi—ly Xz) = Y;le(liyﬂ)(71772Y;*1+Xz{31/8)
Then, a valid moment function that depends on all model parameters is:

oYL 0, Yim, X)) = 6 (VS 0, Y, X)) — ¢y (YR, 0, Y5, X))
— (1 _ 6—71+72Yi_1—X{315> 6%(1 B, )Y}g(l 7 )
+ (1 _ 6—71+723G_1—X;31ﬁ> (1 _ Y;l)Yéngg

— A U _ A _ Y/
—eM Y2Yi—1+X[3, 8 (1 —e Y1+v2Yio1 X7;315> Yz‘l(l _ le)

-1
Rescaling this moment function by the factor (e”lWYiﬁXz{Slﬁ (1 - e”lﬂlefSlB)) ,
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one obtains

—_~—

o Y 0.Yim, Xo) = X (1 Y)Y (1= Yig) o € R I (1 - Y)Y Yy — Ya (1

For the initial condition Y;o = 0,Y;_; = 0, we have

—_—

o V0,0, X;) = e Xl (1= Yi)Yia(1 = Vig) + €7 X1%(1 = ¥ ) YiaYig — Yaa (1 — Vo)

This moment function also only depends on 7,3 and coincides with the moment func-

0

tion mg,0y in Honoré and Weidner (2020). Similarly to QIO’I(Y,E, 1,1, X;), the monotonicity

properties of 1/); 1.0 (Y3,0,0, X;) can be exploited to uniquely identifies v;, 3 (see Honoré and
Weidner (2020)). Instead, for the initial condition Y;o = 0,Y;_; = 1, we obtain

P

o (V30,1 X0) = e X (1= Vi)Yo (1 = Yig) + 7772 X007 (1= Y1) Yia Vi — Yaa (1 — Yio)

Provided that 7, 3 is identified, the strict monotonicity of this moment function in 5 implies

that it identifies v, uniquely. This is m ) in Honoré and Weidner (2020).
Lastly, for W;'l’l(Ai) and W%'l’m(Ai) to match, we require both Y;o = 1 and X;3 = X5 in

which case:

é|1’1<Y3 1 n_l,Xi) _ 672(1*m*1)+xz{316§/ﬂ + <1 _ e’YZ(lfyi—l)Jer{Slﬁ) }/'2.1}/;2

1)

(Y2 1Y, 1, X)) = Yo e Y (2(-Yi)+X05)

71y~ £

= Yii (1 = Yip)e? Vet Xl Ly v,
Then, a valid moment function

i1

;|1,1<Y3 LY 1, X;) = él1’1<}/i?71;Y§—1,Xz’) — (yl(YiiLY;—laXi)

=0

is identically zero and hence contains no information about the model parameters.

J.2 Proof of Theorem 5

We recall from the discussion of Section 4.5 that T'= 4 and K, > 2 so that there are at least
2 exogenous explanatory variables. We have X;; = (W, R.,) € RE= 3 = (Bw, fk) € RE=
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and Z; = (R, Wi, Wiz, Wiy)' € R*%==1 " Our goal is to prove Theorem 5 under Assumptions
2 and 3.

Specializing Proposition 4 to the AR(2) with 7" = 4 yields the valid moment function:
7Yl Yia, Y20, X0) = (@207 1) (1= Vi) (1 - Vi)Y

+ [e”yio_xg‘*?ﬁ + (1 — eWYiO_XZ{@ﬁ) e~ Xissh _ 1] (1 =Y;)(1 =Y)(1 —=Y3)Yiu

+ e’Yl(1—Yio)+’Yz(Yz‘0—Yi—1)+X£21ﬂY;1(1 _ }/;2)}/;

+ e—ino—szqurX;MB {evﬁino—X{uﬁ + (1 _ 671+72Yio—X{425> evz—X{mB} Yil(l _ }/;2)(1 -Y; )Yz’4

+ e_'leiO_WYi*H_X’{‘“fBY;l(l _ }/;2)(1 _ Y; )(1 _ Y; )

— (1 =Yu)Ys

Define, the “limiting” moment function, where we have taken W;, to +o0

00 (Yia, Yia, Y21, Zi) = —(1 = Yar) (1 — Y)Y,

6,00

n [eXémﬂ . 1} (1= Vi) (1 — Yi)(1 — Yig)Viy
(11)
+ 6—713’1'0-&-72(1—5/1'—1)"‘)({31'3}/1.1(1 — Y;Q)(l — Y;3)Y;4

4 6*’713@0*'723’171+X{415Y%1(1 — Yio)(1 — Yi3)(1 — Yiy)

For s € {—, +}%=, consider the moment objective

‘Ijolo’()(e) = lim E [ 2‘070(5@4,3@3;3/;271;)(1')”/;0 = ZJO;Xi € X, Wi = wz}

0
$Y w2 —00

We will show in two successive steps (a) and (b) that

\Ifolo’o(tg) = lim E [ 2!2&0(3@4;3@37%2717 Z)YY =y", X € X, Wip = w2] (2)

0
$Y w2 —00

= E |65 (Yia, Yis, Y21, ZOY? = 3, X € &y, Wi = 00| (b)

6,00
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To establish (a), we start by observing that the history sequence (1 — Y;1)Y;» featuring in

3'0’0 has expectation zero. To see this, note that by iterated expectations

lim E[(1—Yi)Ya|V? =1 X; € Xy, Wip = w,]
w2 —00
e’yo2y0+$/2ﬂo+a 1

= lim a,z X, wy)dadz
Wo—>00 1+ evozyot+zsBota | + 6701y0+702yi71+33l1/30+ap( ’ |y0’ $ 2)

P(z|yo,w2) 1{X;EXs
S, p(zlyo,w2)dz

Now, p(a, z|yo, Xs, w2) = plalyo, 2, w2)p(z|yo, Xs, w2) = plalyo, 2, ws) L. Hence,
by part (iii) of Assumption 3, an integrable dominating function of the integrand is
e02y0+z3f0+a 1 d
p(a, z|yo, Xy, wa) < do( )—2( )
fx dy(z

Moreover, by parts (ii)-(iii) of Assumption 3 and the Dominated Convergence Theorem,

14+ evozyo+@sBo+A4i | + 6701y0+702yi71+50'1,30+a

. _ q(z Iyo)]l{X € X} _
Jm pla, z[yo, X, wa) = g(alyo, 2)4 I a(w)dz q(a, z|yo, X;)
Hence another application of the Dominated Convergence Theorem gives

lim E[(1—Yi)Yi|V? =1° Xi € Xy, Wis = w,]

w2 —00

eo2yo+asBot+a 1

- / fim pla, 2|yo, Xy, we)dadz

wa—oo 1 + evo2yot+zsBota | + r01¥0+Y02Yi— 1+I150+a

/0 x q(a, z|yo, Xs)dadz

=0

where the third line follows from the fact that lim,, .o ew?Pw = (0 by Assumption

0]0,0

2. Applying the same arguments to each remaining summand of ¢, and collecting

terms delivers (a). To obtain (b), we note that by part (iv) of Assumption 2, wy
E |4y % (Vig, Yis, Y21, Z) Y2 = 4%, X; € X, Wip = wg] is continuous with a well defined limit
at infinity in light of (a). As a result, we can work directly with its continuous extension at
infinity.

Let us focus on the initial condition yy = y—1 = 0. It is clear from Equation (6) that

\112!8:8(9) does not depend on ;. Furthermore, by parts (i) of Assumption 3 we note that we
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have the following integrable dominating functions for the derivative:

8¢0‘00( z4a 7,37Y 17Z)

= 672+X{315yi1(1 —Y)(1 = Y)Yy < sup g2 +2max(|z],|z[)]|b];

8¢0\00( 147 zSaY 1aZ)

8'72 g2€G2,beB

= Xik,346X£345(1 —Ya)(1—=Yie)(1 —Yi3)Yiu

I

+ Xik,Sle’YZ_'_Xl{glﬁYz‘l(l —Yi2)(1 —Yi3)Yia
+ Xik,4leW2+Xl{31ﬁYil<1 —Yio)(1 —Yis)(1 — Yiy)

< | Xiwpa|eX54% + | Xigar | €258 | Xypqq |22 TNl

< 2max(|z], |z|) sup e2max(ZLizDIbh (1 -2 sup e92)
be 92€G2

Hence, by Leibniz integral rule, we get

OV (6)
372

=K

a¢0|00< 7,47 7,37Y 17Z)
02

|Y;0 = (0,0),X1 € Xs, WiQ = O

= B [ XY (1= Vo) (1 = Yis)YalY? = (0,0), X; € X, Wia = o

=E

>0

et Xl [Yz’l(l — Yi2)(1 = Yi3)Yiu| Yy = (0,0), Z;, Wiy = OOJA’i:| Y = (0,0), X; € X,, Wi = 00

N

—~
>0
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Similarly,
au0(0)
90
O (Viy, Yis, Y2, Z:)

=E | = 9B Y = (0,0), X; € X, Wiz = 00
k

/
=E [Xz'k,34@xi34ﬂ X

E[(1 = Yi1)(1 = Yia)(1 — Yis)Yia| Y = (0,0), Z;, Wip = 00, 4;] |Y;? = (0,0), X; € X, Win = 00

-~

>0

!
+E [sz,31672+xi316 X

E [Vii(1 = Yio)(1 — Y;3)Yia|Y;? = (0,0), Z;, Wip = 00, A;] [Y? = (0,0), X; € X, Wi = 0

N

-

>0

/
+E [sz,41672+xi316 X

E [Vii(1 = Yi2)(1 = Yi3)(1 = Yiu) |V = (0,0), Z;, Win = 00, 4;] |Y;? = (0,0), X; € X, Win = 00

-~

>0

w05 0) owl00(0)

The last display shows that i a%,f > 01if s, = + and —55

appealing to Lemma 2 in Honoré and Weidner (2020), we conclude that the 25+ system of

< 0 if s = —. Therefore,

equations in K, + 1 unkowns given by:
V00(0) =0, Vs e {—+}

has at most one solution. It is precisely (702, 5o), since the validity of 2/)3'0’0(1@4, Yis, Y21, X;)
for arbitrary X; directly implies the validity of the limiting moment wg]géo(YM, Yis, Y21, Z;)
at “W;y = oo”. Then, notice that for any other initial condition 3° € {(0,1),(1,0),(1,1)},
the objective \112,‘250(9) is strictly monotonic in ;. Hence, given (72, fp), it point identifies

~Yo1- This concludes the proof of Theorem 5.
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K Proof of Proposition 3
We recall that by definition,

ks|IP
T (0, i) =

E [P(YiH-s - k87 D JY;lt-l-l - kl ‘ }/%t - lla ... 71/’;25—(]7—1) - lpJ thl+s = I§+SJ Al) | }/;0 = yonz?fs = x§+s]

We have

NFIIT <6a)

P(Yit-i-s = ksv s 7)/it+1 - kl | }/;t - lla v 7Yit—(p—1) - lanfl—i_S - xli+s7Ai) - mfll—?(Cﬂ)

4 D . . .
where N¥illi(e2), DFilli(¢®) are polynomials in e?. There are two cases to consider.

Case 1: s<p
Then,

s—1
NEIE (") = ekl(Zle Yorlr+a} 4 Bo+a) H ekﬁl(Zi:l Yorkjt1—r+ 3Py Yorkr— i+, Bota)

Jj=1
s—1
Dki‘ﬂf(ea) — (1 + 62f=1 70rlr+x;+160+a> H <1 + 62‘3«21 'Y()rkj+1—r+zf:j+1 'YOTlr—j+x£+1+]‘60+a)

j=1
We note that deg(N* 15 (e*)) < deg(D*% (%)) with strict inequality unless k% = 1,. Further-
more, since by assumption for any t € {p,..., T —2}, s€{1,...,T —1—t} and y,y € J?,
Yy + B # V08 + iy sBo, DFil (e) is a product of distinct irreducible polynomials in e®.

Consequently, standard results on partial fraction decompositions entail that there exists a

unique set of known coefficients (p, Ag, A1, ..., As_1) € R*T! such that:

NI (o 1 — 1

WH =1+ Ao + Z Aj ; B ,

D ll 1 (ea) <1 + ez'zr):l 'YOTZT+1‘2+1BO+G> =1 1 _'_ ezr:l 'YO'rkj+l—'r+ZT:j+1 ’YOrlr—j+$t+1+jBO+a
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with p = 0 unless k7 = 1,. We can rewrite this in terms of transition probabilities as:

NHIH (e2) Olk; - kP
Dk’fll—’f(a) =p+ >‘07Tt (a Tiy1) + Z AiTit (@, Te1145)
e =
I
=pu+ (1 —=14)m i Y(a, 1) + Aol (1 — 7rt1| Ya,ze41))+
s—1 .
kejlk om0 T ON  L
Z)\ H‘]J Y (a4 g) +Z)\ ik ( t+|jj T (ay Te14y)
7j=1

This last result in conjunction with Theorem 4, implies that:
k3P s
i (0, 257) =

e [)\0(1 — 1), ll“ (Yt+%2p 1 1)+ Aol (1 - h'l (Yt+%2p 1) x'ﬁs))

Z k Kjyeokir 05 t 1
+ >\ | 7 1 (Y +7+ xziJrS)

it+j—(2p—1)°
+ Z )\ k (1 . k \kj7 7k’1,l1 '(Yt+j+1 t+s)> |Y0 . Xt+s —_ Jrs
it+j—(2p—1) 3/ il Ly

which shows that Hf il L(y?, 217®) is identified given that 6, is identified by assumption.

Case 2: s > p
Then,

p—1
Dk‘ﬂllf(ea) — (1 + eZﬁ:l 70rlr+xé+1180+a) ( + e r 1’YOrkj+1 r“l‘z r=j+1 Yorlr— ]+$t+1+160+a>

=1

.

s—1
% H (1 n GZLWOTkj+1,T+x;+l+jao+a>

J=p

p—1 )
Nk9|lp( ) €k1 (Zle 70rlr+ﬂc,'5+150+a) H ekj+1 (21:1 Yorkjp1—r+30_ 41 70rlr7j+x't+1+j/30+a)

Jj=1

> H e’ﬂjﬂ(Zle 707‘kj+17r+37;+1+j50+04)

Invoking identical arguments as in the case s < p, there exists a unique set of known coeffi-
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cients (i, Ao, A1, ..., As—1) € R¥T! such that:
kS|P s
I (0, 2t) =
s UL s
+]E |:)\0(1 . l1)¢h|l (}/;1;4-%21) 1)’ H— )+ >\0l1 <1 o ¢1‘ (}/;i-i-ép 1),.Tt+ ))

Z k |k], K PTT i ths
+ A ]_ - (Y;t-i—j—(Qp—l)’ xl )

kilkj,....k 7l s
+ZA % (1—¢ P )

k: kjyooskjr1— i+1 s
+Z)\ 1 — | J+1 p(}/;iiét@p_l)’x?r )

kilkj,....k s s s
+ Z)\ /{ (1_ |k, 41— p(YZinrép 1) t+ )) ‘YO _y thlJr _xliJr

which again shows that Hf i L(y°, 2t7*) is identified given that 6, is identified by assumption.

This concludes the proof.

L. Proof of Lemma 4
Let

Iglk(}/;t+1a}/;ta}/;t 1, X)) =1{Y; = k}e = Yot =m) (350 g (V-1 =ky) =AX iy 1B
We verify the claim by direct calculation.

E |:¢];|k(}/;t+17}/:itu }/tit717Xi)|3/i07 }/;z‘iil?Xi; A’L - P(Kt - k|}/;07}/;tlila Xi? AZ)

t—1 k|k
X Z P(}/it—‘rl — l|}/’i07 }/il 7Yit - k7 Xi? Al) 9| (l7 k? )/’L't—h XZ)
ley
M ekm(zj\il 'YnLijj,itfl+X;n7it/8m+A'm,i)

1_[1 1+ eril Ymj Yi,it—1+X, 4 Bm+Am,i
m:

M lm(zj 1 ’Ym]k +Xm zt+16m+Am 1)

% E H 62% 1(lm—kM)(Z] 17"1](ijyit—l_kj)_AX;n,itJrlﬁm)
1Ymiki+ X7, i1 BmtAm,i
ey m=1 1+ X :
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lm(Zjvil 'ijy},itfl‘f‘X;n’“,Bm"rAm,i) ekm(zjl\il 'ijkj""X;n,iH-leJ’_Am,i)

I
=

1 1 _|_ ezgil ’ym]‘k]'—’—X;n,itJrlﬁm—’—Am’i 1 + 62%1 'YMij,itfl"’_X;n’it/Bm“!‘Am,i
m=
km(Zinl Ymjki+ X i1 BmtAm,i) 1

M
= H e 5 H J 1'Ym] jyit— 1+Xmltﬁm+Am 7.)
1 + 623 17mJYj it— 1+Xm Ztﬁm+Am2 1 + eZ] I’Ym]k JrX,m »Lt+15m+Am7,
m=

Now, noting that

M M
E H elm(zjtil 'ijyvj,itfl‘i“X;mit,BmJl’Am 1 H 1 + e ] 1 ’Ym]Y} it— 1+Xm .Lt/BmJFAm 7,)
ey m=1 m=1

we finally get

E [65 (Vieer, Vi Yir, X0 Yo, Vi, X, Al

ekm(Eé‘il 'ijkj+X';n it+16m+AmJ) 1 M

+ ezj 1'ij Jyit— 1+Xm ztﬁm'f‘Am z)
1 1 + @ZJ 1 Ymg Yy, it— 1+Xm itBm+Am i 1 + 623 1 Vmjk; +Xm 1t+le+Amz it

Mk (Zj:l Ymiki+X 1 i1 BmtAm.i)

(&
m—1 1+ ezﬂ 1 Ymiki+ X0 1 Bt Ami

= " (A, X))

which concludes the proof.

M Proof of Lemma 5
By definition, for T' > 3, and for ¢, s such that T — 1>t > s > 1:

E|: k‘k(y;i-’_%?y;i 1) i)’Y;(J?Y;i_lﬂXi?Ai] = P(Y;S = k’}/;ovyﬁ_laXiaAi)—i_

> O [1{Yi, = Do (Vi X0 Yoo i, X, Al
leV\{k}
M e (s (6)+ Am.i)
e K|k k|k s—
- 1+ etm,s(O)+Am,i T z% }wt|sl Q)Trt‘ (AHXZ)P(Y;S - l|§/i07}/il 17Xi7Ai)
m=1 leY\{k

m,s m,i M k’m Kk‘k Amz m,s(0 Amz
el O Aos) 3 k) [ 0 -500)] IE Vo 07 F ) el b (O )
1 + etm.s(O)+Am, e 1+ efﬁm,t(G)—&-Am,i 1+ etm.s(O)+Am.i

m=1

K (Rl (0)+ A, )

< ims

k|k

e
1 ]_ _I_ enm,t(9)+Amyi

m
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= " (A, X))

The first line follows from the measurability of the weight wz Lkl(Q) with respect to the
conditioning set and the linearity of conditional expectations. The second line uses the
definition of p;4(#) and follows from the law of iterated expectations and Lemma 5. The
third line makes use of the definition of mf,'bkt(Q) and wi 'jl(e) and the penultime line uses

Appendix Lemma 9.

N Dynamic network formation with transitivity

Graham (2013) studies a variant of model (7) to describe network formation amongst groups
of 3 individuals. This is a panel data setting where a large sample of many such groups
and the evolution of their social ties are observed over T' = 3 periods (4 counting the initial
condition). Interactions are assumed undirected and modelled at the dyad level as:
D=1 {%Dz‘jt—1 + 0o Riji—1 + Aij — €y > 0} t=1,...,T 12)
Riji-1 = Digt—1Djri—1
where i, j, k denote the 3 different agents and D;;; € {0, 1} encodes the presence or absence
of a link between agent i and agent j at time ¢. The network Dy € {0,1}? forms the ini-
tial condition. The parameter 7y captures state dependence while dy captures transitivity
in relationships, i.e the effect of sharing friends in common on the propensity to establish
friendships. Finally, A;; is an unrestricted dyad level fixed effect that could potentiall cap-
ture unobserved homophily and ¢, is a standard logistic shock, iid over time and individuals.
While Graham (2013) establishes identification of (7, do) for 7' = 3 via a conditional like-
lihood approach in the spirit of Chamberlain (1985), one limitation of the model is the
absence of other covariates, in particular time-specific effects. Controlling for such effects
can be essential to adequately capture important variation in social dynamics: think about

the persistent impact of Covid-19 on all types of social interactions. A relevant extension is
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thus:

Dy =1 {P)/ODijtfl + 00 Dikt—1Djrr—1 + X{jtﬂo + Ajj — €5 > 0} t=1,...,T (13)
Rijt1 = Digg—1Djre 1

Letting D = {0, 1}* denote the support of the network D; = (Dyjs, Dige, Djiet), it is straight-

forward to see that the results developed for the VAR(1) case can be repurposed to suit

model (13) . For T' = 3, an adaptation of Lemma 4 yields 8 possible transition functions

given by:

dld(Dg, DQ, Dl, ) = ]].{DQ = d} exXp Z(Dijg — dijQ)[’Y(Dijl — dijg) ARwl(S AX JQB} N d - ]D)

i<j
An adaptation of Lemma 5 implies that we can construct another 8 transition functions given
by
§(D3, Dy, D1, D0, X) = 1{Dy =d} + Y wy't,(O)1{Dy = 1}¢;"(Ds, D, Dy, X), deD
d’eD\{d}

where

uij,l(e) 7Dz]0 + 5R2]0 + X]lﬁ

"3;1?7'(12(9) = yd;; + 0rij + Xg?ﬁ

wg‘fd/w) =1-— ezi@'(dif ”)[ ”2(9) Hig, 1(‘9)]

Therefore, for T' = 3, 8 moment functions that all meaningfully depend on the model param-

eter are:
4Dy, Dy, Dy, Dy, X) = ¢2%(Ds, Dy, Dy, X) — (D3, Dy, Dy, Dy, X), d €D

Their validity, in the sense of verifying equation (1), follows from the law of iterated expec-

tations.
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O Proof of Lemma 6

Let

z|k(yi+%’ Xz) = ]l{Y;t = k}ezcey\{k} B{Yitﬂ:c}(Zjey(%J'*ij)ﬂ(Y“*:j)+7’€k’%’ﬁAX{ktHB’“7AXZ(C’5+1'BC)
it—

We verify the claim by direct computation. We have:

E 65" (Viesn, Yo Yieor, X0 Vo, YA~ X0 | = P(YVa = Y, Vi X, A x

0 yt—1 K|k

> P(Yi = UYL, VA Yie = b, Xi, Ay " (1, Vi, X3)
ey

eZcC:o Ve L(Yie—1=¢)+ X[, Br+Aix
= X

C c ,

Z e2uc=0 Vil (Yie—1=c)+X{; Bj+Ai;

7=0

e'Ylk+X.£lt+15l+Ail

C ZlkU?kaY;'t—lei)
€y 3 ikt X1 Bt Aij
7=0
ezcczo Yee L (Yit—1=¢)+ X[, , Brp+Aix
Z eZcC:o 'chﬂ(Yit—IZC)'i'XZ{]-t,Bj-FAij
7=0

Viek+X o1 B+ Aik Vik+X 1 BitAi .
€ ' + € ' e(chzo(“ﬂj—%j)ﬂ(Yit—1=J)+’7kk—’nk+AX{kt+1ﬁk—AXZ(lHlﬂz)

9 9
3 Vit X Bt Ay e\ (K} S ik T X1 B+ Aij
j=0 7=0

o0 e L (Yit—1=)+X ., Brt Au Yk X1 Bt Air
- _. X
S e2c=0 Yiel(Yie—1=c)+X[; B+ Ai D ik T X1 B+ Ais
7=0 7=0
/ .
N _ e’Ykk+Xikt+1ﬁk+Am y _ 1 ezgc:o (Vi1 =)+ X, Byt Au
Z 625:0 Vel (Yi1=c)+ X5, 8+ A 1ey\ [k} Z ikt X1 Bt A
7=0 7=0

Vick+X g1 B+ Aik
= € ' 1 erC:o Y L(Yit—1=5)+ X[, B1+Au

T C c
Z er:o ’chﬂ(Yit—lzc)-i_Xz{jtﬂ]'—"—Aij Z €7jk+Xz{jt+1f8j+Aij ey
j=0 j=0

e’?kk+X{kt+1/3k+Aik

C
S ikt X1 Bt Aij
Jj=0
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= " (A, X))

which concludes the proof.

P Proof of Lemma 7

By construction for 7> 3, and t,s such that T — 1>t > s > 1,

|:<0|0(Y;i+%7y;z 15 i)’Y;07Y£717Xi7Ai:|
= P(Ks == O’}QOJ}QiilehAi)

> W) [n{m DE |65 (Vi) X0)lYio, Vi Xi, A Yo, Vi, X, A,
ley\{0}

= -+ Zw?‘fl [1{Vie = }Yio, Vi ™', X, A)] ) °(Ay, X))

1+ Z etes(
c RORYE
- ! > (1 _ e ©) #13(9))) h O 1
1 —+ Z eHec, s +Aic —1 1 + Z eHc,s 0)+Azc 1 + Z 6/{2]?(9)-0—147;6
1

1+Z e ok (6)+Ase
= 1" (A;, X;)

The first line follows from the measurability of the weight wg EI(Q) with respect to the
conditioning set and the linearity of conditional expectations. The second line uses the
definition of y. s(#) and follows from the law of iterated expectations and Lemma 6. The third
line makes use of the definition of /10|0(9) w? LO ;(0) and the normalization v, = yo. = 0, Ag. =0

for all ¢ € Y. The penultime line uses Appendix Lemma 8.
Likewise, for all k € Y\ {0},

[Ck‘k(yyﬁi’ Y;z 1

i)|}/;07}/;§_17Xi7Ai:|
_P( _kl}/;Ov}iilevA)

+ Z wflskl {]l{va Z}E [ k%(y;i—f—i’ i)|Y;'0’Y;tl_1’Xi>Ai] |Y;07}/;i_1’Xi>Ai
leV\{k}
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tsl

= Y whaO)E [1{Yi = DY, i X A (AL X)

leY\{k}
eﬂk,s(6)+Azk
o 1 _|_ ZCC’ZI eI-Lc 5(0)+A’L(‘
. K ‘ A,L
c s Aie k k
le)]\{k:} 1 —|— Z eftres + 1 + Z e Kt (9)+A

ehk,s(0)+Aik 1 e’ik‘t (0)+Aik

n (1 AR q(e))
1 + Z @Nca Azc 1 + Z @,Ufca +A1c 1 + ZC 1 e clt (0)+A

k|k
S(0)+A; Ko (0)+A;

N Z FEE0) 1,5 (0)~ (8 ¥ (0)—115,(0) et @+ A ek )

14+ 39 epes®+Aic | | ¢ orent (0)+Ase

l;ék

k
ot (O)+ A

1_|_ Z e ct 0)+Au,
= (4, X))

The first line follows from the measurability of the weight Wf, Lkl(ﬁ) with respect to the
conditioning set and the linearity of conditional expectations. The second line uses the
definition of py <(#) and follows from the law of iterated expectations and Lemma 6. The
third line makes use of the definition of mf}f (#) and wﬁ Lkl(ﬁ) The fourth line uses the fact
that & l ¢ (0) = po,s(0) = 0 due to the normalization v, = 7o, = 0, Ag. = 0 for all ¢ € Y. The

penultime line uses Appendix Lemma 8.

Q Proof of Theorem 2

In what follows, we will drop the cross-sectional subscript ¢ to economize on space. To avoid
excessive repetition, we will detail the argument for the initial condition Yy = 0. A set of
completely symmetric arguments will deliver the result for Yy = 1 and can be provided
upon request. For conciseness, we will further omit the conditioning on the initial condition

Yy = 0 in conditional expectations.

A) Preliminary calculations

The conditional density of history (Y7, Y3, Y3) of the AR(1) model given initial condition Y,

45



3 /
regressors X and fixed effect A is f(Y7, Yo, Y3|Yy, X, A;0) = [] ON TN g implies

3 3
In f(Y1,Ya, Y3[Yo, X, 4;0) = Y V(7Y + X[B+A) = > Yiyln (1 n ev+X£6+A)

=1 =1
3
- Z(l — Y1) In (1 + eXéﬁJrA)
=1

and hence

In f(Yi,Ya, Y3|Ye, X, A;0) o YHX{B+A
8nf( 1 27(973| 0, <X, ZK(KI e )

1+ e’7+Xtﬁ+A

Oln f(Ya, Ya, Y3|Yp, X, A; ) T eXirra
% =Y (Vi g (- Y

t=1

Our candidate for the efficient score is the efficient moment based on the conditional

moment restriction: E [1/19(}/13, Y, X)|Y, =0, X} = 0. By Chamberlain (1987), it is given by,
i (07 X) = —Q(X)u (VYL X)

where Q(X) = D(X)'2(X)™! (recall that we are omitting the dependence on the initial
condition Yy = 0 here). The following expressions for D(X),3(X), Q(X) are useful for the

derivations ahead:

)
= X23,j71€X§35P001 (X) + X21,j71€X£1ﬁ+7P101(X) + X31,j71€X§15P100(X)7 Jj=2,..
(

€Xé25 — 1)2P110(X) —+ 62X126P010<X) —+ 62X{3B_27P011(X) -+ Pl()(X)
Yi2(X) = Ezl(X) = — <€X£16+7P101 (X) + €X§15P100(X) + €X12BP010(X) + €X13ﬁ77P011(X))

)
)
)
)
X) = (eX2% — 1)2Pyoy(X) + X252 Py (X)) + X318 P (X) 4 Poy(X)
) = (
)
) = 21 (X)Baa(X) — Xp(X)?
)

Dlj(X)ZQQ(X)—ng(X)ZH(X)), jzl,,K+1
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1

LX) =55 (2(X))

(=D1j(X)Z12(X) + Doj(X)Z11 (X)), j=1,...,K+1

were I use the shorthand P, (X) =P =v1,..., Y, =y,|Yo =0,X)

B) Scores and nonparametric tangent set

With T' = 3, the conditional likelihood of history (Y7, Y5, Y3) given X = x, Yy = yo writes:

£(0) = / (Y, Y, Vilyo, o, a: 0)(alyo, «)da

where 7(.|yo, ) denotes the conditional density of A given X = z,Yy = yo. Consider a scalar
parametric submodel for the heterogeneity distribution 7(.|yo, z;n) such that 7(.|yo, z) =

7(.|y0, x;m0). Then, the conditional likelihood of the parametric submodel is

£(0,n) / F(Ya, Y, Yalyo, . a; 0)m(alyo, 7 )da

Define

evtaiB+A

Oy1y2y3 (mt) =K

Lol =y1,Y2=y2,Y3=y3,X=x]

ezéﬁJrA
B (@) =B | 1z Vi =i Yo = 2. Vs =y, X = o

Careful bookkeeping yield the following scores for v and

_ 0InL(0,n) _E Oln f(Y1,Ys, Y3]Yg, X, A; 0)
N 0 N 0y

= (1 — Cia(x) +1— 0111(1’3)) Y1Y5Y3 + (1 — Crio(22) — Crio(3))Y1Ya(1 — Y3)

Sy

|Y17}/27}/37X = Z"|

(14)
- 0101(532)5/1(1 - Yz)Y:s - Cloo(l‘z)yl(l - Yz)(l - Yz)

+ (1 = Con(z3))(1 = Y1)Y2Y3 — Coro(z3)(1 — Y1) Ya(1 — Y3)

and

_ L) _ o [9Inf(¥i, Yo, Yol Yo, X, A:0)
T Bl
= ($1(1 - B111(!E1)) + $2(1 - 0111(!102)) + $3(1 - 0111(!103))) Y1YaYs

+ (Il(l — Brio(z1)) + 22(1 — Crio(x2)) — $30110(133)) Y1Ya(1 - Y3)

Sp Y1, Ya, V3, X =2
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r1(1 = Bio1(71)) — 22C101(22) + 23(1 — B101(l‘3))) Yi(1—Y2)Ys
21(1 — Bioo(1)) — 22C100(22) — 3333100(1’3)) Yi(1—Y2)(1—-Y3)
—1Bo11(71) + 22(1 — Bon(22)) + 23(1 — Con(%))) (1-Y)YaYs
2 Boo1 (22) + 23(1 — Boor(3))) (1 — Y1)(1 — Y2) Y3

+ ( (
+ ( (
+ )+
+ (=21 Boio(w1) + 22(1 — Boio(w2)) — 23C010(w3)) (1 = Y1)Ya(1 — V3)
+ ( ) —
+ (=21 Booo(21) — 22Booo(w2) — 23 Booo(w3)) (1 — Y1)(1 — Ya)(1 — Y3)

(

(
_'TIBOOI(xl

(

The score for the nuisance parameter is

Sn — 6111‘6(677]0) - F alnﬂ-("4|y07x;n0)|1/1’}/27%7x —
an on

Following Hahn (2001), this implies that the nonparametric tangent set is given by
T = {E[K(A,z)|Y1,Ys,Ys, 2] such that E[K (A, z)|z] = 0}

To prove that ¢§f T is semiparametrically efficient, we will verify the conditions for an appli-
cation of Theorem 3.2 in Newey (1990). Noting that £(6,n) is differentiable in 0, that T is
linear, and that by Assumption 1, E [/ (V3 X)ye!! (Yf’,X)’] =E [D(X)S(X)"'D(X)] is
non singular, all that remains to check are: i) 5’/ (Y, X) € T+ and i) Sy—vg// (Y3, X) € T.

C) Verification of condition i) ¥§% (Y3 X) e T+

To verify condition i), let us characterize the orthocomplement of 7" which will also be useful
to verify condition ii). By definition, any g(Yi,Ys, Y3, z) € T+ is such that for any element
of T, B[K (A, )|V, Y, Vs, o], we have
4(V1, Y, Yo, )E[K (A, 2)|Yi, Ya, Y3, 2]
/K a,z)E [g(Y3, Y2, Y3, z)|z, a] w(alz)da
because this equality must be valid for any K (a, x) verifying E[K (A, z)|x] = 0, it must be the

case that V <]E [g(Yl,Yg,Y}),xNa:,A} |x) = 0 or equivalently that E [g(Yl,Yg,K»,,xﬂx,A] =

E [g(Y1,Ys,Ys,2)|z]. Conversely, this short calculation makes it clear that any g function
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such that F [g(Yl, Ys, Y3, )|z, A} is constant will be an element of 7+. We conclude that,

b= {00, Y, Y, ) [E [g(V1, Y2, Y5, 2) — E [g(V1, Y2, Y, @)le] |2, A| = 0} = R+ T+

7?_ = {g*<Y'17Y'27YT37x) ’]E |:g*<Y'1,Y'2,Y:0,,£C)‘$,A} = 0}

At this stage, an important observation is that 7.- coincides with the set of valid moment

functions in the AR(1) model with 7" = 3. By Theorem 1, this is a 2-dimensional space when

T = 3 with basis elements ¢§ (Y3, Y, X;), v (Y2, YA, X;). As a result, we further conclude

that 7- = span ({wgm(Yfl’,Yié,Xi), éll(Yf{,Y;(l),Xi)}) Hence, 45/7 (Y3, X) € T since it

is a lincar combination of 1)° (Y3, YA, X;) and ¢y (Y3, YV}, X;). Finally since T+ C T+,
eff (Y3, X) e TL.

D) Verification of condition ii) Sy — ¢S/ (Y3, 2) € T

To check condition ii) Sp—1, il (Y2, x) € T, we will verify the equivalent condition that for any
element g € T+, E {(S — eI (V3 )) g(Y1,Y5, Y3, 1:)|x} = 0. Given our characterization of

T+, it is equivalent to verify that Vk € {0,1}, E l(Sg — (V3 x)) glk(Yf, Y, z)|x| =0

¢ 0jo
D)1) 8, — 5 (VP x) Loy (V7. Y5, )
Let AJY = (S, — V(YR Y, x)) O0(y3, Y x). Tt is tedious but straightforward to show
that

Agm _ AO\O +A0|0 +A0\0 +A0|0 +A0|0

A% = (1 = Cio1 (22))e™7Y3 (1 = V) Vs — Croo(a2)e™ Y3 (1 = V) (1 — Vi)
A = —(1 = Con(3))(1 = Y1)YaYs + Coro(3)(1 — Y1) Ya(1 — V3)
A = () (€7 —1)2(1 — Y1)(1 — Ya) Vs + Qui (2)eX 2527V (1 - Ya) Vs

+ Qi (2)e* 31ﬁY1(1 = Y2)(1 = Y3) + Qui(z)(1 — Y7)Y3
AY) = —Qua(@)e s Y (L - V2)Ys — Quala)eYi(1 - ¥a)(1 - Vi)
— Qs ()12 (1 = V1)Y5(1 = Vi) — Qia(2)e"3777 (1 = Y1) Ya Y3
A0

7,5

6X51ﬂ+7§/1(1 —Y,)Ys
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We then note that

1 ea:’lﬁ+a 1 ezéﬁ—i-a

E [ A% "8 1 (a|z)da

1 4 ertasBta | 4 ooiBta | | prtahBta | 4 prsfta

e| = [
y+zhB+a @) f+a 1 1 /
B / - / ‘ / 7 / ez3157r(a|x)da
=0

14 evteebta] 4 ezibta ] 4 pytasfta ] 4 er3hfta
eVt fta 1 1 etsB+a

m(alx)da

1+ evtasBta | + er1Bta | 4 eYtarB+a | + exsB+a
orste L e

m(alx)da

14+ e’y+w’2,3+a 1+ ez’lﬁ-i-a 1+ e'y-‘ra:éﬂ-‘ra 1+ exéﬁ—&-a

and by a similar calculation E [ 0‘0|x} = (0. Next, we immediately have

E 0|0|[L‘ = Qll({L')Ell(QT)

E 0|O‘3§' = ng(x)212($)

E A0|5|:1‘; = —e* PPy (2)
and hence,
Agm = Q1 (2)811(X) + Qua(2) S1a(z) — 2Bt P, (x) = D11(x) — Dy1(z) =0

D)2) S, — v/ (Ve x) Ly (VP Y, 2)
Let At = (S, — VI (YR, Y, x)) J(YV3, Y, ). Tt can be decomposed as follows

Ayl :Al\l +A1|1 +A1|1 +A1\1 ~|—A1|1
Aﬂi = — (X027 — 1)C11,0(22)Y1Y2(1 — Y3) + Ci0,1(22)Y1(1 — Y2) Y3 + Cig0(22)Y1(1 — Y2)(1 — Y3)

Al =+ — 1)(1 = Oy io(es)ViYa(l = Ya) — €729Co oa3)(1 — V1) Ya(1 — Y3)
— "0y 11 (w3) (1 — Y1) YaYs
A}/g = —Qu(x)e x215+’YY1(1 —Ys)Y; — Q1 (z)e xgl,BY1<1 V)1 - Ya)

(a)e

— Q1 (2)eX2P (1 = V)Ya(1 — V3) — Qui(2)e™37 77 (1 — V1) Yo Y5

Al = 4002 (2) (7 — 12V1Y5(1 — V) + Qua(2)e25(1 — V1) Ya(1 — Va)
e

+ Qpa(x 22— 27(1 —Y1)YoYs + Qip(2)Y1(1 — Y5)
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ALS = e 7(1 - 1) YL Yy

s

First, we have

(€% — 1)7(alz)da

E [ Al |x] - evtasfta et Bta evtryfta 1
o 1+ evtasBta | 4 er1Bta | 4 eYtayB+a | + evtasfta

e'y+x’2,8+a 6x’16+a 1
T / 1 4 evtaaBta ] 4 erifta] o €7+x56+a7r(a|x)da

1 e:c’lﬁ—HL e’y—i—xéﬁ—i—a e'y—&-xéﬁ—&-a

- _/ 1+ efy—&-x’zﬁ—i—a 1+ em’16+a 1+ ev+z’2ﬂ+a 1+ €7+xgﬁ+aﬁ(a‘$)da
e'y+x’2,3+a ex’1,3+a e’y—l—a}éﬂ—&-a 1
7 7 7 —(alx)da
1+ evtzafta] 4 emifta] 4 erteafta] 4 ertasfta
e"/+:v’2,3+a e:v’lﬁ—f—a 1

+

_|_

T P 1 4 e 1§ v i)
/ evtasfta eTihta evtaafta 1

7(alx)da

I
+

1+ evtasBta | + ex1B+a | + evtasBta | + eVtesBta

m(alx)da

+

grteabta em1fta 1 1
/ 1+ eYtarB+a | + eriB+a | + evtasBta | + eVt Bta

= E[V1Y5(1 - Y3)[Yo = 0, 2]
By a very similar calculation, E [ Al |x] = —E[Y1Y2(1 — Y3)|Yy = 0,z]. Then,
E 1|1|{L'— = Qll(l')Elg(JT)

E 1|1‘.’L’ = 912(517)222(27)

%4

E 1|1 |.’IJ— = +€x/13577P011(£L’)
It follows that
E [A}Y|1|$i| = Qll(ZL’)ElQ(I) + 912(1’)222($> + 6ml13ﬁ_’yP011($) = D21<I‘> - Dgl(l’) =0

D)3) S — v (v, 0) L 4 (V.Y o)
Fix j € {2,...,K + 1}. Let Ag'ﬁl = (Sp,_, — weff (Y3, V5, 2yl (V3 Y, z). Tedious

calculations and rearrangements lead to the following decomposition:

AN =AY AN LAY (@) + AR (22) + A (23)

o1



where

Agpl( 1) = Aﬂmll( )+Ag o o(@1)
A%‘O (@) == (" = D)ay i1 Boor(x1) (1 = Y1)(1 = Ya) Y3 — €270y 5y By (1) Yi(1 — Y2) Y5
—€ élﬂxl,j—lBloo(fl)Yl(l —Y3)(1 - Y3)
+ @11 Boni (x1)(1 = Y1) Y2 Y3 + 21 ;1 Boio(21) (1 — Y1) Ya(1 — Y3)

Ao\o

g1 o(@1) = ey (Vi1 = Ya)Ys + ¢y 5 1 Yi(1 = Ya)(1 - V)

and

AN (w2) =AY (2) + AY (@) + AR ()
Ag\o (@) = "85 ;_1(1 — Boo1 (22))(1 — Y1)(1 — Y2)Y3 + 2,j—1 Boor (22) (1 — Y1) (1 — Y2)Y3
—xg5-1(1 = Bor1(2))(1 — Y1)Y2Y3 — w9 j_1(1 — Boo(z2))(1 — Y1)Y2(1 — Y3)
A%‘O Co(@2) =+ 2y 11 (1 — Cron(22))Yi(1 — Ya) Y3 — "% ;1 Crog(22)Yi(1 — Ya) (1 — Y3)

Agl-o_l,?,(@) = —61/2351172,];1(1 -Y1)(1-Y2)Ys — €xl216+’y$2,j71Y1(1 - Y5)Y;

A%'-O (x3) = Agﬁhl(%) + AO' L 2(w3) + AB "13(73)
Ag‘o (@s) = —(€"P — 1)as ;1 Boo (w3)(1 = Y1)(1 — Y2) Y3 — 23,1 (1 — Y7)(1 — Y2) V3

+ ey 5 (1= Bioy(23))Y1(1 — Ya)Ys + €775 ;1 (1 — Bioo(3))Y1 (1 — Y2)(1 — V3)

A%LO o(@3) = =235 1(1 = Con(23))(1 = Y1)YaY3 + 23 5 1Cor0(w3) (1 — Y1) Ya(1 — V3)
AFY alws) = €m0 (1= Y1) (1= Yo)Ys = "y, Vi(1 = Vo) (1 - Vi)
and last

Ag\ol L= I(I)< zhafB _ ) (1 _}q)(l _)/'Q)Yé_i_le(x)em/mﬁ—i-Qle(l —YQ)Yg

+ Q1 (2)e* Y1 (1 = Y2) (1 = Ya) + Qi (2) (1 — Y1)Ya
AL = —Qp(2)e Y (1 - Vo)V — Qpp(a)e™ Y (1 - Ya)(1 - Ya)
— Qo ()27 (1 = Y1) Ya(1 — Vi) — Qo (2)e 7771 = V1) Ya Y3
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Starting first with the terms in “x;”, we have:

1 x) B+A
—~ EAYP  (21))z] =E |5 =0

. 71
Tigor

0]0
B [0 Y @)l A] o

0[0 / /
E[Aﬁ‘jflﬁ(l’l”l’] = "0y 5 Pioy () + €77y 5y Pro()

Next, for the terms in “x,”, we have:

1 1 1 1 oThB+a
E A = o
T2,j-1 [Asazz)la] / 1t emhbta] 1 ohBra ] | emobta | 1 ethfra’ 7 (a|z)da
i 655,25+a 1 1 e:cgﬁ—&—a
1+ emhBta ] 4 evifta ] 4 phfta ] 4 exgﬁ_;_aﬂ(a‘x)da

1 1 eacéﬂ—l—a
1+ em/QEJra 14+ ew/lﬁ+a 1+ 61/2,8+a

f
/ |
f

m(alz)da

1+ 61/25+a 14+ ex’1ﬁ+a 14+ 61’2,3+a7r<a|x)da

1 1 61/234"‘1

1 4+ evaBta ] 1 erifta] exgmﬂ(a@)da

1 et1B+a 1 eThf+a

1

E A =
[ 5,2(3;2)‘56} 1+ €7+a:’2,3+a 1+ e:c’lﬂ+a 14+ e'y+x’2ﬁ+a 1+ ewéﬁ-i-a

erteebta  gmbta 1 1 ,
e"Pr(alx)da

I

1+ eytaabta] 4 erifta ] 4 evtapfta ] 4 ersfta
1 1 evtzabta eTsB+a

1+ eytasBta ] 4 erifta ] L grtabfta] 4 exgﬁ+a7(a|x)da

ot | R

1 + €7+x/25+a 1 + ex/16+a 1 =+ @'YJFxlgﬁJra 1 + ex’35+a7r(a’x)da

0]0 / /
E |:Aﬁlj_1,3(x2)’x] = _€x235$2,j71P001($) - €x213+7x2’j,1P101<(13)

By the same token, for the terms in “z3”, one arrives at E Agl_oll(xgﬂx]
7—1

E [A%‘ﬁﬂ(xgﬂx] =0 and

0[0
E[a) ()] =E[AY ws)le] =0

23
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1 [A%L-O_l,:z,(ﬂfsﬂx] = "33 ;_ Pooy (x) — €513 ;1 Pioo ()

Finally, E[A]" | ]2] = Q1 (2) S0 (), E[AY° | ,[a] = Qja(2)E1a(x). Collecting terms, we get

J
E [ A0 — Bty P 518 . P — 3By, . P — Pty P
,3j71|17 € T1j-1 101($)+6 T1-1 100($) € T2 -1 001(I) € L25—-1 101($)
638/2361‘37]‘_1P001 (ZE) — emélﬁl‘&j_lploo(l') + le (ZE)EH(.I‘) + ng(fb)zlg(l’)
= —Dij(x) + Dyj(z)

=0

This is of course valid for all slope parameters 3; and hence Sg —z/J;f TvE, z) Ly (vE, v, o)

D)4) S5 — v (07 2) Ly (7,4 )
Fix j € {2,..., K +1}. Let ijl_l = (Sp,_, — w;fi(Yf,Y;é,x)) JHYE, Y x). A last set of

lengthy calculations and rearrangements lead to the following decomposition:
1 Al 11 11 11 11
Aﬂj& - Aﬁjflyl + Aﬂjq,? + A,33'71@:1) + Aﬁjq('rQ) +A jfl(x?’)
where

1|1 1 1|1
AL () =AY (@) + AL ()
ijl,l,l(l‘l) = +(e"2® — D)2y j_1(1 = Buio(21))Y1Ya(1 — ¥3) + €122y j_1 (1 — Boo(21))(1 — Y1) Ya(1 — Y3)
+ 696,13’67756'1,3'71(1 — Boi1(z1))(1 — Y1)YsY;3

— 21j-1(1 = Bio1(21))Y1(1 = Y2)Ys — 21 j_1(1 — Bioo(1))Y1(1 = Y2)(1 — Y53)

AL () = =20y, (1 - Y)Ya(1 - Vi) — €% ey (1 - Y1) VaYs
and

1|1 1|1 11 11

ASY (@2) =AY (@) + AL (@) + A ()

AR () = =Py ;1 Chip(2) V1 Ya(1 — Y3) — 22,j-1(1 — Co(22)) Y1 Ya(1 — ¥3)
+ x9,j-1C101(22) Y1 (1 = Y2) Y5 + 25 j_1Cioo(22) Y1 (1 — Y2) (1 — Y3)
A (w2) = =€y ;3 Buio(w2) (1 — Y1) Ya(1 — ¥3) + €17y ;1 (1 — Boui (22))(1 — Y3)Y2 Y

g a(ma) = €7 my 1 Y1V5(1 = Ya) + 120y 5 1 (1 = Y1) Ya(1 — Vi)
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and

AGY (w3) = AN () + AL (ws) + ALY S(as)
ijl (a(zs) = +e520mg ;1 (1 — Chig(s))Y1Ya(1 — Y3) + m5;_1Chio(ws) Y1 Ya(1 — Y3)

— 120y 51 Coro(3)(1 = Y1) Ya(1 = Ya) — €137 Vg ;3 Gy () (1 — Y1) V2 Vs

AT (w3) = —23;-1(1 — Biou(23))Vi(1 — Y2)Ys + 23,11 Bioo(23) Y1 (1 — Ya)(1 — Y3)

ijl 1 3<$3) = €x135_’y$3,j_1<1 — }/1)}/2}/}, — 69652/8373,]’—1}/1}/2(1 _ YZO,)
and last

ijl 1= _Qﬂ Z‘) zz15+’YY1(1 _ Yg)Yg Q (l‘)emélﬁylﬂ _ }/—2)(1 . ng)

(

— Qi (2)e"2? (1 — Y1) Ya(1 — YV3) — Q1 ()" (1 — Y1) YaY3

A = (@) (e — 1YY (1 - Vi) + Qua(2)e®i=? (1 - Y1) Ya(1 - V)
e

T Qo) (1 = V)VaYs + Qual0)Vi(1 - Vo)

Starting first with the terms in “x;”, we have:

1

T1j-1

1
1+ em1B+4

Epm(mM:E{

/8] 11

B [ (VY Xl 4] b =0
E Alll — 2By . P BT PR »)
Bj— 12($1)|$ € T1,5-1 010@) € T1,5-1 011($)

For the terms in “z5”

1

e3P (a|x)da
L2,j-1

E [Am (m2)|x} =

e'y+z’2ﬁ+a em’l B+a e’y+x/2ﬁ+a 1
/8] 1, 1 -

1+ €’Y+$'2ﬁ+a 1+ ex’1ﬁ+a 1+ e'y+x’2ﬁ+a 1+ €'y+x§ﬁ+a

- / 1+ erteebta ] 4 ezifta] 4 ertazbra] 4 €7+xgg+aﬂ(a|x)

ertrabta ot B+a 1
" / 1+ erfeefta] 4 enifta] 4 eV+x’25+a7T<a|$)da

eVtaBta eT1B+a 1 Vs Bta
_/ 1+ o tehBta | o omif+a 1 4 errahpta 1 1 eV+$éﬁ+aW(a|x)

€7+x’2ﬂ+a ex’1,8+a 1 €'y+x§ﬂ+a
+ ; ; ; —(alz)
1+ eyteabta ] 4 eriBta ] 4 evtapfta ] 4 ey tasfta

=0

ex’26+a 1 ew—i—x’gﬁ-i-a 1
_/ 14+ eraBta | + eTihta + eYtzhfta + eVtasfta

1

E [AlﬁLl 1 2(x2)|x} = e"12P 1 (alx)da
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| | et v
/ ™39V (a|z)da

14+ eraBta | + eriB+a | + evtasBta | + eYtzsfta
1 ez’lﬁ+a e'y+:1:’2,8+a 1
o / 1 + ethB+a | 4 erifta ] 4 prtasfta ] | pvtabfta
1 et1B+a evtrafta 1
/ 1+ erafta | + eTB+a | + eYtasBta | + eV tasfta

7(alx)da

m(alx)da
=0
E|Al = 2Py, . P 9By . P
ﬂj71,3($2)|x e"2P 19 51 Pryo(x) 4+ €127 w9 1 Poo(x)

Similar calculations for the terms in “z3” yield E [A;L{ll(x3)|x} =E [A;L{172($3)|J} =0

and E [ijl_h?)(xg”m] = 6m336_7$37j_1P011($) - 633/325‘@37]-_1P110($). Finally,

E [A;Llﬂ,ﬂx] = —Q1(2)e" P Poy (2) — Q1 (x)e"P Piog ()
— Q1 (x)e™12? Pyjg(x) — Q1 ()€™~ Pyyy (2)
= Qj1(2)X12(2)
E [A}fljl_l,ﬂx] = +Qjp(z) (%527 — 1)*Pryg () + Qja(x)e*12° Py ()
+ Qo (2)e®138 727 Py () 4 Qo) Pro ()
= Qja(2) X2 ()
Putting the different pieces together, we ultimately obtain
E [ijl_l‘x} = —erQBZCl,jfleo(SC) - 65”113577:171’]-,113011(3:)
+ 203y ;1 Prig(x) + €"2P g i1 Poro()
=+ 6133&77%3,]'71]3011(%) — 6%2’8553,3'71]3110(%)
+ Q1 (2)E1a(x) + jp(2) oo ()

= —Doj(z) + Dyj(x)

=0

This is of course valid for all slope parameters ; and hence Sg —¢;f Ty, o) L) (Y8 Y, x)

E) Conclusion

Having verified all the conditions of Theorem 3.2 in Newey (1990) for the initial condition Y, =

26



0, we conclude that in that case ¢5// (Y, X) is the efficient score of the AR(1) model. The

semiparametric efficiency bound is given by E [D(X)'S(X)™'D(X)] ~. Symmetric results

can be shown to hold for the case Yy = 1.

27



	Introduction
	Setting, assumptions and objective
	Outline of the procedure to derive valid moment functions
	Scalar fixed effect models
	Moment restrictions for the AR(1) logit model
	The number of moment restrictions in the AR(1)
	Construction of valid moment functions for the pure model
	Construction of valid moment functions with strictly exogenous regressors

	Semiparametric efficiency bound for the AR(1) with regressors
	Connections to other works on the AR(1) logit model
	Moment restrictions for the AR() logit model, 
	Impossibility results and number of moment restrictions when p1 
	Construction of transition probabilities with p>1

	Identification with more than one lag
	Average Marginal Effects in AR(p) logit models

	Multi-dimensional fixed effects models
	Moment restrictions for the VAR(1) logit model
	Moment restrictions for the dynamic multinomial logit model

	Empirical Illustration
	Conclusion
	Partial Fraction Decomposition
	Connection to Kitazawa and Honoré-Weidner
	The remaining steps for the AR(p) model with p>1
	Simulation Experiments
	Monte Carlo for an AR(3) logit model
	Monte Carlo for a VAR(1) logit model

	Proofs of Theorem 1 and Theorem 3
	Proofs of Propositions 1, 2, 4
	Proofs of Lemma 1 and Lemma 2
	Proofs of Lemmas 3,10 and Corollaries 3.1, 10.1
	Proof of Theorem 4
	Identification of the AR(2) with strictly exogenous regressors
	Identification for  with variability in the initial condition
	Proof of Theorem 5

	Proof of Proposition 3
	Proof of Lemma 4
	Proof of Lemma 5
	Dynamic network formation with transitivity
	Proof of Lemma 6
	Proof of Lemma 7
	Proof of Theorem 2

