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Abstract

This paper systematically analyzes and reviews identification strategies for bi-
nary choice logit models with fixed effects in panel and network data settings.
We examine both static and dynamic models with general fixed-effect structures,
including individual effects, time trends, and two-way or dyadic effects. A key
challenge is the incidental parameter problem, which arises from the increasing
number of fixed effects as the sample size grows. We explore two main strate-
gies for eliminating nuisance parameters: conditional likelihood methods, which
remove fixed effects by conditioning on sufficient statistics, and moment-based
methods, which derive fixed-effect-free moment conditions. We demonstrate how
these approaches apply to a variety of models, summarizing key findings from the

literature while also presenting new examples and new results.
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1 Introduction

Binary outcome models with fixed effects have a long history in economics and related
fields. They allow for flexible modeling of individual decisions while accounting for un-
observed heterogeneity. These models arise naturally in two types of data structures:
traditional panel data, where individuals or firms are observed over time, and network
or dyadic data, where observations correspond to interactions between pairs of units.
In both cases, researchers often wish to estimate the effect of observed covariates on
a binary outcome, while allowing for unit-specific or pair-specific unobserved compo-
nents. Examples include individual labor market choices, firm entry decisions, and the
formation of social or economic networks.

A central challenge in these models is the treatment of fixed effects, which capture
unobserved heterogeneity. When treated as parameters to be estimated, fixed effects
can lead to the incidental parameter problem, first identified by Neyman and Scott
(1948). This issue arises because the number of fixed effects grows with the sample
size. If the number of observations per parameter increases slowly, as in certain network
models or panel data settings with increasing number of time periods, estimators may
be asymptotically biased. In such cases, bias correction methods can be applied; see, for
example, Hahn and Newey (2004), and the surveys by Arellano and Hahn (2007) and
Fernandez-Val and Weidner (2018). On the other hand, when the number of parameters
grows proportionally with the number of observations, as in standard panel data models
with a fixed number of time periods, estimators are often inconsistent. In these settings,
the most effective strategy is to eliminate the fixed effects.!

In this paper, we summarize and extend two existing methods for estimating binary
choice logit models with fixed effects by eliminating them from the estimation problem.
Our focus is on both static and dynamic models, allowing for very general fixed effect

structures. We discuss models for standard panel data, as well as dyadic models that

'In an alternative approach, Higgins and Jochmans (2024) show that in parametric settings like the
one considered in this paper, it is possible to use the bootstrap to do valid inference on the common
parameters using the inconsistent and biased estimator that treats the fixed effects as parameters to
be estimated.



arise in the study of networks.

Two main general approaches have been developed to address the incidental param-
eter problem. The first is based on conditional likelihood and requires a parametric
model conditional on the unobservable fixed effects. This method eliminates the fixed
effects by conditioning on sufficient statistics. It was first introduced by Rasch (1960)
in the context of educational testing and later adapted to econometric applications by
Chamberlain (1980). In binary logit models, the fixed effects drop out of the likelihood
when we condition on certain linear combinations of the outcomes. This approach
has been extended to more complex fixed effect structures, including two-way fixed
effects in dyadic data (Charbonneau, 2017) and network formation models (Graham,
2017). Conditional likelihood methods are attractive because they provide a way to
estimate structural parameters without modeling the distribution of the unobserved
effects. However, they are only available in models where sufficient statistics can be
found in closed form.

The second approach relies on moment conditions that do not depend on the fixed
effects.? This idea is sometimes called functional differencing. It was formalized by Bon-
homme (2012) and applied to discrete choice models by Kitazawa (2022) and Honoré
and Weidner (2024). The basic idea is to construct functions of the data whose condi-
tional expectation is zero for all values of the fixed effects. These functions then define
valid moment conditions for the structural parameters. This approach has also been
used to develop estimators in dynamic logit models with general fixed effects by Dano
(2023). Moment-based methods can be used in a wider range of models than condi-
tional likelihood. They are especially useful in dynamic models or in models with more
complicated fixed effect structures.

This paper reviews both approaches in the context of binary choice logit models. We
present the underlying identification ideas in a unified framework and show how they

apply to standard examples. These include static panel models with individual fixed

In this paper we focus on moment equality conditions. Moment inequalities form the basis for
the semiparametric approach in Manski (1987), and have also been used to construct and estimate
identified sets for the structural parameters. See, for example, Pakes, Porter, Shepard and Calder-
Wang (2022).



effects, models with heterogeneous time trends, two-way fixed effects, and network
formation settings. For dynamic models, we discuss how moment conditions can be
constructed under general assumptions, and how these conditions relate to the number
of fixed effects in the model. We also give examples from dynamic panel and dynamic
network settings. We focus on the logit model, rather than, say, the probit model
or a semiparametric version, because it is known from Chamberlain (2010) that in
the simplest case of a static binary response panel data model with two time periods,
regular root-n consistent estimation of the common parameters is only possible in the
logit model.?

The literature has long employed both conditional likelihood and moment condition
approaches to estimate common parameters in fixed effects variants of other standard
nonlinear models. For instance, Hausman, Hall and Griliches (1984) applied condi-
tional likelihood methods to panel data versions of Poisson regression models. Simi-
larly, Honoré (1992, 1993) and Hu (2002) developed estimators for static and dynamic
censored and truncated regression models using moment functions. Additionally, Cham-
berlain (1992) and Wooldridge (1997) utilized moment conditions in a class of static and
dynamic multiplicative models. A hybrid approach is taken by Kyriazidou (1997, 2001),
who combined conditional likelihood and moment conditions to construct estimators
for static and dynamic sample selection models.

The fixed effects approach discussed earlier, and further developed in this paper,
places no assumptions on the relationship between the individual-specific effects and the
explanatory variables. A common alternative is to adopt a random effects framework,
which assumes a specific distribution for the individual effects and estimates the model
parameters via maximum likelihood. However, this approach faces two key challenges.

First, in many economic applications, explanatory variables are at least partially
chosen by individuals. In such cases, it is often implausible to assume independence

between these variables and the individual effects (see Mundlak 1961). Second, dynamic

3For a discussion of what can be learned about the common parameters in dynamic binary response
models with panel data in a more semiparametric setting, see for example Khan, Ponomareva and
Tamer (2023).



models introduce the initial conditions problem: the distribution of the initial dependent
variable typically depends on both the individual effects and the explanatory variables
in a complex way (see Heckman 1981).

A solution to these issues, originally proposed by Mundlak (1978), is the corre-
lated random effects model. This approach specifies a model for the individual effects
conditional on the explanatory variables and, in dynamic settings, also on the initial
conditions. For further discussion, see Wooldridge (2005).*

The remainder of the paper is organized as follows. Section 2 reviews and extends
the conditional likelihood approach for estimating common parameters in static logit
models. The key insight from this section is that under relatively simple conditions,
one can identify a sufficient statistic for the fixed effects, which then serves as the
basis for conditional likelihood estimation of the common parameters—specifically, the
coefficients on strictly exogenous explanatory variables. Section 3 turns to dynamic
models in which the only explanatory variables are lagged outcomes. In this setting,
there are again straightforward conditions under which a sufficient statistic for the
fixed effects can be found. However, unlike the static case, the resulting conditional
likelihood may fail to identify all the common parameters of the model. This limitation
motivates Section 4, which explores more general dynamic specifications. Within the
logit framework, we demonstrate that it is often possible to construct moment conditions
that allow for estimation of the parameters even when no non-trivial sufficient statistic
exists, or when conditioning on a sufficient statistic yields a likelihood function that is

uninformative about a subset of the parameters of interest. Section 5 concludes.

4For a recent overview of the historical distinction between fixed and random effects in panel data,
see Bellemare and Millimet (2025).



2 Static logit models

2.1 Model setup

We observe data (Y;, Xy, wy) for t = 1,...,T, where Y; € {0,1} is a random binary
outcome, X; € R% is a random vector of covariates whose associated coefficient 3 € R%
is the parameter of interest, and w, € R% are non-random vectors associated with an
unobserved effect A € R%.5 We denote the outcome vector as Y = (Y,...,Yp) € Y =
{0,1}7, and we write X = (X1,...,X7) € X CR“*T and W = (wy, ..., wr) € R&w*T,
We use capital letters to denote random variables (such as Y;, X;, and A) and upright
font to denote non-random matrices (such as W). The parameter [ is treated as non-

random, while the fixed effect A is allowed to be random.
Assumption 1 The data-generating process is
T

Pr(y=y|X,A4)=]]

t=1

1 1w exp(X| 8 +w; A) 1"
1+ exp(X] B+ w; A) L+exp(X/B8+w,A)| ~

This is a standard assumption for binary logit models with fixed effects. We could
write all probability statements explicitly conditional on W (e.g. Pr(Y =y | W, X, A)
in Assumption 1), but since W is treated as non-random throughout, we omit this for
notational simplicity.

Since we consider A € R%, Assumption 1 implies that
0<Pr(Y=y|X=2)<1, forally e Y and z € X. (1)

However, all results in this section extend to cases where (components of) A may take

values in o0, provided that the boundedness condition in (1) continues to hold.

Example 2.1 (Standard fixed effects in panel data:) Consider d,, = 1 and w; =

=4 . .
°Most results extend to random w;, but since all our examples involve non-random w;, we focus on
that case.



1 forallte{1,...,T}. Then
X, B+w, A=X[B+ A

corresponds to the standard panel logit model with an individual-specific intercept. We
observe an i.i.d. sample of (Y, X), denoted by {(Y;,; X;) : ¢ = 1,...,n}, where the
data for each unit i satisfy Assumption 1. The index in the logit specification becomes

X, B+ A;. W= (1,...,1) and B are non-random and constant across units i.

Example 2.2 (Dyadic fixed effects in network data:) Consider d, =n and T =
n(n —1)/2, where each observation t = (i,j) = (j,4) corresponds to an unordered pair
of distinct units 1,5 € {1,...,n}, with i # j. For each dyad (i,j), we observe a binary
outcome Y;; € {0,1} indicating whether a link is present between units i and j. Let
X;; € R% denote dyad-level covariates capturing observed characteristics of the pair,

such as homophily measures. Define w;; € R™ as a selection vector such that®
X+w,;A=X,B8+ A+ A

corresponds to a network formation model with unit-specific fived effects. This specifi-
cation captures both homophily (through X;;) and degree heterogeneity (through A; and
A;), as in Graham (2017). The model can be interpreted as describing a small sub-
network within a larger graph, and by considering many such subnetworks, we obtain
multiple independent or weakly dependent observations of (Y, X). For ezample, Graham
(2017) considers subnetworks of size n = 4 to construct his “tetrad logit” estimator.

Again, W and 3 are non-random and constant across subnetworks.

These are two classic examples of models satisfying the structure in Assumption 1.

Various generalizations are discussed later.

6For each unordered pair ¢t = (i, j) with i # j, define the vector w;; € R"™ by

(wi5) 1, ifk=iork=j,
Wij )k = .
w 0, otherwise.



2.2 Identification via conditional likelihood

Our goal is to identify the parameter § without imposing any assumptions on the
distribution of the unobserved effect A. In the static binary logit model of Assumption 1,
it is well known that WY is a sufficient statistic for A, implying that conditioning
on this statistic removes dependence on A. Formally, for any two outcome vectors

y1,y2 € Y = {0, 1} such that Wy; = Wys, one can show that

Pr(Y =y |X,A
Pr(Y =y|X,A

—

= exp [0 X (y1 — 12)] (2)

~—

which implies that the distribution Y conditional on Y € {y1, 32}, X, and A does not
depend on A, as long as Wy; = Wys:

Pr (Y =y ‘ X, AY € {y, 3/2}) ] _T_Xé)x[fl[g’%zy: gQ?)JL)] @

To construct such identifying pairs yy, yo, it is useful to reformulate the condition Wy, =
Wy, as requiring the existence of a difference vector w, = y; — yo satistying Ww, = 0.

The following lemma formalizes this observation.

Lemma 1 There exist y1,yo € {0, 1}7 with y; # yo and Wy, = Wys if and only if there
exists wi € {—1,0,1} with wy # 0 and Ww, = 0.

The condition Ww,; = 0 is familiar from linear models: if the T-vector Y satisfies
Y = X'B+WA+¢e and Ww, = 0, then pre-multiplying by w’, eliminates the nuisance
term WA. Remarkably, the same condition allows us to eliminate A in the binary logit
model as well — provided that w, satisfies w; € {—1,0,1}7, which implies that it
corresponds to a difference of two binary vectors. Ultimately, this leads to the following

identification result.

Theorem 1 Suppose Assumption 1 holds. Assume further that for some integer d, >

1, there exists a non-random matriv W, € {—1,0,1}1>4 such that WW, = 0, and



there is no vector b € R% for which Y XW | = 0 almost surely. Then, the parameter j3
is uniquely identified from the distribution of (Y, X).

Crucially, this identification result imposes no restrictions on the distribution of A
or its dependence with X. The condition WW; = 0 ensures that the columns of W
are orthogonal to the fixed effects. The rank condition guarantees that these orthogonal
directions yield sufficient variation in X to identify all components of 3.

Note that the number of columns in W, denoted d, can be smaller than d,. What
matters is that the matrix XW, has enough variation to identify 5. In particular, the

vector 3 can be identified with d; = 1.

Remark 2.1 The identification condition in Theorem 1 closely parallels that of a stan-
dard linear fized effects model. Suppose we observe Y = X'B+W'A+e¢. In this setting,
the parameter f3 is identified if there exists a matriz W, € RT*4 such that WW | = 0
and XW is non-collinear. Pre-multiplying the linear model equation by W', yields
WY =W, X'B+W e, in which A no longer appears. The resulting equation can then
be estimated by ordinary least squares (OLS).

In the binary choice case, we are subject to the additional restriction that W, must
have integer entries in {—1,0,1}, since it must represent differences between binary
outcome vectors. Nonetheless, the identification conditions for the logit model in The-

orem 1 are directly analogous to that of the linear model, modulo this constraint.

Remark 2.2 An alternative way to understand our identification result is via the popu-
lation conditional maximum likelihood estimator (CMLE), as in Davezies, D’Haultfeeuille
and Laage (2024). Given any s € R4 define S(s) = {y € {0,1}T : Wy = s} and con-
sider the conditional log-likelihood

(B |y, x,8):=log[Pr(Y =y | X =2, WY = s)],

which is well-defined and free of A due to sufficiency of WY . If the expected Hessian

0*0.(B|Y, X, WY)

Howmig = E |- 9505




is positive definite, then [ is the unique maximizer of the population CMLE objective.

To connect this to Theorem 1, observe that

Hoyvie = E Z W<WY= X, 1, yz) X(y1 - 92)(3/1 - 1/2)/X/

y1,y2€S(WY)

for some positive weights w(WY, X, y1,y2) > 0. This shows that variation in X (y; —ys)
along directions satisfying W(y, — y2) = 0 is essential for identification of [ under

CMLE, just as in our rank condition.

The presentation here is closely related to classical conditional likelihood approaches
(e.g., Rasch, 1960; Andersen, 1970; Chamberlain, 1980), but the formulation in The-
orem 1 highlights a useful structural parallel to linear models. While the sufficiency
argument is well known, we are not aware of prior work that frames the construction
of identifying pairs through the condition Ww, = 0 with w, € {—1,0,1}?. This per-
spective unifies a number of existing results and provides a clean basis for constructing
and analyzing conditional likelihood estimators in settings with general fixed effect

structures, as illustrated in the examples that follow.

2.3 Examples

We now illustrate Theorem 1 in several models. Some of the examples are well-known,
while others are novel. In each case, we describe the fixed effect structure and provide
explicit constructions of vectors w,; (or matrices W, ) that satisfy the orthogonality
condition Ww,; = 0. We aim to carry over as much intuition as possible from the linear

model analogy in Remark 2.1.

2.3.1 Standard fixed effects in panel data

This example corresponds to the setup in Example 2.1. Recall that d,, =1 and w; = 1
for all ¢t € {1,...,T}, so that the index in the logit model is X8 + A, with a scalar
fixed effect A shared across all time periods, and W = (1,...,1) € R™T, To understand



the identification strategy, consider first the analogous linear model, making the cross-

sectional index 7 explicit:
Yii= X0+ A; + eu, t=1,...,7, i=1,...,n.
Here, we can eliminate A; by differencing, e.g. for T' = 2:
Vi — Yo = (Xin — Xio)' B+ (€1 — €32).-

This corresponds to the linear combination v’ Y; with w, = (1, —1)". Crucially, since
w, € {—1,0,1}T, the same vector works for the logit model:

For the static panel logit with 7" = 2 we know that Pr (Yi =y ‘ X, A Y+ Y = 1)
is free of A;. The conditioning event Y;; + Yjo = 1 restricts us to the pair y; = (1,0)’
and yo = (0, 1), for which w, = y; —y2 = (1, —1)". This recovers the classical results
of Rasch (1960) and Andersen (1970). For T > 2, any vector in {—1,0,1}7 with
components summing to zero provides a valid w,. If X;w, varies sufficiently across

units, then [ is identified.

2.3.2 Heterogeneous time trends

Let d,, = 2, and for each t € {1,...,T}, define the regressors associated with the fixed
effect as w; = (1,t)’, so that the index becomes X| 8 + w; A = X|8 + Ay + tAs, where
A, is a unit-specific intercept and A, a unit-specific time trend. The matrix W € R?*T
consists of a row of ones and a row of time indices. Again, we consider the linear model

analog, making the cross-sectional index ¢ explicit:
}/;t:X,L{t/B—i_Ail_'_tAiQ_'_git’ tzl,...,T, Z:L,n
For the linear model, T' = 3 is sufficient to eliminate both fixed effects:

Yii —2Yio + Yis = (Xi1 — 2Xp0 + Xz‘3)/5 + (i1 — 2€i2 + €i3).

10



p| T | wy

0] 2| (1,-1y

104 @1,-1,-1,1y

2| 7 | (1,-1,-1,0,1, 1, -1)

31121 (,-1,-1,0,1,0,0,1,0,-1, -1, 1)’

4116 |(1,-1,-1,0,0,1,1,1,-1,-1,-1,0,0, 1, 1, -1)’

51231 (,-1,-1,0,0,1,1,0,0,0,-1,0,-1,0,0,0, 1, 1, 0, 0, -1, -1, 1)’

Table 1: The table shows the minimal number of time periods T" and the corresponding
weight vector w; needed to eliminate fixed effects of the form A; +tA; + ... +tPA, 1
in static binary logit panel models.

This linear combination corresponds to w; = (1,—2,1)’, which does not satisfy w, €
{—1,0,1}T, and is therefore not applicable to the logit model. Indeed, for the static
panel logit model with heterogeneous time trends and T" = 3, the coefficient [ is gen-
erally not point-identified.

To eliminate both A;; and Aj in the logit model, we need w; € {—1,0,1}* such
that ZtT:l w;; = 0 and Zthl wit = 0. For T = 4 this is satisfied for w, =
(1,—1,—1,1), which implies that in the static logit model with heterogeneous time
trends, Pr (Y =1 | X, A) /Pr (Y = 1y ‘ X, A) is independent of A = (A;, As) for y; =
(1,0,0,1) and y, = (0,1,1,0), since w, = y; — yo.

More generally, we can consider wy = (1,¢,¢%,...,t?)', with corresponding index
Xt,ﬂ—Fw;A:Xéﬂ—{—Al—i-tAg—i—tZAg—f—+tpAp+1

Table 1 shows the minimal number of time periods T" and corresponding weight vectors
wy € {—1,0,1}T that satisfy Ww, = 0 for this model for p < 5 (for p = 6 the minimal
T is 31). For p > 1, the minimal weight vectors exhibit an alternating symmetry
pattern (even p antisymmetric, odd p symmetric) and can be constructed recursively by
placing the (p—1)-solution and its reversed copy (negated for antisymmetric cases) with
zero-padding and optimal overlap to minimize length while maintaining the constraint

w, € {-1,0,1}7.

11



2.3.3 Overlapping fixed effects

Consider a setting with overlapping fixed effects where T'= 3 and d,, = 2. Define

110
01 1)
which yields the index structure
(
X6+ A ift =1,

XiB+w A= X, B+ A+ Ay ift =2,

X458+ Ay ift=3.

Note that observation ¢t = 2 is affected by both fixed effects, while observations ¢t = 1
and t = 3 are each affected by only one. To eliminate both A; and As, we can use
w, = (1,—1,1)", which satisfies Ww,; = 0 since each fixed effect appears with net zero
weight. This may be the simplest non-trivial extension of the standard panel fixed

effects model to more general fixed effects.

2.3.4 Two-way fixed effects

Consider two-way fixed effects panel models, where each observation is indexed by a
unit-time pair ¢ = (i,7), with ¢ € {1,...,n} denoting individuals and 7 € {1,...,T}
denoting time periods. The total number of observations is T" = n - T, and the logit
index takes the form X/ 8+ A; + B;, where A; and B, are unit and time fixed effects,

respectively. Again, consider the linear model analogue:

Yir = X@/Tﬁ + Az + Br + €47 (4)

12



For n = T = 2, the standard difference-in-differences strategy eliminates both fixed

effects:

(Yn - Ym) - (Y21 - Y22) = [(Xn - X12) - (X21 - X?Q)]/B + [(611 - 512) - (521 - 522)]-

With Y = (Y11, Yio, Yo1, Ya22)', the linear combination in the last display corresponds to
w, = (1,—1,—1,1), which satisfies w; € {—1,0,1}T and is therefore applicable to the
logit model as well.

For such 2 x 2 subpanels with two-way fixed effects, identification strategies based
on w; = (1,—1,—1,1) have been developed by Charbonneau (2017) for binary logit
models, and by Jochmans (2017) for certain nonlinear models with multiplicative un-
observables. Such model structures arise naturally in applications such as matched
employer-employee data or international trade.

It is convenient to think of w, as the vectorization of an n x 7 matrix. In the

n="T = 2 case:

w,| = vec =

Our general condition Ww,; = 0 is equivalent to requiring that this n x 7 matrix has
all row and column sums equal to zero. When n =7 = 3, many valid vectors w exist,

for instance:

Thus, the construction generalizes to larger n x 7 subpanels.

2.3.5 Dyadic network formation

This corresponds to the structure in Example 2.2. Recall that 7' = n(n — 1)/2 and

d,, = n, where each observation corresponds to an unordered dyad (7, j) with i # j and

13



!/

index structure X;.3 + A; + A;. The corresponding linear model reads

J
Y;‘j = Xlljﬁ + AZ + Aj + 5@'3’7

which is essentially the same model as (4), except for the symmetry Y;; = Yj; and that
Y; is unobserved.

For n = 3 we cannot eliminate the fixed effects in this model, because we have
the same number of observations (Yis, Y13, Yo3) as fixed effects (A, Ay, A3). However,
for n = 4 we can simply reproduce the same different strategy as in model (4) by

considering the 2 x 2 subpanel given by i € {1,2} and j € {3,4}, which gives
(Y13 — Y1) — (Yo3 — Yau) = [(X13 — X1a) — (X3 — Xo4)|'B + (€13 — €14) — (€23 — €24)].

Defining the appropriate vectorization operator by

* }/12 }/13 Yi4
Y; x Yo Y-
(3/127 }/137 }/147 }/237 }/247 }/:’34)/ — vech 12 23 24 7
Yis Yoz % Yy

Yia You Yau x

we can write the differencing vector used here as

¥ —1 1

w, = vech )
1 -1 =% 0
-1 1 0 *

which satisfies w; € {—1,0,1}7, and is therefore equally applicable to the logit model.
Indeed, the tetrad configuration in Graham (2017) corresponds exactly to this vector
w, and the corresponding outcome pairs satisfying w;, = y; — ys.

This idea extends to larger subnetworks. For instance, with n = 5, one finds valid

14



examples such as:

*x 1 0 0 -1 *x 1 1 -1 -1
1 = 0 0 -1 1 x -1 1 -1
w, = vech 0 0 *x —1 1 ,  w,; = vech 1 -1 *x -1 1
0 0 -1 = 1 -1 1 -1 1
-1 -1 1 1 = -1 -1 1 1 =

These w, again correspond to identifying configurations that satisfy the conditions of

Theorem 1.

2.3.6 Triadic network models

This example generalizes the two-way panel model structure to three dimensions, fol-
lowing Muris and Pakel (2025). Each observation is indexed by a triad ¢ = (4, j, k),
withs € {1,...,m},j€{l,...,no}, and k € {1,...,n3} denoting elements from three
disjoint partite sets. The logit index takes the form X{jkﬂ + Aij + Bji + Ci,, where A;j,

B, and Cy;, are pairwise fixed effects. Consider the linear model analogue:
Y;‘jk = X{]kﬁ + Aij + Bjk + Czk + gijk-

To eliminate all three sets of pairwise fixed effects, we need a triple-differencing strategy.
Consider a hexad consisting of two nodes from each part: i € {i1,42}, j € {Jj1, 72}, and

k € {ky,ka}. The triple difference
[(Y;U'lk& - Y;'ljlkz) - (}/;lekl - Y;llekQ)] - [(Y;2j1k1 - }/;2]'1762) - (Y;'zjzlﬂ - }/;2]'2/62)]

eliminates all pairwise fixed effects. This corresponds tow, = (1,—-1,1,—-1,1,—1,1,—1)',
and since w; € {—1,0,1}7, the same vector works for the logit model. Each pair ap-
pears exactly twice in the eight triads: once with weight +1 and once with weight —1,
ensuring that the net effect for each (i,7), (j, k), and (7, k) pair is zero, thus satisfying
Ww, = 0.

15



This hexad-based identification strategy for triadic models was developed by Muris
and Pakel (2025). Such models arise naturally in applications where a “team” is formed
by selecting one node from each of three sets—for instance, firm-industry-time inter-
actions, or trade triplets involving importer, exporter, and product. Unlike in dyadic
models, however, Muris and Pakel (2025) show that even under sparsity, identification
and asymptotic normality require stronger conditions: the presence of a growing num-
ber of informative hexads. Their framework illustrates how richer forms of unobserved
heterogeneity, while modeling more realistic structures, come at a cost in terms of data

requirements.

2.4 Main Takeaways

e For the static binary logit models with fixed effects in Assumption 1, it is well
known that conditioning on the sufficient statistic WY removes dependence on
the fixed effects A. However, identification of § requires more than sufficiency:
we need outcome pairs (y;,y2) such that Wy; = Wyy and X (y; — y2) exhibits

sufficient variation. This condition is central to Theorem 1.

e A key insight is the structural parallel to linear models (Remark 2.1): Differencing
strategies that eliminate fixed effects in linear models also eliminate them in
binary logit models — provided the differencing vector satisfies w, € {—1,0,1}.
This constraint reflects the binary nature of the data and leads to a unifying
framework for constructing valid conditional likelihood estimators across a wide

range of panel and network models.

3 Sufficient statistic for dynamic logit models

3.1 Model setup

We now turn to dynamic binary choice logit models with generalized fixed effects,

extending the approach used for static models in Section 2. In the current section, we

16



focus on purely dynamic specifications — generalized autoregressive models — without
additional covariates X. As in the static case, our identification strategy relies on
finding sufficient statistics that eliminate the fixed effects. In contrast, Section 4 below
considers dynamic models that include covariates X, where identification will instead
be based on moment conditions that are invariant to the fixed effects.

Most of the notation carries over from the static case. In particular, the definitions
of Y, W, and A remain unchanged. However, we require some additional structure to
capture the temporal dependence in the outcomes. Let Y denote a vector of initial

conditions, and define

Y = (Yo, Yo, .. 1, YY)

to be the history of outcomes up to time ¢t — 1, including initial conditions. The
following assumption gives the class of generalized autoregressive models considered in

this section.

Assumption 2 The data-generating process is

T
Pr(Y =y|Y° A) =][Pr(Yi=u|Y""4),
t=1
_ -1 gy lexp(m (Y 0) +wp A)["
Pr(¥e=u Y A) =m0+ w A

where 6 is an unknown parameter and (-, ) is a known function for everyt € {1,...,T}.

Note that the specification of the unobserved fixed effects A € R% and the non-
random regressor vectors w, € R% is unchanged from the static case. Crucially, the
model imposes no restrictions on the dependence between the fixed effects A and the

initial condition Y.

Example 3.1 (Dynamic panel data) This example generalizes Example 2.1 by al-
lowing for state dependence through a lagged dependent variable. Specifically, suppose
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that 7,(Y'™1,0) = Y;_1 v, so that the model becomes:

Pr(Y, = 1| V'L, A) = opiav+4)

1 +exp(Yi1 7+ A)
where v € R captures state dependence while A € R captures individual-specific hetero-
geneity as before. For this baseline model, there are well-known results due to Cham-
berlain (1978) and based on Cox (1958) that show that how to identify and estimate
~v wvia conditional likelihood by conditioning on sufficient statistics based on transition
counts.” Qur goal in this section is to generalize those existing results to more general

fized effect structures.

Example 3.2 (Dynamic dyadic network formation) This ezample extends the dyadic
model of Example 2.2 to a dynamic setting. Suppose we observe a sequence of undi-
rected binary networks among n agents over periods T = 0,1,...,7T. Each observation
corresponds to a dyad (i, 7), and the link indicator Y;;» = Yj;r € {0, 1} records whether a
link between i and j exists in period T. The dynamic logit model considered in Graham

(2016) takes the form:

exp (Yijr—17 + Rijr—16 + Ayj)

Pr(Yi =1 Y;'T—7Ri"r—7Ai’ = )
r(y | Vi1, Bajir1, Ay) 1+ exp (Yijr—17 + Rijr—10 + Ayj)

where Yi; 1 is the lagged link indicator for the same dyad, R;j 1 := Zkgé{i,j} Yikr—1Yjrr—1
is the number of shared friends of i and j in the previous period, A;; € R is a dyad-
specific fized effect, and v and § are unknown parameters. To map this into our general
framework (Assumption 2), we define T = (3) - T, where T is the number of observed
time periods in Graham’s model, and (Z) 1s the number of dyads. We then treat each
dyad-time pair (i,7,7) as a single observation indexed by t = 1,...,T, see Section 3.4
below for more details. In this formulation, the logit index for observation t becomes
m(Y'" 1, X0) =Y 17+ Rijr—10.

"Chamberlain (1984), Magnac (2004) and D’Addio and Honoré (2010) generalize those result fur-
ther.

18



3.2 Generalized sufficient statistics

The following lemma is central to all identification results in this section.

Lemma 2 Suppose Assumption 2 holds with fized initial conditions Y° = 4°. Let
y,7 € {0,1}T be any two outcome sequences, and define y'=' = (yi_1,Yi—2, - -, y1, ¥°)
and 9 = (Y1, Us—2, -, U1, 4°), for each t € {2,...,T}. Assume further that:

(Z) Et 1 Wty = Zt 1wt3/t

(11) [(wt,m(yt_lﬂ)) Dt = 2,...,T}} is a permutation of [(wt,ﬂt(gjt_l,ﬁ)) St =
.,T}]

Then we have

Pr(Y = y|Y? =40, A) a " e
~ = exp s —gem(7,0)] ¢,
Pr(Y = g|Y? =% A) ; e L }

which does not depend on A.

The proof is given in the appendix.

3.3 AR(p) panel data models

Our first example of a model that satisfies Assumption 2 and for which Lemma 2 yields
immediate and useful identification results is the AR(1) model. In this case, we take
0 =~ € R, and set (Y"1, 0) = Y,_; v, with initial condition Y = Y given by the
observed outcome in period ¢ = 0. Under this specification, the model in Assumption 2

becomes:

Pr(Y =y|Yo=u.4) =

|: 1 :| 1—ye |: eXp(ytq v + wg A) Yt
1+ exp(yr1 7 + wj A) L+exp(yray+wpA)|

1~

t=1

()

We are going to discuss the AR(1) model in detail here, and afterwards briefly summa-

rize the extension to AR(p) model for p > 1, with details given in the appendix.

19



In order to obtain identification results that mirror the results for the static model
above as close as possible, we furthermore impose the following assumption on w; =

(we1, ..., wq,) here:

dw
wie €{0,1}, forallk€{l,...,dy}, and Y wy=1, forallte{l,...,T}.
k=1
(6)

These constraints on w; may appear overly restrictive at first glance. However, as
we will explain in Remark 3.1, these constraints are in fact without loss of general-
ity from the perspective of constructing sufficient statistics for the fixed effect A in
this model. To simplify notation, we define the lagged outcome T-vector as Yi,g =
(Yo, Y1, ..., Yr_1)'. Similarly, we define the “lead” version of W = (wy,...,wr) by

_ Ay XT
Wlead_ (w27w37'-'7wT70dw><1) € R,

Theorem 2 We assume the AR(1) model in (5), with w; satisfying the restrictions in
(6). We treat the initial condition Yy = vy as fized and known.

(1) Then, (WY, WYi.,) is a statistic that is sufficient for the nuisance parameter A
(conditional on Yy), in the sense that the distribution of Y given (WY, WY,,)
and Yy does not depend on A. Since Yy = yo is treated as fixed, we can equiv-

alently express this sufficient statistic as the linear transformation VY, where

V= (W,7 W{ead),'

(ii) Suppose further that there exist two binary vectors v,y € {0,1}T such that Vy =
Vi and ZtT:1 YY1 F ZtT:l UeUi—1, where we set Yy = yo = o. Then, the autore-
gressive parameter v is uniquely identified from the distribution of Y conditional

on Yy = Yo.

The proof is provided in the appendix. Part (i) of the theorem establishes that the
sufficient statistic for the fixed effect A in this model is given by the pair (WY, WY, ),
which can be explicitly written as (Z;‘le WY, ZtT:1 wtyt,1> . The first term, Zthl WY,
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is familiar from the static model in Section 2, where it formed the sufficient statistic for
A. The second term, ZL w1, 18 new and arises due to the autoregressive structure.
To understand the role of these statistics, consider two outcome paths y, g € {0,1}7.

Using only Zle WYy = Zthl wyy and yo = o, the likelihood ratio simplifies as follows:

T T

Pr(Y = y|Yo = yo, A) s 1+ exp(Ge—1y + wiA)
= = ex - _ )
Py =gV, =g A) P 7;(%% 1= Uefr-1) g1+exp(yt_1v+wg )

Here, the second term still depends on A, which shows that, in contrast to the static
model, matching only Z;‘le wyy; is not sufficient to eliminate the fixed effect from

the likelihood ratio. To fully eliminate A from this ratio, we also need to use that

Yo Y1 = Yp Girand Sy, w1 = 3y w1 and wyy € {0, 1} with 303, wip =

1+exp(ygs—1+w, A)
I+exp(yyt—1+wiA)

1. Under those conditions, one can show that HtT:2 = 1, and therefore

Pr(Y = y|Yy = yo, A)
PI‘(Y = Q‘Yb = Yo, A)

T
= exp ’VZ(ytytJ — UtJe-1)

t=1
This shows that v can be point-identified from the likelihood ratio, as long as Zthl YY1 F
ZL U1, which is precisely the content of part (ii) of the theorem.

Remark 3.1 The restrictions w,; € {0,1} and S0 wyp € {0,1} in Assumption 6
may appear overly restrictive. However, these conditions are without loss of generality
for the purpose of constructing sufficient statistics and identifying ~v via conditional
likelthood methods. To see this, consider the general autoregressive model where w; €

R% can take any values. Let Q = {p1,¢o,...,04,} C R¥% denote the set of distinct

values that w; assumes across t = 1,...,T, where d, is the cardinality of Q. We
can then define indicator variables wy = L(wy = @), for k = 1,...,d,, implying
that wy = (Wi 1, ...,wea,) satisfies the binary restrictions on wy in (6). We then have

wiA = wA*, where A* = (1A, ..., ¢l A) € R%.
One can show that the sufficient statistics for A in the original model with w;A

are identical to those for A* in the transformed model with w;A*, as characterized in

Theorem 2.
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Remark 3.2 Applying Lemma 1 in the context of part (it) of Theorem 2 gives the
following: There exist y,5 € {0,1} with y # § and Vy; = Vys if and only if there
exists w; € {—1,0,1}T with w, # 0 and Vw, = 0. This can be computationally very
useful to construct such pairs y,y € {0,1}T that allow identification of v. However,
the additional identification condition Zthl Yelfp—1 F Zle Yt¥i—1 1S nmon-linear in the

outcomes and can therefore not be expressed in terms of w, only.

Example 3.1 (cont.) The simplest example covered by Theorem 2 is the case where
wy =1 forallt =1,...,T, implying a standard individual-specific fized effect A that
enters identically in every period. In this setting, the model reduces to a pure logit AR(1)
panel model with a scalar fived effect and no covariates. The sufficient statistics for A
in this model — namely, (ZL Yi, Zthl Yi—1) — are well known since Cox (1958), and
are often expressed in terms of Yy (which we condition on throughout), ZtT:_ll Y;, and
Yr. To identify the autoregressive parameter vy, one must observe at least T' = 3 periods
(in addition to the initial condition Yy). For example, when T = 3 and Yy = 0, the
sequences y = (1,0,1) and y = (0,1,1) satisfy all conditions in part (ii) of Theorem 2

to guarantee identification of .

Example 3.5 Consider quarterly panel data on binary outcomes Yo, Y1,...,Yr, and

suppose we specify a logit AR (1) model with a single indez of the form
4
Y;tfl Y + Z Aq wt,q7
q=1

where wy, is an indicator for quarter ¢ € {1,2,3,4} and A, are quarter and unit-specific
fized effects. To identify v based on part (ii) of Theorem 2 we require y,j € {0,1}7
that satisfy

T T
qut(yt —4;) =0, and qut(yt_l —4;-1) =0, for each g =1,2,3,4.
t=1 t=1

Finding a solution with y # § requires T = 6 quarterly observations (plus the initial

quarter Yy ), and the solution satisfies y —y = £(1,0,0,0,—1,0). In addition, we
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need to satisfy the condition Zle YY1 F 23:1 Ueli—1, e.g. for Yo = 0, by choosing
y=1(0,0,0,0,1,1) and 5y = (1,0,0,0,0,1). This shows that v is identified for T = 6.

Example 3.6 Consider the case d,, = 2 with wy,; = 1 and w2 = t, corresponding to a

model with heterogeneous linear time trends and single index
Yioiy+ Ar +1 As.

By Remark 3.1, this model can be reparameterized — for the purpose of constructing

sufficient statistics — as a model with time-specific fixed effects:
Y;—l Y + At7

where d, =T and A; denotes a distinct fized effect for each time period. In this formu-
lation, the fized effects vary freely over time, and no nontrivial sufficient statistics can
be constructed to eliminate A. As a result, our sufficiency-based identification strateqy
cannot be applied, and Theorem 2 yields a negative result in this case: the autoregres-
sive parameter v is not identified via conditional likelthood. However, as discussed in
Section 4.3 of Honoré and Weidner (2024), identification is still possible using an al-
ternative approach. Specifically, in the autoregressive panel model with heterogeneous
linear time trends (i.e., index Y, 1 v+ A1+t Ay), the parameter v can be identified via a
moment condition strategy, as described in Section 4 below, provided that ' > 8. This
example illustrates that for sufficiently general index structures — particularly those in-
volving unrestricted time-varying fived effects — the sufficient statistics approach may

fail, while the moment condition approach can still succeed.

Generalization to AR(p) models with p > 1

We now generalize the previous example by considering an AR(2) model with m,(Y*~! 6) =

Y;_171 + Y27 and initial condition Y = (Yy,Y_;) € {0,1}2. Under this setup, the
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model specified in Assumption 2 becomes:

Pr(Y =y Y=y, A)

_ H [ 1 } e [ exp(yi1 71 + Y27 +w A) 1Y

s L1+ exp(ye1 i + Y272 + wi A) 1+ exp(yr—1 71 + -2 72 + wj A)

(7)

We refer readers to Appendix Section A.1 for a general treatment of the AR(p) models
with p > 1. Throughout, we maintain the assumption that for all t € {1,...,T}, the
vector of weights w; = (w1, ..., w4, ) satisfies the restrictions in (6).

Applying Lemma 2, we show in Appendix Section A.1 that the likelihood ratio for
two outcome paths y, g € {0,1}7 8

Pr(Y = y|Yy = yo, A)
Pr(Y = g|Yy = yo, A)

is invariant to A if the following four conditions hold:

T T
Zwtytzzwtgt (8)
t=1 t=1
T T
Z Wt Yt—1 = Z Wi Yi1
t=1 t=1
T T
Z Wt Yi—2 = Z Wy Yi—2
t=1 t=1

T T
E Wt Yt—1 Yt—2 = E Wy Yp—1 Yp—2-
t=1 t=1

The first condition coincides with Assumption (i) in Lemma 2 while the remaining
three are equivalent statements of Assumption (ii) for the AR(2). That is, they ensure
together that [(wt, Ye17Y1 + Yo 72) ct=2,...,T| is a permutation of [(wt, Y171+
Gi-272) t:2,...,T]

8These generalize the sufficient statistics found in Chamberlain (1984) and Magnac (2000).
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Example 3.7 Consider the standard AR(2) model with d, = 1, w; = 1 for all t. In
this case, the conditions in (8) can only be satisfied if T > 4. For instance, with T = 4
and initial condition Y° = (0,1), y = (1,0,0,0) and g = (0,1,0,0) form a valid pair.
See also Chamberlain (1985) and Honoré and Kyriazidou (2000).

Example 3.8 In the spirit of Fxample 3.5, consider quarterly panel data on binary

outcomes Y_1,Yy, Y1, ..., Yy, and assume an AR(2) structure with a single index

4
Yioim+Yier+ Z Aq Wy g,
q=1
where wy, are indicators for quarter ¢ € {1,2,3,4}. In this setting, the set of re-
strictions (8) can only be satisfied for T > 7. For example, for the initial condition
Y? = (0,0), the outcome sequences y = (0,0,0,0,1,0,1) and § = (1,0,0,0,0,0,1) form

a pair that allows identification of 7s.

Remark 3.3 In general, the conditional likelihood approach does not allow for the iden-
tification of parameters other than the final autoregressive coefficient vy, in the (pure)
AR(p) model. To build intuition, consider again the simple case p = 2. Then, it
is a straightforward exercise (see e.g Appendiz Section A.1) to show that the restric-
tions in (8) imply Zthl Yelfp—1 = Zthl UeUi—1. In turn, this causes 1 to drop out from
the likelthood ratio %. This example illustrates the property that the suf-
ficient statistics resulting from Lemma 2 absorb all variation relevant for identifying
Vs Yp—1- This leaves vy, as the only parameter that can be identified via conditional
likelihood in the AR(p) setting. However, as was the case for the model with heteroge-

neous time trend in Example 3.6, identification is possible using an alternative approach

that relies on moment conditions.

3.4 Dynamic dyadic network formation

We now consider the dyadic network formation model of Graham (2016), introduced

in Example 3.2. This model falls within the class of generalized autoregressive logit
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models studied above, and we show how our identification strategy based on Lemma 2
applies in this setting.

We model binary outcomes Y;;, = Yj;r € {0, 1} for individuals 4,5 € {1,...,n} with
i # j, and time periods 7 € {1,...,T}. The initial condition at 7 = 0 is denoted by
Y. Each dyad-time pair (i, j,7) defines a single observation, and we set T = (Z) -T as
the total number of observations. Each observation t = (i, j, 7) is treated as an element
of the outcome vector Y = (i,...,Yz) € {0,1}T.

To express the model in the form of Assumption 2, we impose a deterministic or-
dering of dyads within each time period. The overall observation index ¢ respects time
ordering, i.e. if 77 < 7y then all observations from period 7; precede those from 5.
For each observation t = (i,j,7), we define the regressor w; € R() as a unit vector

selecting the dyad (i, j), so that wjA = A;;, where A € R() collects all dyad-specific

fixed effects. The logit index for observation ¢ is then
(Y 0) + w,A =Y, 17+ Rij,—10 + Ay,

with parameters 6 = (v,9)" and R;j,—1 = Zkg{i’j} Yikr—1Yjk -—1 denoting the number
of shared friends in the previous period.

Throughout, we write Y. ; for the collection of Y;; . over all dyads, and use D,, to
denote the set of all (Z) dyads. Given Y. ; and (i,j) € D,, the covariates entering the

index at time 7 + 1 are
Zi;(Y.;) = (Yijm Z Yik,Tij,T) €{0,1} x Z,.
ki,j

We now describe the sufficient statistic structure implied by Lemma 2. To simplify
the exposition, we focus on the minimal case 7 = 3, which is also the specification
considered in Graham (2016). For each outcome vector y € {0,1}7, we define the set

of alternative sequences

Veond(y) = {@ e {0, 1}T :V(i,j) € D, we have: y;;3 = Uij3,
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and for all 7 € {1,2}, we have:

Zii(Yrr) = Zij(§...r) O Zij(y...r) = Zij(g",?)—T)}-

By Lemma 2, the conditional likelihood ratio Pr(Y =y | Y°, A)/Pr(Y =5 | Y°, A) is
invariant to A for all § € Veona(y). This yields the conditional likelihood

Il j)ep, P (X72 Yigr (1Yiir1 + 9By 1)

£cond (’77 5) = 3 N N =
deycond (Y) H(i,j)epn exp (ZTZQ ijr (Vlijr—1 + 6Rij,‘r—l)>

Y

where Rij77_1 = Zkg (i} Yik,r—1 * Yjk,r—1. While this formulation is exact, the denom-
inator is computationally infeasible to evaluate for large n, as the set Veona(y) grows
exponentially with the number of dyads.

To address this, Graham (2016) proposes a restricted subset of Veona(y) based on
the concept of “stable dyads”, which allows feasible computation in large-network set-
tings. An alternative approach, suitable for small n but many independent network
observations (as in Graham 2013), is to compute the exact conditional likelihood using
the full set Veona(y) or a tractable subset.

A particularly convenient and computationally efficient subset is the two-element

set

ysond(y> - {g € {07 1}T ‘Y.z = g",i’)a

and for all T € {1,2}: y.,=7.,0ory., = @.‘,3_7}.

This set contains at most two elements: the original network y and the version with

periods 7 = 1 and 2 swapped. When y..; = y.. 2, the set is a singleton. For n = 3, one

*

¥ nd(¥) = Veona(y) for all networks y. For n = 4 and n = 5, numerical

can show that

checks confirm that Y% _(y) = Veona(y) in more than 95% of all configurations, making

cond
this approximation attractive in small-network applications.

In summary, this framework supports two estimation strategies: Firstly, in settings
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with large n and few time periods, feasible estimation can be achieved using restricted
conditioning sets such as those based on stable dyads (Graham, 2016). Secondly, in
settings with small n but many repeated network observations, exact conditional like-
lihood estimation is tractable and efficient using either V.ona(y) or its simplification
cond (¥)-
The results extend naturally to longer time horizons 7 > 3, though the structure of
the conditioning sets becomes more complex. Likewise, the framework accommodates

richer dynamic specifications, provided the conditions in Lemma 2 continue to hold.

3.5 Main Takeaways

e The conditional likelihood approach based on sufficient statistics extends nat-
urally to dynamic models. Lemma 2 characterizes the sufficient statistics for
generalized autoregressive logit models with fixed effects. We have shown how to

apply this result in both dynamic panel and dynamic network settings.

e In contrast to the static case, the sufficient statistics approach does not always
identify all the common parameters in dynamic models. We illustrated this in two
examples (i) in the AR(1) model with heterogeneous time trends, the sufficient
statistics approach fails to identify the autoregressive parameter v; (ii) in AR(p)
models with p > 1, the sufficient statistics approach can identify only the final
lag coefficient 7,. In the next section, we discuss an alternative to the sufficient
conditions approach, which is based on moment conditions. This approach will

lead to identification of all the common parameters in the two examples.

4 Moment conditions for dynamic logit models

We now turn to an alternative identification strategy for non-linear panel models based
on moment conditions that do not depend on the fixed effects. Unlike the conditional

likelihood approach used in Sections 2 and 3, which relies on sufficient statistics, the

28



moment-based approach developed here applies to a larger class of models and accom-
modates richer forms of unobserved heterogeneity.

While fixed-effect-free moment conditions had been constructed in specific models
before, the general idea was formalized in the context of semiparametric panel models by
Bonhomme (2012), who called it “functional differencing”. Its applicability to discrete
choice models was recently emphasized by Kitazawa (2022) and Honoré and Weidner

(2024).

4.1 Model setup

The model and notation are essentially unchanged compared to Section 3, the only
difference is that we now also allow for additional strictly exogenous covariates X, as

we had in Section 2. Assumption 2 then generalizes as follows.

Assumption 3 The data-generating process is

T
Pr(Y=y|Y", X, A) =[[Pr(Vi=u|Y"" X A),
t=1
lexp(m (Y71 X, 0) + wj A)]”

Pr (Y, = YTl X, A) =
I'( t yt‘ ) ) ) 1—|—eXp(’/Tt(Yt71,Xt79)_'_w?éA),

where 0 is an unknown parameter and m(-,-,-) is a known function for every t €

{1,...,T}.

Our goal is again to identify the parameter 6 without imposing restrictions on the
distribution of the fixed effect A. The model in Assumption 3 nests many dynamic panel
and network models. Our baseline Examples 3.1 and 3.2 remain essentially unchanged,

except for the additional covariates X;. Thus, in Example 3.1 the specification becomes

7Tt<Yt717 Xi,0) =Y 1v+ X[ 0,
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where 6 = (v, )" while generalizing Example 3.2 gives
(Y Xy, 0) = Yijr1y + Rijro1 0+ X[ B

with 6 = (v,9)".

It is sometimes possible to extend the identification strategy based on sufficient
statistics to models with additional covariates. For example, Honoré and Kyriazidou
(2000) apply this approach to an AR(1) panel logit model with covariates by condi-
tioning on subsets of the data where covariate values are identical across adjacent time
periods. More generally, the results in Section 3 can be applied to such models by treat-
ing X as fixed throughout and absorbing the covariate dependence of (Y™, X;,6)
into the definition of m;. However, the sufficiency-based approach typically works only
under restrictive support conditions on the covariates. In contrast, the moment condi-
tion strategy developed in this section applies more broadly and often accommodates

arbitrary variation in X.

4.2 Identification via fixed-effect-free moment conditions

As discussed above, the sufficient statistics approach typically breaks down in dynamic
settings with covariates that vary freely over time. This motivates an alternative strat-
egy based on moment functions that depend on the parameters of interest but not on

the fixed effects. Specifically, we aim to find functions m(Y,Y?, X, ) such that
E[m(Y,Y?, X,0)|Y°, X, A] =0. (9)

Moment functions satisfying (9) are valid for identification and estimation, as they are
invariant to the fixed effect A and therefore unaffected by the incidental parameter
problem. To characterize when such functions exist, we use a combinatorial argument

that provides a lower bound on the dimension of the space of fixed-effect-free moment
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functions,” leading to the following theorem.
To state the theorem, we introduce some additional notation. For each time period
t € {1,...,T}, define the set of distinct values that the index 7, (Y"1, X}, 0) can take

across all possible outcome histories (y;_1, ys—2,...,y1) € {0,1}71 as

Ht(YO; X, 9) = {Wt((ytflyytfb <o U, Yo),Xt, 9) : (ytfla Yt—2y .- 7y1) € {07 1}%1}7

Throughout this section, we treat Y°, X, and f as fixed. While we make these arguments
explicit in the notation for mathematical precision, they are otherwise unimportant to
the combinatorial structure we analyze and can be regarded as fixed and given (and

thus ignored) for the remainder of the discussion. Let
Qt(Y0> X, 9) = ’Ht(Y(]? X, 6)‘

denote the number of elements in the set IT;(Y?, X, 6), that is, the number of distinct
values that the index m;((ys—1,Yr_2, - - -, ¥1, Y°), Xy, 0) can take across different outcome
histories. By construction, we have Q;(Y", X,6) < 21 but in many practical models
we have limited dependence on past outcomes and Q;(Y?, X, 0) is therefore often (much)
smaller. Also, in most models, Q;(Y?, X, 0) remains constant across typical values of
Y? X, and 0, but may be different at specific points (e.g., when 6 = 0).

Next, define the set of all possible linear combinations of the w,’s, where each

coefficient k; is an integer between 0 and Q.(Y?, X, 6):

DY, X,6) = {Z’Wt (k. k) € H{O,l,...,@t(Yo,X,G)}} C R%.

t=1 t=1

The remark and examples below will help clarify the intuition behind the definition of
the set D(Y?, X, 0). As before, we write |D(Y?, X, )| to denote its cardinality. The

following result provides a lower bound on the number of linearly independent fixed-

9Gee also Dano (2023) for an alternative strategy tailored to standard AR(p) logit models with
p=>1
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effect-free moment conditions that exist in the class of dynamic models considered in

this section.

Theorem 3 Let the model be given by Assumption 3, and let Y°, X, 0 be given values
of the initial conditions, covariates, and common parameters. Then, the number of

linearly independent moment functions of the form (9) is at least equal to
2 — |ID(Y°, X, 0)]|.

In particular, if |[D(Y?, X, 0)| < 2T, then non-zero moment functions of the form (9)

exist.

Theorem 3 provides a sufficient condition for the existence of non-zero moment
functions m(Y,Y?, X, 0) satisfying (9). However, the result does not characterize the
structure of these functions, nor does it guarantee that they depend on # in a way that
allows identification. In practice, constructing such moment functions, and verifying
that they identify 6, is typically model-specific and requires additional algebraic or
numerical insight. Concrete examples are discussed below.

Even so, the existence result in Theorem 3 is useful. For example, once existence
is guaranteed, one can apply the general functional-analytic framework developed by
Bonhomme (2012) to compute the moment conditions numerically. In this “functional
differencing” approach, moment functions can be approximated even when closed-form
expressions are unavailable.

Whether obtained analytically or numerically, valid moment functions m(Y,Y?, X, )
can be used to construct GMM estimators that are root-n consistent under standard

regularity conditions.

Remark 4.1 The static logit model provides a useful special case for understanding the
structure and role of the set D(Y°, X, 0). In that model, we have Q;(Y°, X,0) =1 for

all t, so the set reduces to
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T
D = {Zytwt Y - {07 1}T} s
t=1

which is simply the set of all possible values that the sufficient statistic WY can take. As
discussed in Section 2, identification in the static model hinges on whether the mapping
Y — WY is injective. If WY takes a distinct value for every realizationy € {0,1}T, i.e.,
if |D| = 2T, then the existence of the sufficient statistic is not useful for identification
or estimation of 8, and no fived-effect-free moment conditions exist. This explains the
condition |D| < 2T in Theorem 3, which guarantees the existence of nontrivial moment
functions precisely when the sufficient statistic does not uniquely index every outcome
configuration — that is, when different realizations of Y map to the same value of WY .

More generally, when sufficient statistics are not available, as in most dynamic mod-
els with general covariate values X, the set D(Y°, X, 0) still plays a closely analogous
role. Although the linear combinations Zthl kyw, that define D can no longer be in-
terpreted as sufficient statistics (since the coefficients k, are not restricted to binary
values), they retain a similar structure and capture aspects of how the model links out-
come histories to the fized effects. The condition |D| < 2T remains unchanged, but now
serves only as a sufficient condition for the existence of nontrivial moment functions.
In this sense, Theorem 3 extends the logic of sufficiency-based identification to dynamic

settings where no sufficient statistics exist.

4.3 Examples
4.3.1 Panel AR(p) models with general covariates

We first consider the class of AR(p) panel logit models with covariates and scalar fixed
effects. These models are covered by Assumption 3, with the index and fixed effect

specification given by

p
m(Y X, 0) = Y+ X[ 5, we =1,
r=1
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where 6 = (v1,...,7, ). The initial conditions Y° = (Y_,.4,...,Yy) € {0,1}7 are
treated as fixed and observed.

To apply Theorem 3, we compute the number of distinct values that the index
(Y171 X, 0) can take across binary outcome histories. Assuming 7, # 0 for all
r € {1,...,p}, this number is

Q, = 2 =1

since the index depends on the most recent binary p outcomes, or fewer in the initial
periods. Because we are considering w; = 1 for all ¢, the set D = D(Y?, X, ) consists

of all integers between 0 and the maximum sum dy,,y := Zthl ;. Therefore, we have

T
D=1+ ZQt
t=1
T p
— 1 + ZQmin(p,tfl) — 1 + Z 2t71 +2p (T - p)
t=1 t=1
=2P
=2(T+1—0p).

By Theorem 3, the number of linearly independent fixed-effect-free moment functions
is therefore at least

2T _2p(T+ 1 _p)7

which is strictly positive whenever T' > 2 + p (in addition to p observed time periods
as initial conditions). It turns out that this is not merely a lower bound: for generic
values of the covariates X, this is in fact the exact number of linearly independent
moment conditions in the AR(p) panel model. However, as we will see in the following
example, additional moment conditions may become available for specific values of X,
in particular when X = 0.

The result for the number of linearly independent moment conditions in the AR(p)
model was stated in Honoré and Weidner (2024), who also derive explicit analytical

expressions for the corresponding moment functions in the cases p = 1, 2, 3, and provide
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a detailed analysis of identification and estimation for p = 1, building on the results of
Kitazawa (2022). The sharpness of the moment count has been established for p = 1
and p = 2 by Kruiniger (2020), and further discussed in Dobronyi, Gu and Kim (2021).
For general p, Dano (2023) proves that the bound is sharp under free-varying covariates

and provides analytical expressions for all the moment functions in closed form.

4.3.2 Panel AR(2) model without covariates

We now consider a special case of the previous example where p = 2 and no covariates

are present. The model takes the form

Pr(Y; = 1| Vi1, Vg, A) = —P Y +Yi0m +4)
t t—1, £1—-2, 1+ exp (}/t_l’}/l + )/;—272 + A) ’

which corresponds to the structure in Assumption 3 with
(Y X, 0) = Yo + Yoo, wy = 1.

In this model for T' = 3, one can construct one valid fixed-effect-free moment function
for each value of the inital condition Y° = (Y_,Y;) € {0,1}?. For instance, when

y° = (0,0), the following function satisfies the moment condition (9):

exp(—v1) ify=1(0,1,1),

1 if y=1(0,1,0),
m(y,y’,0) = ( )

—1 lf (91792) = (170)a

0 otherwise,
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and when y° = (0,1), a valid moment function is given by

.

exp(vo —m) ify=(1,0,0),

exp(72) if y = (1,0,1),
m(yv yoa 9) =

-1 lf (yl; y2) = (07 1)7

0 otherwise,

\

see Section 3.3 of the first arXiv version of Honoré and Weidner (2024), who provide
closed-form moment functions for the AR(p) model with 7= 3 and X, = X.

Firstly, this example shows that the lower bound in Theorem 3 is not always sharp.
For p = 2 and T = 3, we have 27 — |D| = 0, so the theorem does not guarantee the
existence of any fixed-effect-free moment functions. Nevertheless, such functions do
exist, as demonstrated above.

Secondly, the first moment function implies that 7, is point-identified in this model,
since exp(—~1) is strictly monotonic in 7, and thus the moment function is strictly
monotonic as well. Once 7 is identified, the second moment function then identifies
through the same logic. This result provides analytical confirmation of earlier numerical
findings in Honoré and Kyriazidou (2019) that suggested identification might be possible
in this setup, even though conditional likelihood methods do not apply.

Thus, the moment condition approach point-identifies both 7, and 75 in this model
as soon as T' > 3. By contrast, as noted in Remark 3.3, the sufficient statistics approach

can identify only v, and requires at least T' > 4 to do so.

4.3.3 Panel AR(1) with quarterly fixed effects and covariates

Next, consider the extension of Example 3.5 with strictly exogenous covariates. For

this specification, we have m,(Y*™!, X;,0) =Y, 17+ X;8 and wy = (w1, w9, Wy 3, Wea)
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where w;, is an indicator for quarter ¢ € {1,2,3,4}. It follows that

D(yo,X,e):{(kmL Z ke, Z ky, Z ke, Z ke) -

tzl(mod 4) t= 2(mod 4) t= 3(m0d 4) = O(mod 4)

ki € {0,1} and k; € {0,1,2} V¢t > 2}

with cardinality |D(Y?, X,0)| = (QL
Hence, the bound 27 —

T 2) (2R +3) LR +3) (2LF) + 1)
|D(Y?, X,0)| of Theorem 3 becomes positive as soon as T > 12,
ensuring the existence of moments. While informative, this bound is conservative in
this instance since in the absence of regressors (which does not alter the bound here),
Example 3.5 already indicated the existence of identifying moments for T'= 6. Indeed,
one can construct two linearly independent moment functions m; and ms with 7' = 6

periods. Using the shorthand x;s = x; — xs for t # s, my is given by

(

exp(7[(1 — o) + 1] + (zs1 + 226)'B)  if (y1,Y2, Y1, Y5, ¥6) = (1,0,1,0,1
exp(Y(1 = yo) + (z51 + 726)' ) if (y1,9Y2, Y4, 5,96) = (1,0,0,0,1
exp(v(1 — o) + 25, 3) if (y1, Y2, Ya, Y5, ¥s) = (1,0,1,0,0
exp(—yyo + 51 3) if (Y1, Y2, Y4, Y5, ¥6) = (1,0,0,0,0
exp(zhef) — 1 if (y1,y2,vs,y6) = (0,0,0,1)
—1 if (y1,92,95) = (0,0,1)

ma (Y, Yo, ,0) = 4 exp(—yyo + (51 + z62)'B) if (y1, Y2, Y1, Y5, ¥6) = (1,1,1,0,0)
exp(=7y(1 + yo) + (251 + 762)') if (1,92, Ya, Y5, ¥6) = (1,1,0,0,0)
exp(v(1 = yo) + 25, 3) if (1,92, Ya, Y5, v6) = (1,1,1,0,1)
exp(—yyo + 51 3) if (Y1, Y2, Y4, Y5, 96) = (1,1,0,0,1)
exp(rf,3) — 1 if (y1,¥2,95,96) = (0,1,0,0)
—1 if (y1,92,95) = (0,1,1)
0 otherwise,

37



and ma(y, yo, z,0) is obtained by substituting y; by (1 — ;) for t = 0,...,6 and =z
by —z in the expression of m4(y,yo,x,0). In other words, ms(y, yo,x,0) = mi(1 —
y, 1 — yo,—x,0). We refer readers to Appendix A.2 for detailed derivations of these

expressions. Remark that the two moment functions depend on the common parameter

0=(v,0).

4.3.4 Moment conditions in Graham (2016) with additional covariates

As an illustration of how the lower bound of Theorem 3 can be applied to probe the
existence of moment conditions in networks, consider the extension of Graham (2016)
introduced earlier, incorporating strictly exogenous covariates X. In this setting, we
specify m (Y™ X, 0) = Yij 17+ Rij-—10 + X, 3, where t = (i, j,7) indexes dyad-time
pairs, and w,; denotes the basis vector in R() with entry one for dyad (i, j), and zeros

elsewhere. Under this formulation, the model described in Assumption 3 becomes

exp (Yijr—17 + Rijr—10 + X{8 + Ajj)

p }/7,7':1 }/;‘T—JRi‘T—7X7A7;‘ -
(¥ [ Yoo i1, X Ay) 1+ exp (Yijr—17 + Rijr—10 + XiB + Ajij)

Since Rjj,—1 := Zkﬂj Yikr—1Yjk-—1, for any fixed covariates X, the structure of m,

implies that it can take at most 2(n — 1) distinct values. Consequently, we have

0 1 ifr=1
Qt(y 7Xa0) =

2n—1) ifr>2

and hence

T
D(Yy, X) = { Zkt wy, such that Vt = (i, 7,7),
t=1

ifr=1, k e{0,1},

if 7> 2, kte{O,l,...,2(n—1)}}.
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A straightforward counting argument then gives |[D(Y?, X, 0)| = [2(T — 1)(n — 1) + 2]@)
and Theorem 3 implies the existence of at least 27 —|D(Yy, X)| = 27 —[2(T — 1)(n — 1) + 2] ()
moment functions free from the fixed effects. Since log |D(Y?, X, 0)| grows approxi-
mately proportionally to log 7 - the number of time periods - while log(27) = log(2) (Z’)T
grows linearly in 7, the existence of moment conditions is guaranteed for sufficiently
large 7. For example, in the simplest case with n = 3 agents, the lower bound is

positive as soon as 7" > 4. In fact, Dano (2023) shows that there is generally as much

n

2) fixed-effect-free moment conditions with only 7' = 3 periods that are explicitly

as(

given by:

my (Y, V0 X, 0) = 1{Ys = y}exp {Z(Y;'j,:% —¥ij) [Y(Yij1 — yig) + 0(Rija — ri) — (Xijz — Xij,z)/ﬁ]}

1<J
X eXp {_ > Vi = i) W(Yigo = yig) + 6(Rijo — rig) — (Xijs — Xij,l)'ﬁ]}
i<j

—1{Vi=y}

where y denotes an undirected network, and 7;; :== >, 2i i YikYik denotes the number of

friends that agents ¢ and j share in common in y.

4.4 Main Takeaways

e The moment function approach developed in this section — also known as func-
tional differencing, following Bonhomme (2012) — provides a powerful alternative
to the conditional likelihood strategy based on sufficient statistics. In particular,
the examples above show that fixed-effect-free moment conditions exist even in
dynamic models with arbitrary covariate variation, where sufficient statistics ap-
proaches typically fail. This includes models with general time-varying covariates,

heterogeneous time trends, and rich dynamic structures.

e Theorem 3 offers a general and easy-to-verify sufficient condition for the existence

of such fixed-effect-free moment functions. While the lower bound it provides is
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5

not always sharp, it guarantees the existence of moment conditions for sufficiently
large T in a broad class of models. For example, in the AR(2) model without
covariates, the theorem does not predict the existence of moments at T' = 3, but

still confirms their existence for T > 4.

Even when moment conditions are known to exist, their explicit construction and
the demonstration that they identify the parameters of interest typically require
model-specific derivations. In some models, analytical expressions can be derived,

while in others, numerical methods, as in Bonhomme (2012), may be required.

Unlike the sufficiency-based approach, which relies on conditional likelihood and is
typically estimated via conditional MLE, the moment-based approach leads nat-
urally to GMM estimation. Once a sufficient number of valid moment conditions
are constructed, and the model parameters are identified, standard GMM theory
yields root-n consistent and asymptotically normal estimators under appropriate

regularity conditions.

Conclusions

This paper has reviewed and extended two approaches for eliminating fixed effects

in logit models: the conditional likelihood method and the construction of moment

conditions. While the results are conceptually clean and methodologically promising,

several important challenges remain, pointing to avenues for future research.

First, the moment-based framework often yields a large number of conditional mo-

ment conditions, linking it to the broader literature on optimal moment selection in

panel data. Prior work, including Bekker (1994), Donald and Newey (2001), Alvarez

and Arellano (2003), and Okui (2009), has shown that using too many valid moments

can introduce substantial finite-sample bias. This suggests that future research on non-

linear models should integrate identification strategies with principled approaches to

moment selection.
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Second, our focus has been on identifying and estimating structural parameters,
rather than computing counterfactuals or marginal effects. In panel data settings,
these quantities are typically not point-identified, even when the structural parameters
are. Extending the methods discussed here to incorporate bounds on marginal effects,
such as those proposed by Pakel and Weidner (2024) and Davezies, D’Haultfeeuille and
Laage (2024), would enhance the empirical relevance of the fixed effects framework.

Finally, and perhaps most critically, the models considered here assume strict exo-
geneity of the explanatory variables (aside from lagged outcomes). This assumption is
often unrealistic in economic applications. While recent work by Arellano and Carrasco
(2003), Botosaru, Loh and Muris (2024), Bonhomme, Dano and Graham (2023), and
Bonhomme, Dano and Graham (2025) has made progress in relaxing this assumption,
much remains to be done to develop robust methods that accommodate predetermined

regressors in nonlinear panel models.
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A  Proofs

Proof of Lemma 1. Assume first that there exist vy, y» satisfying the assumptions
in the lemma. In that case w, = y; — y, satisfies w; € {—1,0, 1}T and Ww; = 0. We
have thus shown the “only if direction” of the lemma.

Conversely, let w;, € {—1,0,1}T be such that w, # 0 and Ww,; = 0. Define y; and
Yo to be the T-vectors with components y;; = L(w,; = 1) and yy = L(w, ¢ = —1),
for t € {1,...,T}. Since w; # 0 we have y; # ys. Since the definition of y; and ys
implies w; = y; — yo, and Ww, = 0, we have Wy, = Wy,. We have thus shown the “if

direction” of the lemma. =

Remark A.1 Notice that in the last paragraph of the proof, the choice of y1 and 1y

was somewhat arbitrary: Fort € {1,...,T} with w, s = 0 we chose Yy = yo = 0, but
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Y1t = Yor (equal to zero or one) would have been sufficient to deliver the desired result.
In other words, wy ; generally does not determine y, and yo uniquely. However, purely
from an identification perspective (completely ignoring finite sample properties), having
multiple pairs y1, ya2 corresponding to the same w, ¢ s actually not useful, because all
those pairs identify the same parameter component ' Xw, ;. In that sense, from an

identification perspective, the w, can be viewed as more fundamental objects than the

pairs yi, Y-

Proof of Theorem 1. Let w; € {—1,0,1}T be a column of W, and let y;,y» €
{0,1}T be a corresponding outcome pair as guaranteed by Lemma 1. By construction,

we have w; = y; — y». Then, using equation (2), we obtain

1
lo = ,XUJJ_,
g([Pr(yzyl{X,Ye{yl,yg})}‘1—1> b

which shows that '’ Xw, is identified from the data. Since this holds for every column of

W, it follows that the vector z(X) := 8/ XW is point-identified from the distribution
of the data.

Now suppose, contrary to identification, that there exists an alternative parameter
vector E = [ such that all assumptions of the theorem are satisfied. Then by the same

logic, we must also have z(X) = E’ XW , which implies
(B—B)XW, =0 as.

Let b:= (5 — E . Then the above equation reads Y XW, = 0 almost surely, contradicting
the non-collinearity condition assumed in the theorem. Therefore, no such B # [ can
exist, and [ is identified. m

Proof of Lemma 2. Write m; for m(y"!,0), and 7; for m ("', 6). By assumption

(i) of the lemma, the likelihood ratio simplifies to:

Pr(Y:y|Y0:y0,A - ! 1+ exp(7, + wjA)
= 9
(Y — 7 —_— = exp Z 3/t7Tt 7 ytﬂ't tl_Il—i-eXpﬂt—i-th)
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Under assumption (ii) of the lemma, all the terms in the last product cancel pairwise

due to the permutation condition, that is,

ﬁ 1 +exp(@, +w;A)

1+ exp(m + w,A)

t=2

Combining the last two displays gives the desired result. m

Proof of Theorem 2. The theorem is almost an immediate corollary of Lemma 2.
The only subtlety is that for part (i) of the theorem, we need to show that assumption
(ii) of Lemma 2 holds for this model, that is, that [(wt,yt_l) ot =2,... ,T] is a
permutation of [(wt,gjt,l) tt=2,... ,T]. To establish this, note that the sufficient
statistic (WY, WY},e) provides us with the constraints:

T T
Z WYt = Z WY, (10)

t=1 t=1

T T
Zwtyt—l = Zwt?jt—l- (11)

t=1 t=1

The key insight is that each wy, is a standard basis vector in R% due to the restrictions
in (6). Specifically, we can write w; = e;, where j; € {1,...,d,} and e; is the j-th

standard basis vector. Under this representation, constraints (10) and (11) become:

For each j € {1,...,dy}: Z Y = Ut, (12)
L= L=

For each j € {1,...,dy}: Z Ypo1 = Tr—1. (13)
gt =7 t:jr=J

Since y;, 9 € {0, 1}, constraints (12) and (13) imply that for each group of time periods

with the same w, value (i.e., for each j € {1,...,dy}):

e The number of ones in {y; : t € {1,...,T},j; = j} equals the number of ones in
{gt ‘te {17--'7T}7jt :j}

e The number of ones in {y;_; : t € {2,...,T},j; = j} equals the number of ones
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in {gt—l tte {27"'7T}7jt :j}

This means that within each group defined by w; = e;, the binary values can be
rearranged such that the pairs (wy, y;—1) from the y sequence match the pairs (wg, §;—1)
from the gy sequence in terms of their frequency distribution.

Since this matching property holds for each group separately, and the groups parti-
tion the index set {2, ..., T}, we conclude that the sequences [(wt, yt_l) t=2,...,T
and [(wt, gH) t=2,... ,T] are permutations of each other.

Therefore, condition (ii) from Lemma 2 is satisfied. Combined with the fact that
condition (i) of the lemma follows directly from constraint (10), we can apply the lemma
to establish that the distribution ratio does not depend on A, which proves part (i) of
the theorem.

Part (ii) follows immediately from the identification condition in the lemma and the
specific form 7, (y*1,0) = y;_17 in the AR(1) model. =
Proof of Theorem 3. We drop most arguments Yy, X throughout this proof.

1

We also use y'~! simply to denote the vector (y;_1,%; 2,...,%1) (i.e. dropping Y?).

Define a; := exp(w; A) and b, , := exp(m ), where 7, denotes the elements of 11, with

ge{l,...,Q.}. Also, let ¢(y"") be such that b 4-1y = exp(m(y'")). Then,

t=1
T Q: 1
= H H _— H (bt7q(yt—l)>yt (at)yt H (1 + bt,q Clt)
b1 e 1 + bt,q Ay - B
Nl q=1 t=1 N qe{lv"'th}\q(yt 1) ,,
—x(a) —u(g.a0)
T
= KJ(G’) H ¢t(y7 at)a
t=1
::¢(y7‘4)
where for each t the corresponding
Q1
Gy, ar) = Z cr(y)a
k=0



is a polynomial in a; with Q; + 1 powers between a? and a;**. Using this we find that

By, A) = Ely) exp(d'A)

deD

Therefore, a moment function satisfies (9) for all A if it is orthogonal (in the 27 dimen-
sional outcome space) to all ¢; vectors, which is one linear condition on the moment

function for every d € D. The number of solutions is therefore at least 27 — |D|.

A.1 Sufficient statistics for AR(p) models with p > 1

Consider

Pr(Y:y‘YozyO,A)

T —Yt t
mh LT exp (07 yer e +w) A) L+exp(DV  Yer e +wiA)]

which extends (7) to an autoregressive model of arbitrary order p > 1. Let y, g € {0,1}7
denote two outcome paths. In this model, conditions (i) and (ii) of Lemma 2 correspond

to
(1) Yooy wige = Y0y widh-

(ii) [(wt, > Y %) :t=2,...,T| is a permutation of [(wt, > Y %) ct =

2., ,T]
Let C;,, denote the set of all combinations of l-elements i = (i1,...,%;) drawn from
{1,...,p}. A key observation is that condition (ii) means that y,y” produce the same

proportions of pairs {(meé 1%3)} forl=1,...,p,t =2,...,T. In view of
1€

Cip

(14), this can only be the case if for each i € C;,, and associated pair <wt, 22:1 'yl-j>,

we have
T l p T l p
Swllve, 1] 0-wad=w][oe, I 0
t=2 =1 k=1 t=2 i=1 k=
’ k¢{i17--'7} ! k)%{’il,}.,il}
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These conditions are collectively equivalent to

T T !
Zwtnyt,ijzzwtnﬂpii, VieC,, [(=1,....p (15)

Lemma 2 ensures that if (i) and (15) are satisfied, the likelihood ratio %}m

is free from A. For the special case p = 2, we have C15 = {(1),(2)} and Cy2 = {(1,2)}

and (15) reduces to

T T
E Wt Yi—1 = E Wt Yt—1
t=1 t=1
T T
g Wt Yt—2 = E Wt Yt—2
t=1 t=1
T T
E Wt Yt—1 Yt—2 = E Wt Yp—1 Yr—2-
t=1 t=1

Together with (i), these restrictions coincide with (8) from the main text.

To understand why the conditional likelihood approach fails to identify ~; in the
AR(2), recall that each weight vector w; = (wy1,...,w;q,) satisfies wyy € {0,1}, for
all k € {1,...,d,}, and ZZ; wy = 1. This structure implies that the conditions in
(8) yield the following equalities: (a) 21, v = S0y % (b) S0y %1 = Sopy Tt
(c) 23—1 Yt—2 = 23—1 Gi—2 and (d) 23—1 Yt—1Yt—2 = 23—1 Yt-1Yi—2. Furthermore,
since the initial condition y° = (yo,y—1) € {0,1}* is held fixed across y, g, we have (b)
Zt 1 9 = Zt:ﬁ G, (c) Zt;l Y = Zt; gy and (d) Zt:il Y Yp—1 = Zt;l Ut Yt—1-
From (b) and (c), we deduce that yr_; = yr_1; then from (a) it follows that yr = yr.
Using these equalities in (d), we find: Z; YY1 = ZL Ut Js—1. This last condition

implies that the likelihood ratio given in Lemma 2 simplifies to

Pr(Y = y|Y? =19 A) ZT: i)
— o — .0 = eXp 72 [Yeyt—2 — UiTr—2] ¢
Pr(Y = g|Y0 =40, A) —

o1



which is independent of ;. For the general AR(p) case, one can extend this reason-
ing to show that the conditional likelihood approach fails to identify the first (p — 1)

autoregressive coeflicients 71, ..., v,_; under conditions (i) and (15).

A.2 Moment functions for the panel AR(1) with quarterly

fixed effects and covariates

The moment function m; presented in the main text in a very explicit form is the sum

of 9 subcomponents:

mi(Y, Y0, X,0) = Y oYYy, X, 0) + o1 (Y, Y5, X,0) — (1 - V1)

y€{0,1}2

where for y = (ys3,v4) € {0,1}?,

PO (Y, Yo, X, 0) = 6 (Y, Yo, X, 0) — w, (Yo, X) Y16l (Y, Yo, X, 0)
S(Y, Yo, X, 0) = (1 = Vo) 1{V3 = y3, Yy = gy }(1 — Y5)e 001 X5)
oY, Yo, X,0) = ¢ (Y, Yy, X, 0) — wy, (Yo, X)Y16 (Y, Yo, X, 60)
OV (Y, Yo, X, 0) = Yol {Ys = y5, Yy = ya }(1 — Y)Y (1HX6:0)

with w, (Y, X) = 1 — e~ o+t Xsh and using the shorthand X, = X, — X,. The
blueprint behind this construction is the following. For any y = (ys, y4), it follows from

the definition of ¢\ (Y, Yy, X, 6) that

@ 1 ey3(X3B+A3)  pya(vys+X|f+Aq) 1
E [o\"(Y, Yy, X, 0)[Yo, Y1, X, A] = 1 & eIt X568+ A2 | 4 oX4B+As | 4 ovustX4PHA1 | 4 gvyat X4p+AT
X§B+A
(% A+ C O
1+ eXeftA2 1 + eXeftAs
e¥s(X5B+A43)  oya(yys+X)B+A4) 1 1

1 + eX3B+A3 1 4 eyt XiB+As | 4 eyatXgB+AL | 4 o XGA+A2

o2



Therefore, by the law of iterated expectations

E [0\ (Y, Yo, X, 0)[Yo, X, A]

=E [\ (Y, Y0, X, 0) — w, (Yo, X)V16{" (Y, Yo, X, 0)|Yp, X, A]
=E[E [¢) (Y, Y5, X,0)[Yo, Y1, X, A] [Yo, X, A]

— wy (Yo, X)E [ViE [¢{" (Y, Y5, X, 0)[Ys, Y1, X, A] [ Yo, X, A]

e¥3(X5B+A43)  pya(yys+X}B+A4) 1 1

1 4 eXaB+A3 1 4 et XiB+As ] 4 eyatXgB+AL | | o XGB+A2
VYot X1B+A1  ous(X3B+A3)  cya(vys+Xi8+A4) 1 1

— (1 = e Yotryat X5 8
1 + Yot XiB+A1 | 4 oX5B+A3 1 4 s+ XiB+As | 4 eryatXgh+A1 | 4 o XB+A2

7Yo+X18+A
= 1 — (1 = e Yotryat X5, € ' 1
1 + eryatXgB8+A1 1+ Yot X1B8+A1 ] 4 eryatX5B8+A1
e¥3(X58+A43)  pya(yys+X;B+As) 1

1 4 eX5B+A43 1 4 1+ XiB+As | 4 oXiB+A2
1 e¥3(X5B8+A43)  oya(yys+XB+Aq) 1

1 + Yot XiB+A1 | 1 oX5B+A3 1 4 ey +XiB+As | 4 o XGA+A2

where the last equality exploits the partial fraction decomposition identity (c.f Lemma

6 in Dano (2023))

L g evta 1
— 6 p—
1 + evta (]_ + ev—i—a)(l + eu+a) 1 + euta

Now, by summing over all possible combinations of y = (y3,y4), we obtain:

1 1
E (a) —
E , Py (Y’ Yo, X, 9)|Yb’ X, 4| = 1 + eYYotXiB+A1 | 4 oXgB+A2 (16)
ye{0,1}

Next, applying the same reasoning to qb(yb) (Y, Yq, X, 0) and goéb) (Y, Yo, X, 0), we get

e¥3(Y+X58+43)  oua(vys+X 8+A4) 1 eX6B+Az

(b) —
E [¢y (Y, Yo, X, 0)[Yo, Y1, X, A} 14 e HXEBHAS | L e st XiB+HAL | | ot XEA+HAL | | p XA+ A
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and

1 e¥s(Y+X38+A43)  cua(vys+XiB+As)  XGB+A2

(b) _
E [(‘Oy <Y’ YO’ X’ 6)‘%7 X’ A} o 1+ eYYo+Xi8+A1 q + eV +X58+As 1 + e s +XiB+As | + eXeB+A2

implying in turn that

1 eXéB-i-Az

El Y ¢)(¥.Y, X0 X A

y
yef{0,1}2

T 11 oot XiBtA1 | 1 oXeftAz (17)

Adding up (16) and (17) finally yields

1
T 1 1 eVorXiAA

E| Y @Y, X.0) + o0 (Y, Yo, X,0)[Yo, X, A

yef{0,1}2

whereupon E [m;(Y, Yy, X, 0)|Yy, X, A] = 0. To see that mo(Y, Yy, X, 0) = my(1 —
Y, —X;0) is also a valid moment function, it suffices to note that the model probabilities
Pr (Y =y | YO X, A) of the AR(1) model with quaterly fixed effects are invariant under

the symmetry transformation:
Vieol1-Y, X< -X, 00, Ao —-A.—v Vke{l,... 4}
This implies that

E[TT@(K%,X,H)D{] :y07X :I,A:CL] :E[ml(l —Y7—1379)|}/b :y07X:x7A:a’]
=E[m (Y. Yy, X,0)|Yo =1—yo,X = -2, A= —a — 1]

=0

o4
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