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Abstract

Many panel data methods, while allowing for general dependence between covariates and
time-invariant agent-specific heterogeneity, place strong a priori restrictions on feedback: how
past outcomes, covariates, and heterogeneity map into future covariate levels. Ruling out feed-
back entirely, as often occurs in practice, is unattractive in many dynamic economic settings.
We provide a general characterization of all feedback and heterogeneity robust (FHR) moment
conditions for nonlinear panel data models and present constructive methods to derive feasi-
ble moment-based estimators for specific models. We also use our moment characterization to
compute semiparametric efficiency bounds, allowing for a quantification of the information loss
associated with accommodating feedback, as well as providing insight into how to construct
estimators with good efficiency properties in practice. Our results apply both to the finite di-
mensional parameter indexing the parametric part of the model as well as to estimands that
involve averages over the distribution of unobserved heterogeneity. We illustrate our methods
by providing a complete characterization of all FHR moment functions in the multi-spell mixed
proportional hazards model. We compute efficient moment functions for both model parameters
and average effects in this setting.
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An econometrican randomly samples units from a population of interest. For each sampled
unit ¢ = 1,..., N, let Y;; denote a period t = 1,...,T outcome, X;; a corresponding vector
of covariates, and A;, a latent variable representing unmeasured unit-specific attributes.
Importantly, A; is constant over time and may freely covary with the regressors, X1, ..., X;r.
An initial condition, Yjq, is also observed. Panel data of this type feature prominently in
empirical research in economics and other fields. That panel data offers the possibility to
“control for” the correlated heterogeneity, A;, is a key attraction.

While “fixed effects” panel data methods place no restrictions (beyond mild regularity
conditions) on the joint distribution of the initial condition Y;y and latent heterogeneity A;,
they generally do place strong restrictions on how the outcomes Y;,...,Y;r and regressors
X1, ..., X7 relate to each other. These restrictions involve more than substantive modeling
assumptions; they also constrain what we will call the feedback process, whereby past out-
comes and covariates Y;; 1, Y o,..., Yo, Xst—1, Xit_o, ..., X;1, as well as heterogeneity A;,
influence current covariates Xj;.

Feedback arises naturally in many dynamic economic problems. For example, a firm’s
optimal investment rule typically varies with its current capital stock (and hence past in-
vestment decisions) as well as past productivity shocks (and hence its output history), see,
e.g., |Olley and Pakes (1996) and Blundell and Bond| (2000). A doctor may adjust a patient’s
treatment protocol in a way which depends on her perceptions of their health response to
past treatments (e.g., Robins, |1986)). A worker’s decision to participate in job training may,
as is typically the focus in evaluation studies, influence their future labor market outcomes,
but participation may also depend on their past labor market experiences (e.g., |Ashenfelter]
1978; |Ashenfelter and Card), [1985)).

One approach to handling feedback, indeed the leading one in empirical work, rules it
out a priori. This corresponds to maintaining the strict exzogeneity assumption formulated
by |(Chamberlain| (1982a,b)). Strict exogeneity assumptions underpin, albeit generally implic-
itly, many panel data based approaches to program evaluation (see Ghanem et al. 2022
on difference-in-differences methods). The overwhelming majority of nonlinear panel data
estimators also require strict exogeneity (see |Arellano and Honoré, [2001} |Arellano and Bon-
homme, [2011)). Strict exogeneity, while a convenient assumption for estimation, is restrictive
in many economic applications. Ironically, although (Chamberlain (1982b|, 1984)) emphasized
the testable implications of strict exogeneity, today the assumption is so common as to often
go unmentioned in applied work.

A different approach, pioneered by |Robins| (1986), assumes that the feedback pro-
cess is homogeneous. By homogeneous we mean that the mapping from past outcomes,

Yii_1,Yi_9,..., Y0 and covariates X;;_1, Xj1_9, ..., X;1 to the current covariate, X;;, does not



vary with A;: it is identical across agents. This is a powerful simplification, leading to feasible
nonparametric and semiparametric estimators (e.g., Robins|, 2000). However, the restriction
to homogeneous feedback, like strict exogeneity, is a strong assumption. It rules out, for
example, a firm’s investment rule varying with its persistent productivity level. Robin’s
(1986)) setup is often plausible in environments where the researcher controls X;;, such as in
a dynamic experiment. Strict exogeneity and homogeneous feedback are non-nested assump-
tions; but both restrictions correspond to a subset of the set of the data generating processes
covered by our results.

In this paper we study nonlinear panel data models with wunrestricted heterogeneous
feedback and correlated heterogeneity. Almost 25 years ago, surveying the then extant work

on nonlinear panel data analysis, Arellano and Honoré (2001, p. 3265) observed:

The main limitation of much of the literature on nonlinear panel data methods
is that it is assumed that the explanatory variables are strictly exogenous in
the sense that some assumptions will be made on the errors conditional on all

(including future) values of the explanatory variables.

Arellano and Honoré’s (2001) observation remains largely true today. (Chamberlain (2022)),
in a paper first circulated in the early 1990s, studied a class of panel data models with multi-
plicative heterogeneity defined by sequential moment restrictions. Certain panel data count
models are covered by his results (see |Chamberlain, [1992; Wooldridge, (1997 Blundell et al.
2002; [Windmeijer, [2008). Feedback in dynamic linear panel data models with sequential
moment restrictions is also well understood (e.g., |Arellano and Bond, [1991; |Arellano and
Bover], 1995 |(Chamberlain|, 1992} Hahn, 1997; |Ai and Chen, 2012). However, outside the
setting studied by |Chamberlain| (2022) that includes linear models as a special case, very
little is known about panel data models with unrestricted feedback/f]

We characterize the set of feedback and heterogeneity robust (FHR) moment conditions
in nonlinear panel data models with feedback. We work in a likelihood setting where the
outcome density depends on a finite-dimensional parameter, and both the feedback process
and the unobserved heterogeneity distribution are unrestricted. Our results cover both the
finite-dimensional parameter indexing the parametric part of the model, as well as estimands
which involve averages over the distribution of unobserved heterogeneity and feedback (e.g.,
average partial effects, average treatment effects and other average effects). We also charac-

terize semiparametric efficiency bounds for the common parameter and average effects. We

'Buchinsky et al. (2010) show how to compute semiparametric efficiency bounds in dynamic discrete
choice models that feature feedback. Recently, in independent work, |Botosaru et al| (2024) and |Chesher
et al.| (2024]) propose innovative approaches to static and dynamic nonlinear panel data models.



demonstrate how these results may be used to find feasible estimating equations with good
efficiency properties in practice.

To illustrate the power of our approach, we include a complete characterization of all FHR
moments in the multi-spell mixed proportional hazards (MPH) model with both feedback
and lagged duration dependence. [Heckman and Borjas (1980) emphasized the importance of
incorporating these phenomena into duration analysis, although we are not aware of methods
for doing so beyond those appearing in the unpublished dissertation of [Woutersen! (2000).
Hahn (1994)) studied efficiency bounds in the multi-spell MPH model under strict exogeneity
and no lagged duration dependence (see also |[Ridder and Woutersen|, 2003 for related work
on estimation of MPH models).

In the next section we formally define the class of semiparametric, nonlinear panel data
models with feedback. Section [2| presents our first main result: a complete characterization
of the set of all feedback and heterogeneity robust (FHR) moment conditions. This extends
the characterization obtained by functional differencing (Bonhomme, [2012), which requires
strict exogeneity, to models with unrestricted feedback. Section |3| provides a similar charac-
terization for average effects. Section [d] presents the semiparametric efficiency bound analysis.
There we demonstrate that the orthogonal complement of the nuisance tangent set coincides
with the set of all FHR estimating equations. This result has important implications for
efficient estimation. Specifically, we show how to construct FHR moment functions that
have good efficiency properties, leading to locally efficient estimators in the sense of |[Newey
(1990). Throughout we use the MPH model to illustrate key results in a concrete setting.
Our MPH results are novel and of independent interest. Finally, in Section [6], we touch on a
number of important additional issues, including existence of FHR moments, regularization,

and additional novel examples.

Notation. In what follows we generally suppress the ¢ subscript when referring to a single
random draw from the cross-sectional population. Hence, for example, Y; denotes the period
t outcome of a randomly sampled unit and A its unobserved, time-invariant, attribute. We

let Z' = (Z;,Z;_1,...) denote the entire observed history of Z; and Z5" = (Z,,...,Z;) its
history from periods s <t to t.

1 Panel data models with feedback

In this section we introduce the semiparametric panel data model with feedback, connect this
model to the more restrictive one which maintains strict exogeneity, and formally state our

main research questions. Throughout this section, and those that follow, we illustrate key



results in the context of a multi-spell mixed proportional hazards (MPH) model with lagged

duration dependence and feedback.

1.1 Setup

Let {(Xi1,...,Xir, Y50, Y, ..., Yir, A;))};2, be an independently and identically distributed
random sequence drawn from some distribution function F. The sole prior restriction on F
is that the conditional density of Y; at y, given the past y'~!, regressor history !, and latent
unit-specific heterogeneity a, belongs to a known parametric family indexed by the unknown
parameter § € © C R¥ :

f (yt’ytilaxtaco = f9 (yt|ytilaxt>a) = f9 (yt| ytflvxtaa% t=1,....T, (1)

for some 0 € ©. The density fy (y¢|yi—1, ¢, a) is the parametric component of our SetupEI
Familiar nonlinear examples of include binary choice logit models (Chamberlain|, 1980,
2010; Bonhomme et al., [2023; Honoré and Weidner, |2024) and count models (Chamberlain,
1992, 2022; \Wooldridge, (1997). Specific forms for fy (y¢| yi—1, ¢, a) also arise in the context of
dynamic structural models (e.g., |Aguirregabiria and Mira, 2010)). Observe that the paramet-
ric families, fy (v yi—1, 2+, a) and fp (ys|ys—1, s, a) need not coincide for s # ¢; this allows

for time effects and other forms of nonstationarity.

Example 1. (MIXepD PROPORTIONAL HazArRDS (MPH) MopEL) Let {Y;}/_, denote a
sequence of durations, or spell lengths, with X; a corresponding vector of beginning-of-
spell covariates; Y, is an “initial duration”. For example, Y; might equal time to re-arrest
following an agent’s t'* release from prison while X, might include measures of their post-
release support and supervision. Since support and supervision, X;, might depend on the
previous time to re-arrest, Y;_1, as well as unmeasured agent attributes, A, heterogeneous
feedback is plausible.

The MPH model was introduced by |Lancaster| (1979) and Nickell (1980)) for single-spell
data. (Chamberlain (1985)) studied identification and estimation with multi-spell data un-
der strict exogeneity. Hahn (1994) derived the semiparametric efficiency bound for both
the single- and multi-spell case (the latter under strict exogeneity). Heckman and Borjas
(1980) emphasize the relevance of lagged duration dependence and feedback in labor market

applications.

2While imposes that only the contemporaneous regressor and the first lag of the outcome matter,
additional lags could be easily accommodated in what follows.



The instantaneous conditional hazard rate is given by
Ay Y =y X = 2", A= a) = Ao () exp (Vg1 + 246 + a), (2)

with A, (y¢) a known parametric family of baseline hazard functions indexed by a (we em-
phasize the Weibull case with A, (1) = ay® ! below). Under the conditional density at
Y, =y is

fo (el y' =" 2", a) = Ao () exp (vyu—1 + 48 + a) exp (—pp (1) €%) , (3)

for 2 = (yotu—1,21)", po(2) = Mo (yo) exp (yymr +218), 0 = (o/,8',7)', and Aq () =
J3 Aa (u) du the integrated baseline hazard.

Example 2. (Po1ssoN MoDEL) Let {Y;},_, denote a sequence of counts, for example the
number of patents awarded to a firm in a year, as in Blundell et al.| (2002), and X, a vector

of time-varying regressors. For t = 1,...,T we have
Y| Y7 X A ~ Poisson (exp (7Y + X;8 + A)), (4)

with Yy an initial count. (Chamberlain| (1992)) and [Wooldridge| (1997)) proposed GMM esti-

mators for § = (3',7)" in this model. Windmeijer| (2008) reviews extant results.

Returning to our general setup, sequentially factorizing the joint density of
Yo, Yi,...,Ypr, Xq, ..., X, A at yo, Y1, ..., Y1, 1, . . ., o7, a yields the following expression for

the likelihood contribution of a single unit:

A
E(Q’g’ﬁ,y|yT7q;T) = Hf(xtayt|xt_17yt_17a) f(ylly()wrlaa)f(a|y07x1)f<y0axl)
Lt=2

T T
~ 1 (sl vrezea)| x |TLo (el y' 2" a)
e
_t:l Parametric‘,component _t:2 Feedba;krprocess
x m(alyo,x1) X v (yo,T1) , (5)
———— ——
Heterogeneity Initial condition

where the second equality follows by imposing the parametric assumption ({1) and establishing

the following notations:

(i) g (z¢]y'=t, 271, a), denotes the density of X; at x; given the past (y*~1, 2!~!) and het-

erogeneity a;



(ii) 7 (a|yo, 1), the conditional density of A at a given the initial condition (yo,x;); and
(ili) v (yo,z1), the initial condition density.

While fp (y:| 4", 2%, a) belongs to a parametric family, the remaining components, items (i)
to (iii) above, are all unrestricted. We call this model the semiparametric panel data model
with feedback.

In what follows we call the T—1 densities g (z7|y" ™, 277", a), g (zr_1|y" 2,272, a), ...,
g (x| y*, w1, a) the feedback process. This process describes how past values of the outcome
influence current regressor values. Because it depends on A, the feedback process is heteroge-
nous across units. We do not impose any stationarity over t = 1,..., T, so g (x| y* 1, 271 a)
and g (xs|y*1, 271, a) for s # t may differ arbitrarily. When X; is a policy variable, such
flexibility accommodates un-modeled regime shifts (e.g., as when a change in tax policy alters
firm investment behavior). We use the notation g to denote a generic element of the set of
all allowable feedback processes G. We call 7 (a| yo, 1) the heterogeneity distribution; this
density describes the distribution of unobserved heterogeneity, A, across units as well as any
dependence of this heterogeneity on the initial condition, (yo, ;). Let m denote a generic
element of the set of all allowable heterogeneity distributions, II. Finally we let v € N denote
an element of the set of all possible initial condition densities.

Although not emphasized in our exposition, it is straightforward to incorporate strictly
exogenous regressors into the feedback model. Similarly, additional sources of heterogene-
ity, beyond A, can enter the feedback process. This generality, while important in some
applications, involves no new issues and clutters notationﬁ We also note that, although not
emphasized in most of our examples, Y; may be vector-valued in some settings.

Panel data models with feedback and heterogeneity arise frequently in economic applica-
tions. In structural dynamic choice models, agents’ dynamic optimization typically leads to
a likelihood function of the form , where Y; contains choice variables of interest, as well as
payoff variables, and X; contains dynamic state variables and un-modeled choice variables;

see Aguirregabiria and Mira, (2010) for an exposition in the case of models with discrete out-

3To be specific: let W7 contain all leads and lags of a vector of strictly exogeneous regressors and B an
additional source of heterogeneity. The results that follow are easily modified to accommodate the richer
model:

T T
£(0,9,mv]y" 2" w") ={//er<yt|y“,xt7wha> x [Hg(xt|yt—1,xt-%wT,a7b)
t=1 t=2

X T (a,b| y07x1,wT) dadb} X U (yo,xl,wT) ,

where we assume that only the contemporaneous value of W, enters the parametric part of the model for
simplicity.



comes. The moment conditions we derive are robust to any possible process for the dynamic
state variables and distribution of unobserved heterogeneity.

Feedback also arises in program evaluation settings. Let Y; denote earnings and X; recent
past participation in a job-training program. |Ashenfelter| (1978) observed that Manpower
Development and Training Act (MDTA) trainees had unusually low earnings in the year
prior to undertaking training, consistent with a behavioral model where poor labor market
outcomes (low values of ¥;_;) induced agents to seek out training in the next period (X; = 1).
In contrast, maintaining no feedback would require that, conditional on the latent attribute,
A, a worker’s labor market history has no bearing on the decision to undertake training; a

rather strong assumption (Ashenfelter and Card, 1985)).

Remark 1.1. (STRICT EXOGENEITY) In applications, researchers routinely maintain strict
exogeneity of the regressors, X;, conditional on the latent attribute, A. Strict exogeneity im-
poses independence of Y; and (Xy41, ..., Xr) conditional on (Y, X1, ..., X, A). Chamberlain

(1982a) shows that strict exogeneity is equivalent to the following no feedback condition:
g (xt| yt_l,xt_l,a) =g (xt] yo,xt_l,a) ,t=2....T. (6)

While allows Y; to influence X; for s < t, @ rules out such feedback (we allow dependence
on the initial condition throughout). Restriction (6)) is a counterpart of Granger’s (1969)
definition of “Y does not cause X” in the panel data setting with latent heterogeneity. If X,
is a choice variable, and Y*~! is a component of the agent’s begining-of-period ¢ information
set, then (6)) typically implies strong restrictions on economic behavior (e.g., [Ashenfelter
and Card, |1985)) and/or the structure of agent’s information sets (e.g., (Chamberlain| {1984
1985).@ Our approach, by accommodating unrestricted feedback and heterogeneity, allows

the researcher to proceed without maintaining such assumptions.

1.2 The goal: feedback and heterogeneity robust estimation

In this paper we study estimation of the common parameter, 6, in panel data models when
is the only prior restriction on F (except for some mild regularity conditions). We

wish to construct estimators that are consistent irrespective of the precise instances of the

4Under strict exogeneity, the likelihood function becomes

T
KSE (977T7 V‘ yTamT) = {/ [H f9 (yt' yt—hﬂ?t,a) ™ (a/l Zy... 7IT7y0) da‘} v (907$T) ) (7)
t=1
where now the distribution of unobserved heterogeneity 7 (a|z1 ..., xr,yo) is conditional on covariates in all

periods.



feedback process, g, heterogeneity distribution, 7, and initial condition, v, which describe
the sampled data. In what follows we call such estimators feedback and heterogeneity robust
(FHR). Because strict exogeneity obtains as a special case, any FHR estimator remains valid
under strict exogeneity. FHR estimators are natural extensions of familiar “fixed effects”
approaches to estimation in panel data models without feedback. We fully characterize the
set of moment-based FHR estimators. We also derive semiparametric efficiency bounds for 6.
In particular, our results allow for a precise quantification of the information loss associated
with accommodating unrestricted feedback relative to maintaining strict exogeneity.

One alternative to FHR estimation involves assuming that both the feedback process, g,
and heterogeneity density, 7, belong to parametric families indexed by some parameter vector
n. With these additional maintained assumptions, the econometrician can then maximize the
resulting likelihood, conditional on Y, and X, with respect to both € and 7. This transforms
the problem from a semiparametric to a parametric one. Consistency of such parametric
“random effects” estimators typically requires that the additionally maintained parametric
restrictions on ¢ and 7 hold in the sampled population. Consequently, such estimators are
not generally feedback and heterogeneity robust.

We next formally define the FHR property. Let 0 € ©, and w = (g, 7,v) € Q collect all
the nuisance parameters in our model. We assume that all elements w € ) have a common
support, known to the econometrician (which may be unbounded and include the full real
line, for example, for the support of the heterogeneity A). Let Ey, [-] denote an expectation
taken under the DGP at (0, w). Let ¢y (yo, 1, - - -, Y71, %1, ..., 2x7) be a function of the observed
data indexed by 6. We say that ¢y is a FHR moment function if, for all w such that ¢y is
absolutely integrable under DGP (0, w), we have

]EG,UJ [gbe(YE)aYiv"'aYTaXla"'7XT)]:0~ (8>

The main goal of the paper is to derive moment restrictions ¢y that have the FHR
property. We will first provide a complete characterization of FHR moment restrictions for
¢ in Section Then, in Section [3] we will show how essentially the same analysis can be

used to provide a characterization of FHR moment functions for average effects of the form
p(l,w) =Eq, [hg (YT,XT,A)] ,

where hg (Y7, X7, A) is a known function of (Y7, X7, A) indexed by 6. Average effects

°In fact, our characterization of FHR moment functions remains valid if 6 is infinite-dimensional (for
example, if 6 contains nonparametric elements such as functions). However, the finite-dimensional € case
contains many important models, and all the examples we will use as illustrations feature a finite-dimensional
0 vector. We also focus on this case in our analysis of efficiency.



include a variety of causal or structural parameters, such as average partial effects, as in
Chamberlain| (1984)), and average structural functions, as in Blundell and Powell (2003)).
Since any FHR moment function is also valid under strict exogeneity, the set of all FHR
moment conditions for a given panel data model will be a subset of the corresponding set of
moment conditions derived under strict exogeneity (and characterized in Bonhomme, [2012]).
In some cases the latter set may be non-trivial and the former empty. For example, (Cham-
berlain (2010)) showed point identification of the panel logit model under strict exogeneity,
while Bonhomme et al.| (2023)) show a failure of identification in this model under feedback

(see also Section [6] below).

2 FHR moment restrictions for common parameters

This section presents our first main result: a characterization of all FHR moment conditions
for #. As an application, we also specialize our results to provide a constructive characteri-

zation of the set of all possible FHR moment conditions for the MPH model.

2.1 Main characterization of FHR moments for 6

We begin by characterizing the set of FHR moments for 6.

Theorem 2.1. (FHR MOMENT CHARACTERIZATION). Let 6 € ©. (A) Suppose that the
following T restrictions hold: (i)

T
[ oat O ool s, )t =, (9)
t=1

and (i), for all s =2,...,T,

T
[ o TT oo s, )™ does mot depend on 2" (10)
t=s

Then, for allw = (g, m,v) € Q such that Eq,, [‘¢9(YT,XT)|] < 00, we have
Eo 0o (Y", XT)] = 0.

(B) Suppose that, (i) the root density w v (/> (6’,w|yT,xT) is differentiable in quadratic
mean at w* for some w* = (g*, 7*,v*) € Q, and (i) there is a neighborhood N of w* such

that sup,en Eoolldo(YT, XT)|?] < oo, then, the converse is also true.



As an implication of Part (A) of Theorem , suppose the data is generated according to
some (0y,wp). Then any function ¢y that satisfies @ and and is absolutely integrable

under the population DGP (6, wp) has zero mean at the true 6, that is,
Eeowo [gb@o (YT> XT)] =0.

To see this, simply apply Part (A) of Theorem [2.1] with 6 = 6, and w = wy.

The first condition for the FHR property, restriction @, ensures robustness of ¢y to the
presence of heterogeneity of an unknown form. This condition is highlighted in [Bonhomme
(2012)), in a setting with strictly exogenous covariates, as the key condition ensuring valid
moment functions for 6. Under strict exogeneity, @ ensures that ¢s(Y7, X7) is conditionally
mean zero given X' and A. By the law of iterated expectations, this suffices to ensure that
it is unconditionally mean zero as well. The functional differencing approach then provides
a general recipe for constructing functions ¢y satisfying @D

To illustrate how the presence of feedback modifies the interpretation of condition @D,

consider the T" = 2 setting. In this case, the condition is

/ {/ o (yo,yhyz,xl,@) fe(y2 | 91,$27a)dy2 fe(yl | yOaxl’a)d?Jl =0,

which coincides with
]E[E[¢9(}/b,}/]_,}/g,Xl,XQH}/E),YVl,Xl,XQ:ZBQ,A] |}/E)7X17A} :0 fOI' au €. (11>

Here the inner expectation corresponds to an average over y, with respect to its model density,
fo(ya | y1, z2,a). This inner expectation conditions on Xy = x5, while the outer expectation,
which averages over y; with respect to its model density, fo(y1 | yo, 21, a), does not condition
on xy. This is a key difference between the heterogeneous feedback case, considered here, and
the setting with strict exogeneity studied by [Bonhomme, (2012). Under strict exogeneity, Y;
is independent of X, conditional on (Y, X7, A), so coincides with

E []E’ [¢6‘ (}/(]7}/17}/27X17X2)| }/07}/17X17X27A] |}/07X17X27A] = 07

with both the inner and outer expectations conditioning on X,. By iterated expectations,
this conditional expectation corresponds to a zero mean condition given A, initial conditions,

and the entire sequence of covariates,

E[¢9 (}/E)a}/la}/élevXQN }/E)aXlaXQaA] =0.

10



However, under feedback it is not generally the case that can be written as a zero mean
condition given the covariates sequence (X7, X»).

In the presence of feedback, Theorem additionally requires the T'— 1 conditions ,
to ensure that ¢y is a valid moment function. To explain this additional requirement, consider
again the T' = 2 setting, in which case ([10]) reads

/(be (Yo, Y1, Y2, 1, T2) fo(y2 | Y1, T2, a)dys  does not depend on xy,
which corresponds to the single mean independence restriction
E [gb@ (YD7 Y717 }/27 X17 X2)| Y'D7 }/17 X17 X27 A] =E [¢9 (%7 }/17 Y'27 X17 X2)| Yba }/17 X17 A] ) (12)

Equation (12)) implies that, at the the population parameter, X, does not predict
oo (Yo, Y1,Ys, Xy, X5) conditional on Yy, Y7, X;, A. Under this condition, which we interpret

as “feedback robustness” of ¢y, the conditioning on X, = x5 disappears in (L1f), which implies
E[E [¢g (Yo, Y1, Y2, X1, Xo)| Yo, Y1, X1, A] | Yo, X3, A] = 0,

ensuring, by iterated expectations, that ¢y is a valid moment function. Importantly, ¢ is
then a valid moment under both unrestricted heterogeneity and unrestricted feedback.
Lastly, Theorem also establishes that @ and are, under suitable conditions,
necessary for the FHR property. To show the necessity property, we assume quadratic mean
differentiability at (0, w*) as stated in Part (B) Condition (i). This is a standard regularity
condition in semiparametric estimation, see for example [Van der Vaart| (2000, Ch. 25). Part
(B) Condition (ii), which imposes square-integrability of the moment function in a neighbor-
hood of w*, is similarly standard; e.g., see the assumptions for the generalized information
equality in Lemma 5.4 of Newey and McFadden| (1994) | We will rely on differentiability in

quadratic mean in our analysis of efficiency in Section

2.2 Alternative characterization of FHR moments for 6

The following corollary to Theorem [2.1] facilitates the construction of FHR moment functions

in practice.

Corollary 2.1.1. (ALTERNATIVE FHR MOMENT CHARACTERIZATION) Let w* € 2. An
absolutely-integrable function ¢g under (0,w*) satisfies @ and if and only if there exist

50ne can show that, if ¢g is bounded, then the necessity of @D and obtains directly without reference
to w* or differentiability in quadratic mean.
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absolutely-integrable functions vy, under (8,w*), fort=1,...,T — 1, such that:
T-1
E[¢p(Y", XT)| YT X A] =) (Y, X' A), (13)
t=1
with E [vg, (Y, X, A YL XU Al =0 fort=1,...,T —1.

To understand Corollary [2.1.1} it is helpful to return to the T' = 2 setting. In this case,
letting
w@,l(}/()y }/17 Xlu A) — E[¢9(%7 Ylu }/27 X17 X27 A) | }/07 Y17 X17 A])

it follows from @ that
Vo1 (Y0, Y1, X1, A) = E[gg(Y0, Y1, Y2, Xi, Xo, A) | Yo, Y1, X1, Xo, A]
which implies , whereas it follows from that
E[%J(YO,YLXl,A) | YE%XlaA] =0

(a requirement for 1y, given in the corollary).

The representation provided by Corollary suggests a systematic recipe for construct-
ing FHR moment functions. The first step involves finding functions vy, (Y?, X', A) that are
mean zero conditional on Y !, X A for t = 1,...,T — 1. This is straightforward since
any function of (Y, X* A), suitably de-meaned, automatically fulfills this requirement (see
Section |§| for several examples). Then, given a collection of vy, (Y*, X A) functions, the
second step requires solving a linear integral equation to recover a valid moment function ¢y.
Indeed, can equivalently be written as

T-1
/¢9(yT>$T)f9(yT’ yrov,or, a)dyr = > ey’ 2t a), (14)
t=1

which is known as an inhomogeneous Fredholm equation of the first kind. Note that the
integral operator on the left-hand side of is known given the parameter 6. Solution
methods for this type of linear integral equation are the subject of a large literature (e.g.,
Engl et al., [1996; Carrasco et al., 2007). In Section @ we will show how to construct FHR
moment functions in some specific models using Corollary 2.1.1, and discuss when such

functions exist.
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A special case of Corollary obtains when one is able to find functions 7y, such that
E [no: (Y5, X")| Y X! A] = b(Yy, X3, A), (15)

for some function b of the heterogeneity and initial conditions. Then, the instrumented first

difference
do(y" ") =nor (v, 2") —nor—1 (v" L") m(y" 22"

satisfies , for Yo r_1(y" 1 a1 a) = [b(yo,z1,a) — nor—1 (' L2t h)] - m(y" 2 2T
and 1y, = 0 for all t < T — 1 (for an arbitrary function m). This provides a FHR moment

function on 6. More generally, one can check that

¢9(yta It) - [n@,t (yt) xt) — No,t—1 (?Jt_l» xt_l)} . m(yt_27 xt_l)v = 2a ) Ta (16>

all satisfy , thus providing additional moments.
We now illustrate this particular recipe with the MPH model.

Example 1 (Continued). (SIMPLE MOMENTS FOR THE MPH) It is convenient to first
develop some additional implications of the MPH model under feedback. Recall the notations
2 = (Y, ye—1,2})" and pg (2¢) = Ao (y1) exp (Yye—1 + x30). Adapting arguments appearing in
Lancaster| (1990)), Hahn| (1994) and Ridder and Woutersen| (2003)), it is straightforward to
show that

po (Z,)| Y"1, X", A ~ Exponential (eA) ,t=1,...,T, (17)

(see Lemma in Supplemental Appendix . From this observation we have
]E[pg (Zt>|Yt_17Xt7A} :e_Av t= 17"'7T7 (18>

which coincides with after setting ng+(Y?, X*) = py(Z;) and b(Yy, X1, A) = e~ This
yields the FHR moment functions

¢ (Y1, XY) =00 (Z) — po (Zo1)] -m (Y2, XYY, 6 =2,.,T, (19)

where m is an arbitrary function. In unpublished dissertation research, Woutersen (2000,
Ch. 1) presented moments similar to (19).

Moments of the form (16 were considered by |Arellano and Bond| (1991)) in the linear model
context, by (Chamberlain| (1992, 2022) and Wooldridge, (1997) for Poisson models, and by |Al-

Sadoon et al.| (2017) for certain binary choice models. However, this family of estimating
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equations does not exhaust all available FHR moments, and may lead to estimators with low
levels of asymptotic precision in practice. By comparison, Theorem and Corollary
characterize all available FHR moments, as we will now illustrate in the case of the MPH
model. Moreover, as we will establish in later sections, our characterization can be used to
derive efficient estimators (i.e., we extend to nonlinear models efficiency arguments which
appear in the linear panel data literature such as in |Arellano and Bover], (1995}, |Arellano and
Honoré, 2001} |Arellano, [2016)).

2.3 FHR moments for 6 in the MPH model

For specific models it is sometimes possible to use Theorem to provide a direct charac-
terization of all FHR moment functions. We show how this can be done in the MPH model
with feedback in Lemma below. Our result provides insight into the MPH model and
simplifies the derivation of new FHR moments.

Our characterization makes use of several special features of the MPH model, which we
introduce first (full details can be found in Supplemental Appendix . Let Py: = pg (Zy).
Lemma [C.1]in Supplemental Appendix[C|shows that, conditional on Yy, X1, A, the Py, for t =
1,...,T are independent exponential random variables; each with a common rate parameter
of e4.

Next, we define a one-to-one transformation of the vector P] into a “forward orthogonal

deviations” part and a “between” part, as follows:

po (Z1)
Zstt Pe (ZS)’

T
F@ = Z Lo (Zt) .
t=1

Py, = t=1,....T—1,

(20)

Observe that ﬁg,t involves the ratio of pg (Z;) to the sum of itself and the future values of
po (Zs) for s =t +1,...,T. Lemma in Supplemental Appendix |C| establishes that,
conditionally on Yy, Xy, A:

Py, ~Beta(1,T—t),t=1,....,T—1,

_ (21)
Py ~ Gamma (T, eA) ,

where, throughout, 6 is the parameter indexing the DGP. Lemma|C.2) additionally establishes
that the elements of 159,1, cee ﬁg,T,l, ?9) are mutually independent of one another.
Transformation (20]) can be thought of as a MPH-specific analog of the forward orthogonal

deviations transformation used by Arellano and Bover| (1995)) in the context of linear panel
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data models with predetermined regressors. It has the property that the random variables
ﬁg)t are independent of both contemporaneous and lagged predetermined covariates as well as
lagged values of the spell outcomes {(X;s, Yis—1)},_; (see part (i) of Lemma[C.1). Appealing
to the same analogy, we can think of P, as containing the “between” variation in P} .

With these preliminaries in place, we can state the following FHR moment characteriza-

tion for the MPH model with feedback.

Lemma 2.2. (CHARACTERIZATION OF FHR MOMENT RESTRICTIONS FOR THE MPH
MODEL) Consider the MPH model with T > 2. Let w* € Q. Then an absolutely-integrable ¢g
under (0,w*) satisfies @ and if and only if there exist absolutely-integrable 1y, under
(0,w%), fort=1,...,T, such that:
T-1
¢ (YT, XT) = hu(Yo, P, Py, X*),

t=1

where, fort=1,...,T —1,

E | to.(Yo, Py, Po, X*)

YE)7ﬁ£717F97Xti| =0.

The proof of Lemma is available in Supplemental Appendix [C|] It represents a useful
simplification, induced by the special structure of the MPH model, relative to the general
result of Theorem 2.1} Note in particular that the latent heterogeneity A does not appear
in the characterization of Lemma [2.2] To illustrate, consider the 7' = 2 setting. In this case

the lemma implies that all FHR moment functions are of the form
G0 (Yo, Y1, Ya, X1, X5) = 00.1(Yo, By, Py, X1),

where
E ’1/19,1(%’P0,171_397X1)‘%7F97X1:| = 0.

We seek functions 1y ; of the forward orthogonal deviations 159,1, that are mean zero condi-
tional on the between variation Py, as well as the initial condition (Yp, X;). It is straight-
forward to construct such functions by de-meaning, and we will exploit this property in our
analysis of efficiency.

For the general case of an arbitrary number T' of periods, ¢y is the sum of functions
Vot (Yo, ﬁ;,ﬁe, Xt>, fort =1,...,T — 1, that are mean independent of the between vari-
ation, Py, current and past values of the predetermined regressors, X*, and past values of

the spell outcomes, Y*~1. This structure is reminiscent of how moment conditions are typi-
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cally constructed for linear panel data models with predetermined regressors (see, especially,
Arellano and Bover} 1995)).

3 FHR moment restrictions for average effects

In this section we characterize all FHR moment conditions for average effects,
/L(Q,W) = E@,w [h@ (YT, XT7 A)] )

where hgy (YT, X7, A) is a known function of Y7, X7, A indexed by 6.

Example 1 (Continued). (AVERAGE EFrFECTS IN THE MPH MOoDEL) Consider the average
structural hazard (ASH) function

X(?Jt@t;%—l) = E@,w [)\a(yt)eméﬁﬂyt*ﬁf‘ . (22>

The ASH appears to be a new estimand, albeit a natural one given concerns about spurious
duration dependence (Lancaster, [1990; Heckman, |1991). In the context of the MPH model,
the ASH corresponds to the mean survival time for a unit exogenously assigned to policy
X; = z; and history Y;_1 = y,_1. Like other quantities relevant to causal analysis, the ASH

depends on the (marginal) distribution of unobserved heterogeneity AEI

In nonlinear panel data models, knowledge of 6 does not suffice to identify the effect an
external manipulation of a regressor’s value on the probability distribution of the outcome.
This follows from the nonseparable way in which the unobserved heterogeneity enters such
models. In contrast, estimands which average over the marginal distribution of A, such as
, do provide easy-to-interpret summaries of such effects.

Until recently the identifiability of such averages was not well understood. Recent work
by Honoré and Tamer| (2006), Chernozhukov et al. (2013)), |Aguirregabiria and Carro (2021),
Davezies et al.| (2021)), Dobronyi et al.| (2021)), Pakel and Weidner| (2023)) and others, however,
has shown that average effects are (partially) identified in several specific settings of interest.
The study of average effects in more general settings, such as those with feedback, as we

consider here, remains underdeveloped (see, for example, |[Bonhomme et al., [2023).

A related average effect of interest is the average structural function (ASF) (Blundell and Powell, [2004):

w(@e, yi—1) = Eg o [m(2e, yi—1, A5 0)] (23)

where m(zy, yi—1,0;0) = E[Y3| Xy = 24, Yio1 = y—1, A = q].
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3.1 Characterization of FHR moments for u(0,w)

Our first result is an analog of Theorem [2.1| for 1(0,w).

Theorem 3.1. (CHARACTERIZATION OF MOMENT RESTRICTIONS FOR AVERAGE EFFECTS)
Let 8 € ©. (A) Suppose that the following T restrictions hold: (i)

T
/(@a(ny) ho(y", 2", a) H (1 | ye1, 21, a)dy™T =0, (24)

and (i), for all s =2,...,T,

/ (po(y",2") — ho(y", 2", a) Hfg Yo | yi1, ¢, a)dy*" does not depend on x¥T.  (25)

Then, for all w € € such that Eg,, HQOQ(YT,XT)H < o0 and Ey,, th(YT,XT,A)H < 00 we
have
Eoulps(YT, XT)] = u(8,w).

(B) Suppose (i) the root density w — (/2 (6,w|y”,2) is differentiable in quadratic mean
at w* for some w* = (¢*, 7%, v*) € Q, (i) there is a neighborhood N of w* such that
SupweNEgjw[ngﬁg(yT,xT)HQ] < 00 and sup,en Eoo[l|ho(YT, X1, A)||?] < oco. Then, the con-

verse 18 also true.

Note the strong parallel between this theorem and Theorem As in the case of 6,
and imply that, under absolute integrability, the true value ug = p(6o,wo) satisfies a
moment condition. Indeed, if Eg, ., [|¢g, (Y7, XT)|] < 0o and Egyu, [|he, (Y7, X7, A)|] < o0,
then Part (A) implies

Ego 0900 (Y, XT)] = 0.

This moment condition has the FHR property: ensures that ¢y is robust to an unknown
distribution of unobserved heterogeneity, whereas the T — 1 conditions endow ¢y with
robustness to heterogenous feedback of an unknown form.

We additionally state the following corollary, which mimics Corollary and suggests

a systematic recipe for constructing functions ¢y.

Corollary 3.1.1. (ALTERNATIVE CHARACTERIZATION OF MOMENT RESTRICTIONS FOR
AVERAGE EFFECTS) Let w* € Q. Suppose that hy is absolutely integrable under (6,w*). An
absolutely-integrable @y satisfies — if and only if there exist absolutely-integrable (o,
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fort=1,...,T —1, such that:

T—1
E [po(Y", XT) = hg(Y", X", A) |[YT7LXT A} = Gu(Y', X", A), (26)

t=1

with B [Coe (Y4, Xt A) [ YL XAl =0 fort=1,...,T —1.

3.2 FHR moments for the average structural hazard

The conditional hazard function
A (Yt Y1, T, @) = Aa(y, )0 Tv1t0

gives the instantaneous exit rate of a unit, at duration y;, with lagged duration y;_1,
beginning-of-spell covariate z;, and latent attribute a. Unfortunately, although easily iden-

tified, the observed hazard function
Al ye-1,20) = Aalp) VR [A] Y, >y, Yior = yoo1, Xy = 7

suffers from spurious duration dependence (see |Lancaster, 1990; |Heckman)
1991):  units with higher values of A will exit earlier, implying that the mean
E [eA‘ Yy >y, Vi1 =y_1, X, = [Et] declines with 7,. In contrast, the average structural
hazard (ASH),

X(yt| Ye1,T1) = )\a(yt)ewﬂyt*lE [GA} ) (27)

which equals the (expected) hazard function for a randomly sampled unit when externally

assigned lagged duration 1, ; and covariate x;, does not suffer from heterogeneity bias.
Since ]_39‘ Yy, X1, A ~ Gamma (T, eA) we have

P’ _ oAl (T +9)
8 71 4] ~ L "
for 6 > —T'. Using with 6 = —1 shows that E [eA] =E [Tf—j]’ SO
N / T —1
A (yt| yt—1733t) — )\a(yt)ecctﬁ-i-’yytﬂ]E { ? :| ‘ (29>
0

We have thus found one FHR moment function for the ASH. Now, for any other FHR
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moment function for the ASH, ¢y, we have that

/ T-1
(,b@(YT? XT) = ()0€<YT7 XT) - )‘a(yt>€wt6+'yyt71 F
0
is a FHR moment function for § (where here y;, y;_1, z; are fixed values at which the ASH is
evaluated). Since all such moment functions ¢y are fully characterized in the MPH case by
Lemma this characterizes all FHR moment functions for the ASH. It turns out, as we
will shortly see, that estimation based upon the sample analog of is efficient when 6 is

replaced by an efficient estimate.

4 Efficient moment restrictions

Theorems [2.1] and characterize the complete set of moment conditions available for esti-
mating 0 and p(6,w). When this set is nonempty, estimation at parametric rates may be (and
often is) feasible. Moreover, many valid moment restrictions may be available (see Lemma
for the case of the MPH model). In such settings semiparametric efficiency bound theory
provides a useful tool for selecting specific moments for estimation purposes.

In this section we derive the form of the efficient scores for # and (6, w) and, consequently,
their corresponding semiparametric efficiency bounds. As we shall see, the characterizations
presented earlier facilitate the derivation of these bounds. We illustrate the application of

our results via a detailed analysis of efficiency bounds for the MPH model ff

4.1 Efficiency for common parameters and average effects

We begin with a brief review of basic concepts in semiparametric efficiency theory; see, for
example, |[Van der Vaart| (2000, Chap. 25) and Newey| (1990)). Let 6y, go, 7, and 14 denote,
respectively, the common parameter, feedback process, heterogeneity distribution, and initial
condition prevailing in the sampled population. Let w = (g,7,v) € 2, with true value
wo = (g0, ™o, o), denote the nonparametric components of the modelﬂ A regular parametric
submodel is defined by a likelihood function for a single random draw, £(0,w, |y*, z"), where
Wy, = wp for some scalar 7y. The likelihood satisfies mean-square differentiability of its square

root with respect to (6,7), with its information matrix nonsingular. The semiparametric

8Hahn| (1994) derived the information bound for # in the single-spell case studied by Elbers and Ridder
(1982) and Heckman and Singer| (1984). He also derived the bound for the multi-spell case under strict
exogeneity (see also |[Chamberlainl [1985). Relative to prior work, our analysis covers the case with feedback
and, additionally, considers average effects.

9To characterize the efficiency bound for 6, by ancillarity it is sufficient to consider the conditional density
given (yo,x1) (see, e.g., Hahnl [1994).
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variance bound is the supremum of the Cramer Rao bounds for 6 over all such regular
parametric submodels.

Let S? denote the score for 6, for a submodel evaluated at 8 = 6, and 1 = no:

81n€(€0, wWo | YT, XT)

0 T Ty __
S(Y,X)— 80 ’

where we leave the dependence of S? on (6, wp) implicit. Likewise, let S denote the score
for n. The nonparametric tangent set 7y, ., x is the mean-square closure of the K x 1 linear
combinations of scores S” across all regular parametric submodels. Let T,  denote the
orthocomplement of 7y, ., x in the Hilbert space of square-integrable mean-zero functions
with inner product (s1, sa) = Eg, ., [s1(Y7, XT)'so(YT, XT)]. By definition this set consists
of all K x 1 elements ¢y such that (¢,s) = 0 for all s € Ty, ok

The next theorem provides a characterization of the orthocomplement of the tangent set,

Tov0.> Which is key to the analysis of efficiency in our context.

Theorem 4.1. (ORTHOCOMPLEMENT OF TANGENT SET) Ty, x is the linear span of
square-integrable moment functions ¢g, € RE that satisfy @D and .

An implication of Theorem is that, if ¢y, € 7%7% i, then it is also an element of the
orthogonal complement of the nuisance tangent set associated with any other data generating
process (0o, w.) with w, # wy (i.e., we also have ¢g, € Ty, ). This follows from the fact
that 7%7% 5 consists of the set of FHR moments characterized in Theorem earlier; a set
which does not vary with wg. Indeed, it is precisely this feature of the model which makes
feedback and heterogeneity robust estimation possible. Knowledge, whether a priori or up
to sampling error, of the form of the feedback process and/or heterogeneity distribution is
not required for consistent estimation. This is a crucial feature of the class of models we
study in this paper.

One subtlety is that, although the elements of 7., x do not depend on the precise
instance of wy, the definition of the reference Hilbert space does depend on it. Let ¢y, be a
valid FHR moment that is absolutely integrable under (g, w*). Then, while ¢g,(Y?, XT) has
zero mean under both (6y,wp) and (6y,w*), in general its variance differs under wy and w*.
Consequently, the ability to precisely estimate 6y using a particular ¢y generally varies with
the population feedback process and heterogeneity distribution, although the validity of ¢y
as a moment function does not. This connects to the discussion of locally efficient estimation
below.

To understand Theorem it is helpful to consider the implications of restricting wy
such that it belongs to a parametric family (indexed by, say, n). This is the approach taken
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in, for example, parametric random-effects analysis (e.g., (Chamberlain, (1980, [1985)). In that
setting the residualized score, S =5 K [SQS"’} x E [S"S"’]_l S will generally vary with
n: consistent estimation of 6 requires knowledge of 7 (up to sampling error), and it requires
correct specification of the parametric models of feedback and heterogeneity. This is not
required in our approach; indeed (elements of) w may even be unidentified, while 6 remains
v/N-estimable.

Theorem [4.1]is reminiscent of the situation which arises in average treatment effect (ATE)
estimation under unconfoundedness with a known propensity score (Robins et al.,|1994; [Hahn),
1994). In that setting the set of consistent estimating equations for the ATE does not depend
on the form of the conditional distribution of the potential outcomes given covariates. Theo-
rem extends prior work for the case of strictly exogenous regressors showing that %é_,wo, K
is characterized by moment functions that have zero means conditional on all covariates,
initial conditions, and heterogeneity (see, e.g., Hahn| [1994| for the MPH model, and Dano),
2023 for dynamic logit models).

Of course, in many semiparametric estimation problems, consistent estimation of (features
of) the nonparametric model component is a requirement for consistent estimation of 6.
Examples include the binary choice model with random utility components drawn from an
unknown distribution independent of the regressors (see Newey, |1990) and ATE estimation

under unconfoundedness with an unknown propensity score.

Efficient score for . Under regularity conditionsﬂ the semiparametric variance bound
for 6y is equal to the inverse of the variance of the efficient score

ff T T 0T Ty | 7L

20,WO<Y 7X ) = H (S (Y 7X ) ’7;070.1071() ? (30)
where IT (. | Tovon. ) denotes the orthogonal projection onto Tovo.ic- Note that the projection
is well defined since Ty, x is closed and linearﬂ As aresult, the efficient moment restriction
for 6y is

Eoo o (050 (Y, XT)] = 0. (31)

0o,wo

The efficient score gbgfiw in is defined through a projection onto the orthocomplement
7%7% x> which we have fully characterized in Theorem Below we show, via examples,

how to use this observation to calculate — whether analytically or numerically — efficient

ONamely that £(0,w|y”,2T) is smooth in a neighborhood of (6y,wp), and that the information matrix is
nonsingular (see for example Theorem 3.2 in Newey, [1990]).

1 An equivalent and more frequent formulation of the efficient score is cbggf =S —T1(S%| Toywo.x) (o8-,
Hahn, [1994), which is interpreted as the residual from the population regression of S? on the nuisance tangent
set. The equivalent formulation based on ’7}0-,%, x 1s convenient to work with in our setting; see van der Laan
and Robins| (2003, pp. 57-58).
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scores in models with unknown heterogeneity and feedback.

Efficient score for . We now turn to an analysis of efficiency for average effects. Suppose
there exists a moment function ¢y, that identifies an L x 1 average effect of interest p(6y,wp)

given by

:u(907 wO) = IE"90,w0 [h90 (YT7 XT7 A)} = E%,wo [9090 (YT7 XT)} > (32)

and suppose that 6, is identified from . Let

SDZSF,WO (YT7 XT) = ¥, (YT7 XT) - H<9090 (YTv XT) ’ %é_,wo,L)7
where the orthocomplement of the tangent set, 7%7%7 1, 1s given by Theorem , except for
the fact that the relevant dimension is L instead of K.

Theorem 1 in Brown and Newey| (1998)) shows that the joint efficient moment restrictions
for 6y and pg = (g, wp) are given by and

E90,w0 [9025% (YT7 XT) - :LLO} =0. (33)

The semiparametric variance bound for p equals the lower L x L block of the asymptotic

variance of the joint GMM estimator (6A’, ) based on and

eff
00,wo

The construction of ¢ relies on a function g, that satisfies (32)). In some models one
can find such a function (a Riesz representer), which does not depend on the nonparametric

component wy. This can be done by exploiting Theorem 3.1} See, for example, the discussion

{f

0. 1S 1O affected

of the average structural hazard function in the MPH earlier. Moreover, ¢j
by the particular choice of ¢y, E Of course not all average effects will have non-zero efficiency
bounds, but when a Riesz representer for an effect of interest is available, the bound can be

calculated using extant results about expectations (Brown and Newey| 1998]).

12Standard implicit smoothness conditions are required, namely that, for a regular parametric submodel,
sup (g, nyen Eo,w, [Hgog (YT XT) H2] < oo in a neighborhood N of (6p,70), such that a generalized information
equality holds (see Brown and Newey, [1998)).

YIntuitively, the parametric panel data model imposes restrictions on the distribution of (Y7, X*T)
given (Yp, X;) that can be used to construct a more efficient estimate of Eqg, ., [¢g,] than is provided by the
sample mean of g, ; (cf.,|Graham, 2011; |Graham et al., [2012).

14This follows from noting that g, (Y7, X1) —T(pg, (Y1, XT) | %ﬁ,wo,L) = po+11(0e, (YT, XTY | Toy wo.1.)s
and that, if ¢j and @5 both satisfy ([32), then IL(pg (YT, XT) | Tgywo,r) = (eg, (YT, XT) | Toy,w0,1) as we
show in Supplemental Appendix Lemma

22



4.2 Moment restrictions based on working models

Although the characterization of feasible moment conditions provided by Theorem is
invariant to the specific instance of wy indexing the sampled population, the projection (30
generally does vary with wy. Consequently, although knowledge of wqy is not required for
consistent estimation, it is generally valuable for improving asymptotic precision. Moreover,
constructing an estimator which attains the semiparametric efficiency bound for all possible
feedback processes, go, heterogeneity distributions, 7y, and initial conditions, v (i.e., for all
wp € ) generally requires nonparametrically estimating features of these model components.
This may be practically difficult, or even impossible, in short panels as considered here.

An alternative approach involves constructing locally efficient estimators (e.g., |[Newey,
1990; \Graham et al) [2012)). Let w = (g,7,v) € ) denote candidate “working models”
for the feedback process, heterogeneity distribution, and initial condition. We show how to
construct method-of-moments estimators that (i) attain the bound for 6, (or 19) when these
working models “happen to characterize the sampled population” (i.e., @ = wy, but this is
not part of the prior restriction) and (i) remain /N-consistent irrespective of the true wy
characterizing the sampled population (i.e., when @ # wy). A key property in our setting is
that consistency holds for arbitrary @ (i.e., our working models may be misspecified), only
subject to regularity conditions.

Given working models w, let

Ol t(6y, 5| YT, XT)

Qb yT xT) —

denote the score for 6. Next define the counterpart, under the working models, to the efficient
score ¢gl for Oy as
a0 XT) =T (SY 0T XT) | Tt )

0o,

where II denotes the projection operator under the working models, that is,

ol — arg min Ey g {(ge(YTwXT) —¢ (YT’XT))Q} ' (34)

0o,
an
€ T56 5,1

eff

We next proceed similarly for ;(6,w): the counterpart to the efficient score og; . is

G (YT XT) = 0, (YT, XT) = T(ip0, (YT, XT) | Tt 5.0)- (35)
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Finally, consider the following moment restrictions for 6y and py = p(6y, wo):

IE’@o,wo |:~Z£f,$(YT7 XT)} =0, (36)
Egy o [Fona(Y " XT) — o] =0, (37)

where we note that the expectations are taken under the true DGP (6, wo).

We can now state the following result.

Theorem 4.2. For any working models W € Q such that 532{6 and {5‘;?@ are absolutely
integrable under DGP (0y,wy), the moment restrictions and hold. Moreover, if
W = wy, then (36) and coincide with the efficient moment restrictions for 6y and .

Theorem articulates a locally efficient approach to estimation. The moment functions
5522% and &gﬁa have the FHR property, irrespective of whether the working models used to
derive them actually characterize the sampled population. However, if w = wy “happens
to hold” in the sampled population, then and (37)) coincide with the efficient moment
restrictions for 6y and py (when @ = wy is not part of the prior restriction used to calculate
the efficiency bound).

The functions &'ggf@ and Ggf)f@ are FHR because calculation returns an element in
the orthogonal complement of the nuisance tangent set by construction. Calculation ([34])
provides a principled way to select a particular FHR moment, one that is optimal if the
working model happens to hold in the sampled population. Heuristically, the method-of-
moments estimator based upon (36]) and will be more precise when the working models
are “approximately true”, but this — to repeat — is not required for consistency.

In practice w may be a fixed set of working models chosen by the researcher. Alterna-
tively the researcher may posit that these models belong to parametric families w, indexed
by an unknown finite-dimensional (not necessarily scalar) parameter 7. These models may
be misspecified, in the sense that there may not exist any ny such that w,, = wy. Nevertheless
the moments and will be valid for any 7. There are different strategies for picking a
particular 7. First, the researcher may choose a particular (non-stochastic) n via introspec-
tion. Second, she might maximize the likelihood under the working models with respect to
0 and n. While the resulting estimate of 6 will generally be inconsistent, the corresponding
estimate of 77 can be used to define the working models w under which agg@ and 62?@ are
calculated.

A third approach is to select n by maximizing an empirical counterpart to the information
for 6y, as in [Lindsay| (1985)). Let 7 be such an estimator of 7, and let n* be its large-

N probability limit. If one defines w = w,+, then Theorem implies that — are
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satisfied at true parameter values 6y and py (under absolute integrability of the functions).
This suggests that the GMM estimators 0 and 1t based on (36) and that uses wy in lieu
of W is consistent and asymptotically normal under standard conditions. We leave details
about efficient estimation, using working models of increasing dimensions (i.e., “sieves”), to
future work.

Lastly, it is important to stress that our approach based on working models is fundamen-
tally different from (parametric) random-effects maximum likelihood estimation. Indeed,
plugging in misspecified parametric models w, into the likelihood function , and maximiz-
ing that likelihood with respect to 6 and 7, generally results in an inconsistent estimator of
0o. In contrast, the moment restrictions and remain valid even when the working
models are (globally) misspecified.

5 Efficiency in the multi-spell MPH with unrestricted
feedback

In this section we specialize the general results presented above in order to analyze semipara-

metric efficiency in the MPH model. We focus on the T" = 2 special case in what follows.

5.1 Efficiency bounds analysis

Efficient score for 6. Using Lemma [2.2] and Theorem [4.1] we show in Supplemental Ap-
pendix [C] that, for "= 2, the efficient score for 6 in the MPH model with feedback equals

Y X% =E [SG(YQ,XQ) | YO,EOJ,EO,XJ —E[S"(Y?, X?) | Yo, Py, Xa] . (38)
With some additional algebra we show that the efficient score for the g subvector is

¢2§’5(Y2,X2) = - X (ﬁeo,l - %) Py E [eA | YOaF%’Xl]
+E [Xz (1 - (1= §90’1>F90€A) | %’]390’1’]_390’)(1}

_E [XZ (1 (1- ﬁgo,l)ﬁeoe/*) | YO,F@O,XJ . (39)

The first term in does not involve the feedback process and resembles the efficient score
for 5 under strict exogeneity originally derived by [Hahn| (1994]):

¢g§f’SE’B(Y2,X2> — (X2 . Xl) (ﬁ%,l . %) FHOE [eA ‘ %7F907X17X2] . (40)
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The second and third terms of , in contrast, are specific to the feedback case, involving
averages over the second-period covariate X,. More generally, the efficient score for § under

strict exogeneity equals:

G P (Y% X2) = B[ S°(V%, X2) | Yo, oy, Poy, X1, Xz | — E[S°(Y2, X?) | Yo, Pay, X1, Xa]
(41)

In the presence of feedback and latent heterogeneity, X is an endogenous variable and

cannot be conditioned on.

Efficient estimation of the ASH. An interesting average effect in the context of the MPH is
the average structural hazard (ASH) defined in (22). The latter is identiﬁed by the FHR mo-
ment function in (29), namely g, (Y7, X7) = Ao, (ye)e ziBotyoys- IT . Applying Lemma |C.3
in the Supplemental Appendix, which characterizes projections onto the orthocomplement of
the tangent set in the MPH model, one can readily show that (g, (Y, XT) | T4, 1) = 0.
It then follows from the discussion in Section [4.1] that the efficient moment function for the
ASH is

/ T — ]_
ngf)f,wo (YT,XT> = Ve, (YT,XT) — )‘ao (yt)extﬁo—&-voyt,l FG .
0

In turn, a semiparametrically efficient estimator of the ASH is

=

X ) 1
Aol Yo 0) = Na(y,)etPHm—1 —

where § = (@, B, 7)" is semiparametrically efficient for 9

5.2 Numerical illustrations

In this subsection we summarize our findings from two numerical experiments designed to
(i) illustrate the efficiency loss associated with accommodating feedback, and (ii) assess the
performance of locally efficient estimators based on working models. Our context is the MPH

model. In both experiments we impose a Weibull baseline hazard, set T = 2, and fix the

15Note that this coincides with the method of moments estimator of Brown and Newey| (1998) when the
condition @g, (YT, XT) — py € Too.wo,. holds, where po = 1y, wp) denotes the average effect of interest
and (g, is an identifying moment function. This condition is satisfied in the case of the ASH for the choice

wao(YT7XT):)\aO( ) 23 Bo+v0y¢— 1'11;61
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common parameter at 6y = (g, Y0, Bo) = (%, %ln 2, —1—10). Our experiments are meant to
numerically approximate the asymptotic precision of various methods of estimation, not to
assess the accuracy of such approximations in small samples. Details on implementation can
be found in Supplemental Appendix

The initial duration is drawn from an exponential distribution: Yj ~ EXponential(%), and
the first-period covariate is a randomized binary treatment: X; ~ Bernoulli(3). The het-
erogeneity distribution equals V' = e# ~ Gamma(5,5), independent of Y;, X;. The second-
period covariate, Xs, is a Bernoulli random variable with success probability p(Yp, Y1, X1, V),

specified differently across the two experiments to reflect alternative assumptions about the
DGP:

e In Experiment (A), we set p(Yp, Y1, X1,V) =1 —exp(—(Yy + X1)V'), which produces a

DGP with strictly exogenous covariates but correlated unobserved heterogeneity.

e In Experiment (B), we instead let p(Yp, Y1, X1, V) = 1 —exp(—(Yy + X1 + Y7)V), which
introduces feedback from past outcomes to future covariates, while continuing to include

correlated heterogeneity.

One goal of our experiments is to assess the efficiency loss that arises when a researcher
wishes to accommodate the possibility of heterogenous feedback, but no such feedback is
actually present in the sampled population. Put differently, this exercise gives us a sense of
the benefit, in terms of asymptotic precision, of using the strict exogeneity assumption when
it is valid (as is the case for the DGP in Experiment (A)).

We compare the asymptotic standard errors of two GMM estimators: the first uses the
efficient score under strict exogeneity , while the second uses the efficient score under
feedback .

The close connection between our FHR moment characterization (Theorem and the
relevant semiparametric efficiency bound theory (Theorem , raises interesting practical
questions regarding estimation. While many possible FHR moments are available in the
MPH setting, the precision with which they recover 6 varies with the population values of
the feedback process and heterogeneity distribution.

The complex form of the efficient score (those for the baseline hazard parameter, «, and
the coefficient on the lagged duration, 7 — both reported in Supplemental Appendix [C] —
are particularly complicated), suggests that crafting a globally efficient estimator would be
difficult. As a principled, yet practical, alternative, we instead explore the properties of a
locally efficient estimator based upon a simple working model for @ = (g, 7) (a model for v

is not needed in this case).
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Our chosen working models are deliberately rudimentary, intended to illustrate how a re-
searcher might build parsimonious working models while retaining favorable efficiency prop-
ertie in more realistic settings. Specifically, in contrast to what prevails in the sampled
population, the working model for the feedback process maintains that Xy ~ Bernoulli(p),
for a constant p. Observe that the working model for the feedback process involves no feed-
back. For the heterogeneity distribution, we calculate the locally efficient score under a vague
Gamma prior of 7(v) = 21{v > 0}, independent of initial conditions.

T w

Putting all these pieces together yields the following locally efficient score for 3:
o (V2 X?) = 2.(B5 [Xa] = X1) (Pua = 3) =20 = X1) (Poos — 3).

which is simpler than its optimal counterpart yet, of course, still feedback and
heterogeneity robust. Additional details, along with the full expression for the score
~§£fﬁ(Yb, ﬁgml,ﬁgo, X), are provided in Supplemental Appendix @

As a final point of comparison, we also report the limiting standard errors of a just-

identified GMM estimator that employs the moment function:

2+ 111(1 — ]59011> +1In (1390,1>
00 (YL X = | X (ln(l _ ﬁW) _ 1n(1590,1)> . (42)

i (01— ) ()

The first entry in is a mean-zero function that exploits the fact that ﬁgml ~ U|0,1]
and leverages symmetry (it is also, coincidentally, a component of the efficient score for «
under the Weibull baseline hazard, derived and presented in Supplemental Appendix. The
second and third entries correspond to the log-transformed analogs of . While this set
of moment conditions lacks an overt efficiency justification, it reflects a common strategy of
choosing a small set of “simple” moments for estimation purposes. We include it primarily to
benchmark the efficiency gains provided by the locally efficient approach based on working
models.

Table [1] reports the asymptotic standard errors for each estimate of 6y in Experiment
(A). We make several observations. First, comparing the first and second rows reveals that
accommodating feedback — when it is, in fact, absent from the DGP — results in some efficiency
loss for the slope coefficient 3, with a 29% increase in standard error. Strict exogeneity is a
strong assumption and imposing it, when it is valid to do so, improves asymptotic precision.

Although allowing for feedack degrades the precision with which we can learn f3, this is

not really the case for a (the Weibull baseline hazard parameter) and + (the lagged duration
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dependence parameter) in design (A). This finding is consistent with the structure of the
efficient scores: those for a and v are very similar under both strict exogeneity and feedback.m
By contrast, the efficient score for § differs markedly across the two settings.

A second observation, inspecting the third row of the table, is that the precision loss asso-
ciated with using the locally efficient estimator based on the working models w is moderate.
Recall that our working models do not characterize the sampled population in design (A). For
B and =, we observe a 28% and 26% increase in standard error when comparing rows 2 and
3. The efficiency losses are concentrated on the coefficients for the predetermined covariate
and the lagged dependent variable, with only minimal deterioration for the parameter of the
baseline hazard a.

Finally, the approach based on working models leads to large improvements relative to
using the “simple” moment functions . As seen in row 4, the standard errors associated
with the simple GMM estimator are substantially larger for all three parameters. For exam-
ple, the standard error for « is nearly 7 times higher than that obtained using the estimator

based on the working models w (compare rows 3 and 4, column 3).

Table 1: Asymptotic standard errors relative to the semiparametric efficiency bound with
strict exogeneity in Experiment (A)

o B Y

Eff.score SE 1.0 1.0 1.0

Eff.score FB 1.000 1.292 1.003
Locally Eff.score FB  1.035 1.660 1.264
Simple moments 2.711 2954 8.767

Notes: SE denotes strict exogeneity, FB denotes feedback. The DGP satisfies strict exogeneity.

In Experiment (B), we repeat our analysis, but for a population where heterogenous
feedback is, in fact, present. Accordingly, Table [2| compares the asymptotic standard errors
of the locally efficient estimator based on 5;?5 to that of the “simple” GMM estimator based
on under the second DGP described above (an estimate based on the efficient score
under strict exogeneity would not be consistent in this design). As a benchmark, we use
the globally semiparametrically efficient estimator based upon the true efficient score that
uses . The fourth column of Table [2| also reports the corresponding asymptotic standard
errors for the average structural hazard (ASH) when using the efficient moment function
presented in the previous subsection. The key takeaways mirror those of Table [I} First, the
efficiency loss from relying on locally efficient scores is modest, both for common parameters

and for average effects. Second, and perhaps more importantly, locally efficient estimators

16Compare to and to in Supplemental Appendix
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significantly outperform the alternative of using a set of “simple” moments, reaffirming the

practical advantages of approaches based on working models.

Table 2: Asymptotic standard errors relative to the semiparametric efficiency bound with
feedback in Experiment (B)

Q@ I6; v ASH

Eff.score FB 1.0 1.0 1.0 1.0
Locally Eff.score FB  1.030 1.188 1.317 1.012
Simple moments 3.372 3.223 9.965 2.675

Notes: FB denotes feedback. The DGP does not satisfy strict exogeneity. The ASH is evaluated at y, = yo =

mlil.

6 Applying the approach to other models

Our characterizations can be used to find FHR moment functions for many models. We have
already analyzed the MPH model in detail. In this section we provide additional analyti-
cal examples and discuss how to obtain moment functions more generally. Given that the
mathematical structure for model parameters and average effects is similar, in this section

we focus our discussion on 6.

6.1 Existence of moment functions

For certain models, it may be that the only solution to the system of equations in Theorem
2.1} or equivalently in Corollary [2.1.1] is the degenerate one, ¢y = 0. We now provide two
examples where only trivial moment functions exist. For simplicity we focus on the 7" = 2

case.

Example 3. (BINARY CHOICE MODEL) Consider a binary choice logit model with contin-
uous heterogeneity and sequentially exogenous covariates:
exp(Yyi—1 + B'z + a)

Pr(Yi = 1Yit = g, X = A= 0) = P E= 12,

Any valid moment function of § = (v, 5')’ needs to satisfy , that is,

1

Z Po(Yo, Y1, Y2, T1, T2)

y2=0

exp(yy1 + B'ze + a)”
1+ exp(yy + B'ze + a)

does not depend on x».
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Suppose that 5 # 0. The only functions ¢y satisfying this restriction do not depend on ys or
xo. Hence, by @ we obtain

1

> Golyo, y1, 1)

y1=0

exp(yyo + B'e1 + a)” _
1+ exp(yyo + f'z1 + a)

from which we obtain that ¢y = 0. This shows the absence of non-trivial moment restrictions
for 6 in this model. Building on Chamberlain| (2022, 2023)), Bonhomme et al. (2023) study the
failure of point-identification in binary choice models with sequentially exogenous covariates,
and show how to compute identified sets on the parameters and average effects. For this

reason, our examples in the next subsections will focus on continuous outcomesﬂ

Example 4. (RANDOM COEFFICIENTS MODEL) Consider the Gaussian linear random co-

efficients model

Y, =Y, + BX,+C+e, &Y™ X A~N(O,0?), (43)
where A = (B’,C)’ is multidimensional. Any moment function on § = (y,0%) needs to
satisfy

1 , 9
®0(Yo, Y1, Y2, T1, T2) €XP ~5.2 (y2 —yy1 — b'xg — ¢)” ) dy, does not depend on 5. (44)

Note that, if holds, then, for all b and x,, 7o,

Po(Yo, Y1, Y2 + 5/352,551,332) = ¢o(Yo, Y1, Y2 + iy T1,T2).

This implies that ¢y does not depend on ys or z5. Then @D implies

1
/¢9(y07y1,I1) exp < (1 —yyo — 'y — 0)2) dy, =0,

202

from which it follows that ¢y = 0. This shows the only FHR moment function on ¢ in this
model is the null function. This negative result echoes an example in |(Chamberlain| (2022]).
For this reason, our examples in the next subsections, which all involve scalar outcomes, will

feature one-dimensional unobserved heterogeneity.

It is important to note that, even when there exist non-zero functions ¢y, 6 may fail to

17 As Bonhomme et al.| (2023) note, imposing assumptions on the feedback process, such as Markovianity,
may lead to non-trivial moment restrictions in discrete choice and other models where an approach allowing
for fully unrestricted feedback is uninformative. Extending our approach to accommodate such additional
assumptions is an interesting topic for future work.
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be identified. For example, in the MPH model the covariates may be collinear, in which
case identification fails. This is of course not specific to our setting. As in any nonlinear
GMM problem, identification needs to be verified on a case-by-case basis, and while rank
conditions for local identification of # are available, verifying global identification may be
difficult. Conversely, it may also be that the only ¢y satisfying the conditions of Theorem
is ¢g = 0, yet 6 is point-identified | However, in that case an implication of our analysis in
Section [4]is that such identification is necessarily irregular and the semiparametric efficiency
bound for # is zero (Chamberlain, 1986). Lastly, even if point-identification fails identified

sets may be informative, as shown in |Lee| (2020) and Bonhomme et al.| (2023).

6.2 Obtaining new moment conditions

We now illustrate how researchers can apply the two-step procedure underlying Corollary
to derive new moment conditions. In the first step, we construct a function vy =
th711 Vg ¢, for g, such that

E[¢o, (Y, X", A) Y XAl =0, t=1,....T—1. (45)

In the second step, in the final time period, we invert the linear integral equation

/Cbe(yT, xT)fe(yT| Yr—1, T, a)dyT = 1/)0(?JT_1,IT_17 G)a (46>

to get a FHR moment function ¢g(y”?, 7). Naturally, this last task requires the function
Ye(yT =1, 2771 a) to lie in the range of the integral operator induced by the parametric model.
In many examples of interest, equation (46| can actually be inverted in closed form, yielding
explicit expressions for functions ¢y. As an initial example, consider the Poisson regression

model introduced earlier.

Example 2 (Continued). (MOMENTS FOR THE POISSON MODEL) Recall, for t =1,...,T,
Y,| Y X!, A ~ Poisson (exp (7Y;_1 + X3+ A)),

with both feedback and heterogeneity unrestricted. For simplicity, consider the case T' = 2
and denote Z; = (X/,Y;—1) and 6 = (', 7). Following the logic laid out above, we start out
by picking a moment function vy such that E [¢s(Y0, Y1, X7, A) | Yo, X1, A] = 0. An example

8As an example, let T = 2 and let ¥, = 0 + AX, + ¢, with X, continuously distributed on R and
g | Y71 X' A ~ N(0,1). Applying a similar logic to that in model (44)), one can show that ¢y = 0 since
the assumptions imply that P(Xy = 0) = P(X; = 0) = 0. However, this is a case where the parameter of
interest 6 is identified at 0 since lim,_,o E[Y7|X; = 2] = 6 (Graham and Powell, |2012]).

32



of such a function is provided by the score for period ¢ = 1 in the likelihood which conditions

on A, Yg(yo, y1,21,a) = 21 (y1 — exp(210 + a)).
Next, the challenge is to solve for ¢y in ; here corresponding to finding a solution to

exp(z50 + a)”
yo!

oo
Z ®o(Yo, Y1, Y2, 1, T2) exp(— exp(z30 + a)) = Yo (Yo, y1, 21, a).

y2=0
After multiplying by exp(exp(z50 + a)) and letting v = exp(a), this is equivalent to

- v¥? vexp( 2,
E ¢0<y07y17y2>x17x2) eXP(yﬂé@)—y T ¢9(yo7y1,$1;1ﬂv)e p( 29)~
2!

y2=0

This formulation reveals that, for a solution to exist, we require that v
wg(yg,yl,xl,lnv)e”e"p(zée) admits a Taylor series at v = 0, with coefficients given by
®0(Yo, Y1, Yo, T1, T2) exp(y22560). Appealing to the uniqueness of the Taylor series, we then
infer that:

o0
D0 (Yo, Y1, Ya, T1, ¥2) = ovvz | _

ol 4 ) ) [ exp-pazip). (47
0

By Corollary [2.1.1], all FHR moment functions for 6 take the form , for some appropriate
mean-zero function 1. For instance, in the case where 1)y is the score in period t = 1, we

obtain

®o0(Yo, Y1, Y2, T1,T2) = 21 (?h - 926(21_22)/0> ,

which is proportional to the moment function of|(Chamberlain (1992) and Wooldridge, (1997).
However, using provides many additional valid moment restrictions on 6. For example,

by the second-moment properties of the Poisson distribution,

Vo (Yo, y1, 01, 0) = [yl (y1 — 1) —exp (210 + a)2] -m (21) (48)

is analytic in v = exp(a) and also satisfies , from which we get the moment

y2 (y2 — 1) exp (216)°
exp (246)* ] ) )

¢9(y07ylay27xlax2) = [yl (?Jl - 1) -

Additional FHR moment functions, based upon higher order moments of the Poisson distri-

bution, are straightforward to construct[™]

YMoreover, by Theorem the functions ¢y in span the orthocomplement of the tangent set. This
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Example 5. (MIXED INTERACTIVE HAZARD (MIH) MODEL) As an example of a new
model, one for which no valid FHR moment conditions are known, consider the following
Mixed Interactive Hazards (MIH) model. The MIH model relaxes the proportionality as-
sumption of the MPH model; the conditional density of the ¢-th spell equals:

fo(y | Y1, T, Q) = eXP(V?Jt—l + 1‘25 +a+ (@5) : a)/\a(yt)
x exp (—exp(yy1 + ;8 + a + (749) - a)Aa(yr)) , (50)

where 0 = (o/, v, ’,0")". Note that simplifies to when § = 0. However, § # 0 allows
for more general interaction effects between the covariate and unobserved heterogeneity. The
MIH model is an example of a “generalized hazards” model (Bonev, [2020). Let 1y(yo, y1, z1,a)
be a function satisfying . The integral equation , after employing the change of

variable y5 — po, equals
/0°° b0 (Yo, Y1, P2, T1, T2)e T2 exp (—G(Hxéa)a’m) dps = ¥ (Yo, y1, 71, a).
Multiplying both sides by e~(1+%29)¢ this is equivalent to
L [po(yo, y1, - 21, 72)] <6(1+”55)“> = e~ 0%y (yo, g1, 21, @),

where Lg](s) = 0+°° g(z) exp(—sz)dz denotes the Laplace transform operator. Letting s =

e(1t229)a e effectively wish to solve

Ins
L [¢o(yo, y1, -, 71, 72)] (5) = 5~ Mg (yanhxla Tx’gc?) ;

and, provided s — s 11y (yg,yl, X1, %) lies in the range of £, we can back out ¢y using
2

the inverse Laplace transform. To illustrate, take

Yo(Yo, y1, 21, a) = p1 —exp(—(1 + x’lé)a),

from which we obtain

1+ac/16

L [(be(y()?yl? '73:173:2)] (3) = Silpl — S_ 14ah6 ,

suggests that one could compute the efficient score for 8 by projecting the 6-score on that set of functions,
although we leave the derivation of the precise form of the efficient score to future work.
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which, provided % > —1 admits the solution

1t+a)s
!
1+a:26
P2

T <1 + 1”’15) .

¢0(?J0; Y1,Y2, L1, $2) =p1—

1440
where I' is the Gamma function. This gives the FHR moment function
14a]6
pl+zl26
? ) - m(yo, T1)- (51)

14276
I (1 + 1446

¢9(y07y17y27$17m2) = |[P1—

More generally, one can obtain closed-form expressions if we choose vy as a polynomial
function of plm

Example [5| illustrates how, using Corollary one can derive moment functions by
operator inversion. When suitable functions vy exist, closed-form inversion delivers explicit
moment functions. In other settings, it may be that the inverse is not available in closed

form, and numerical inversion techniques need to be used (see, e.g., [Engl et al., 1996]).

6.3 Irregular moment conditions

In this section we have described an approach, based on Corollary [2.1.1] to construct mo-
ment functions ¢y when those are available. However, for those functions to be helpful for
estimation they need to be sufficiently regular. In this last part we provide examples that

show how irregularity may arise, and how regularization techniques can help.

Example 1 (Continued). (IRREGULARITY IN THE MPH MODEL) As an example, consider
applying Corollary to the MPH model, where we again focus on the two-period case for

20A similar restriction on predetermined covariates features in the moment restrictions of the censored
regression model of [Honoré and Hu/ (2004]).
21For example, we can use for any b > 0,

Yo (yo, y1, z1,a) = pb — exp(—=b(1 + z6)a)T(1 + b),
which has zero mean, and gives the FHR moment functions

P(1+b) b
WPQ -m(yo, T1),
+ 1+xzLd

¢9(y07y1ay25m17m2) = pli -

which provides a continuum of possible moment functions on 6.
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simplicity. We wish to solve for ¢y in

L[ do(Yo, Y1, -, 21, 22)] () = e “Yy(yo, y1, 21, a),

that is, letting s = e, in

L [d)@(yOJ Y1, 1, .752)] (S) - 5_1¢0 (y07 Y1, 21, In S) .

Suppose in this case that we take 1)y to be the score of the parametric model with respect to
0, that is,
Yo (Yo, Y1, 1, 0) = 21(1 — pre”).

Now, the solution to

L[60(yo, y1, -, 21, 22)] (s) = s 21(1 = prs)
is

Go(Yo; Y1, Y2, ¥1,2) = 21 (1 — p1 - 8(p2))
where §(-) is Dirac’s delta. While ¢y has zero expectation, it is a highly irregular function
that cannot be directly used in GMM estimation. A possible strategy to address this issue is
to regularize ¢y by replacing §(py) with h='k(py/h), where k is a nonparametric kernel and
h > 0 a bandwidth parameter. However, for fixed h, the regularized function ¢y is no longer
mean-zero, necessitating h to shrink to zero as the sample size increases to ensure consistent
estimation of #. In the MPH model, it turns out that these difficulties can be entirely avoided.

A rich set of regular moment functions exists, and, in fact, we have characterized the efficient

moment function for this model

The regularization strategy we have outlined in the context of the MPH model can be
useful in more complex models. A general strategy, when solving for ¢y in the integral
equation ((13)), is to use a regularized inverse of the relevant integral operator as in (Carrasco

et al.| (2007). We now describe an example where this strategy can be successfully applied.

Example 6. (NONLINEAR REGRESSION MODEL) Consider the nonlinear panel data regres-

sion model
Y;S :mB(thflaXtaA)—i_Et? gt‘YtilaXtaANN(anj)a (52)

22These issues are not unique to the feedback setting. In the context of panel logit models with strictly
exogenous covariates, the conditional likelihood estimator of [Honoré and Kyriazidou| (2000) can also be
interpreted as relying on an irregular moment condition and requires kernel methods. Only recently did
Honoré and Weidner| (2024]) demonstrate the existence of regular moment functions for this class of models.
We are grateful to Manuel Arellano for this observation.
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where a — mg(y;_1, x4, a) is differentiable and strictly increasing. Here 6 = (3,02)". Let
A >0, and let

1 1
K)\(z) = —/)\Fo()\T) exp ()\iTz + 50272) dr,

2m
where £ is the Fourier transform of a kernel function, satisfying x(0) = 1 and #'(0) = 0, |x| is
integrable, and where ¢ is the imaginary number. A possible choice is k(1) = 1{7 € (—1,1)},
which is the Fourier transform of the sinc kernel. K,(z) corresponds to the deconvolution
kernel introduced by [Stefanski and Carroll| (1990) in the context of a deconvolution problem

with normal measurement error. Given any mean-zero function vy (yo, y1, 1, a), we define

om , To, @ m , Lo, @) —
¢3(yo,y1,y2,$1,x2)Z/%(yo,yhm,a)%iﬁ( oW )2\ ) y2>da. (53)

Applying Corollary and a regularization strategy, we show in Supplemental Appendix
that
Ee,w [ng(%a}/lv}/?levXQ)} —+0 as A —0. (54>

In this sense, ¢, provides an approximately valid moment function for 6. As a special

case, consider the linear Gaussian model where mg(y;—1, 2y, a) = Yyi—1 + 215 + a, and take
Yo(Yo, Y1, 1, a) = 21(y1 — vYo — =48 — a). Then simplifies to

Yy + 18 +a—y
O (Yo, Y1, Y2, 01, 72) = /Zl(yl — o — 118 — a) Ky ( L2 2) da

A
=21 [(y1 — v9o — 218) — (¥ — vy — 238)],

which corresponds to the Arellano-Bond moment function for the case T = 2. Note that ¢

does not depend on A in this case, so the regularization is immaterial.
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A  Proofs of Main Results

A.1 Proof of Theorem 2.1]

Part (A). Suppose that ¢g(Y7, XT) is absolutely integrable under DGP (6,w). Then, by

the law of iterated expectations, we have

Eowloo(Y", X)) = Egu [Egu[de(Y", XT) | YT X7 Al

=Ey, [/ do(Y T yr, XTI wp) fo(yr | Yior, ap, A)g(zr | Y1 X1 A)dyrdar

=y, [/ (Y yr, X7 ar) folyr | YT—laxT7A)dyT:| ;

for any arbitrary xr value, where the last equality follows from for s = T'. By successive
applications of the law of iterated expectations and fors=T—1,...,2, we get

EG,W [(bG(YTa XT)] = Ea,w

T
/¢9(Yo,y1:T,X1,x2:T)er(yt\yt1,:ct,A)fe(y1\Yo,Xl,A)dylzT]

t=2

for any collection of regressor values 2*7. Finally, using (9) implies Eg,[¢p(YT, X7)] = 0.

Part (B). Suppose that, for all w € Q such that Eg, [|¢p(Y”", X7)|] < oo we have
Eguloo(YT,XT)] = 0. Let n — w, denote a smooth path such that w, = w* at
some n*. By (B)(ii), there exists a k-ball around n*, B,(n*), such that for all n €
B.(n), Egg, [|0s(Y",XT)|] < oo and thus Egy, [¢e(Y",XT)] = 0. Next, by (B)(i) and
(B)(ii), we can apply Lemma 5.4 in Newey and McFadden (1994, and conclude that
n > B, [0o(YT,XT)] is differentiable at n* with derivative Eg - [¢(Y", XT)S7(YT, XTY]
where S"(Y7, X7) denotes the score at n*. Hence, since Egy, [¢o(Y", XT)] = 0 for all
n € Be(n*), we have Eg [dp(YT, XT)S"(YT XT)] = 0. Moreover, by differentiability in
quadratic mean, S" is square-integrable under DGP (6,w*). Claim (B) then follows from
Lemma [A.]]

Lemma A.1. Suppose that Eg - gbg(YT,XT)HQ] < 00 and Eg - [pp(YT, XT)S1(YT, XTY] =
0 for all score functions S™ of smooth parametric submodels. Then (@—(@ hold.

Proof. Let £(6,w,|y", 2") denote a smooth parametric submodel where w, = (g,, 7, V) and
wy» = w*. We have (T + 1) types of scores associated with submodels: one associated with
the initial condition density, v, one associated with the heterogeneity distribution, m,, and
T — 1 scores associated with the feedback processes for Xs,..., X7, g,. We begin with the

heterogeneity component, which yields scores of the form:
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[V, In7*(a|yo, z1)p*(y*, %7, a)da
[p*(yT, 27, a)da ’

S1 (Y, a) =

where

T

T
pr(y" et a) = H (Y | Y11, 71,0 Hg* (z |y~ 2" a)7* (a] yo, 1),
t=1 =2

and V, In7* denotes the score of the submodel n — m, at w*.

Next we consider the scores for the (T' — 1) feedback components:

[VoIng*(z |yt 2t a)p*(y7, 27, a)da

Sn,gt(yT l’T) fp y xT a)da )

t=2..T.
Finally, for the initial condition, the scores take the form:
S (y" 2Ty =V, Inv*(yo, 21).

Let S7(y", zT) = (S77(yT, 2T), S92 (yT, aT), ..., ST (yT aT), S (yT, xT))/. Without loss

of generality, suppose ¢y is scalar. By assumption, we have

0=Ego- [¢p (Y, X")S" (YT, XT)] (55)
/@ ")V, I (] o, 2)p* (57 27, @) (yo, 1) dadyT da”
and, fort =2,...,T,
0=Egu [¢o(Y", XT)SMH (YT, XT)] (56)
/@ )7, In g (z |91, 21, ) (57, o, @) (g, 2n)dadyT da”)
and
0=Egu [0o(Y", XS (YT, XT)] (57)
/(bo V Inv* (yo, z1)p* (?JT z’ , )V (y0,$1)daddefET-
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Note that equation for t =T, after integrating over yr, coincides with:

0= /V77 Ing*(zr |yt 2" a)Ey - [(bg(YT, XYY"t =9t L XT =2" A= al

T

-1
X H fo(ye | ye—1, 1, @) Hg*(xt |y 2t a)mt (a | yo, 1)V (yo, 21)dady”
t=1 t=2

Now, since V,, In g*(zr | y* =, 2771, a) is unrestricted except for the fact that it has zero mean

conditional on (yT~!, 277! a) and is square-integrable, we can specifically choose

Volng*(er |y et a) = Bour [0o(YT, XY =y L XT =27, A =d
_ Eew* [¢9(YT,XT)‘YT_1 — yT_l,XT_l — Z‘T_l,A _ CL} :

in which case (for t = T') evaluates to (for Vg, the variance under (0, w*)):

/Ve,w* (EB,w* [ng(YT,XT)‘YTil _ yT717XT — iIZ'T,A — (l:| |YT71 — nyl’XTfl — wT*l,A — CL)

71 T
X H Jo(ye | ye—1, 1, a) Hg*(xt |yt 2 a)m (a ] yo, 21)v* (Yo, #1)dady” ' da™ =0,
t=1

t=2
which holds if, and only if, Eg [¢e(YT, XT)[YT7! = y7= 1, XT =27, A = a] does not de-
pend on zp. Conversely, if B [¢o(YT, XT)|YT =41 X7 = 27, A = a] does not de-
pend on zp, it is clear that equation for t = T is satisfied since the elements
V,Ing*(z7 |y" ! 2771 a) have zero mean conditional on (y” !, 27~1 a). Therefore, for
t = T is equivalent to the requirement that Eg .« [¢(YT, XT)|Y Tt = yT 1 XT =27 A =q]
does not depend on x7.

Next, consider for t =T — 1. Exploiting the result above, we can integrate over yr_1.p

and x7 to get:

0= /Vn ng*(zr1 [y" 2272 ) Ep e [pp(Y T, XT) YT 2 =y 2 XT71 =271 A = a]

T-2 T-1
< T folwe Ly, ze,a) [T o7 (e |4/, 2" a)w*(a] yo, 21)v" (yo, 1) dady™2da” .
t=1 t=2

Observe that the lack of restrictions on V, Ing*(z7—1 |y 2,272, a), besides it being mean

zero conditional on (y7 =2, 2772 a) and being square-integrable, implies, by a logic analogous
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to that used for the ¢t = T case, that for t =T — 1 is equivalent to the requirement that
E@,w* [¢9(YT7 XT)‘YT_I - yT_17 XT_I = xT—17 A= CL}

T
= [onts"a) TT Solon sy
=T—

t 1

does not depend on 71T, By inductive reasoning, we conclude that, for all s =2,...,T,
T
/gbg(yT, z7) H fo(ye | yo—1, 7, a)dy*T does not depend on z*7. (58)
t=s

That is, ¢y satisfies .
Next, consider equation (55)). Using the results immediately above we get, after integrating

over y*T and x%7:
/Vn 11177*(@ ‘ ?Jo,-’fEl)Ee,w* [%(YT?XT)\YO =y, X1 =21, A= @] 7T*(CL ‘ y0>331)’/*(yoyx1)dadyod331 =0,

and since V, In7*(a | yo, 1) is unrestricted (beyond having zero mean conditional on (yo, z1)

and being square-integrable), choosing specifically

V,Inm*(alyo, 21) = Eg o (YT, XT)[Yo = yo, X1 = 21, A = d
— Egor [0(Y", XT)[Yo = o, X1 = 21]

implies that
/VO,w* (Eor [00(Y", XT)|Yo = yo, X1 = 21, A = a] |Yo = yo, X1 = z1)
x 7 (a | yo, 1)V (Yo, x1)dadyedx; = 0.

Thus, Eg.- [¢e(Y?, XT)|Yy = yo, X1 = 21,4 = a] does not depend on a. Conversely, if
Eou [00(YT, XT)|Yo = yo, X1 = z1, A = a] does not depend on a, then also holds since
V,In7*(a|yo,z1) has mean-zero conditional on (yo,z1). We therefore conclude that is
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equivalent to

L [¢9(YT XT)|YO =1, X1 =21, A= a}

N

/9250 fo(ye | ye—1, 21, a Hg* x|yt 2t a)dyt T daFT

t=2

T
= /¢9(y H (e | Ye_1, 20, a)dy* T (by for s = 2)

is a constant independent of a. Hence, we can write

T
/gb@(y H ?Jt | Yi—1, T, a)dyliT - ]EQ,OJ* |:¢9(YT7 XT)D/O = Yo, Xl - IE1:| . (59>
Next, we also note that can simply be rewritten as:

0= /Ee,w* [0e(Y", XT) Yo = yo, X1 = 21] V Inv* (yo, 21)v* (yo, z1)dyodzs.

Since V,, In v*(yo, 1) is unrestricted besides being mean-zero and square-integrable, a similar

reasoning to before implies that is equivalent to Eg [qﬁg(YT, XYy = 9o, X1 = xl] =

Eg .+ [¢9(YT, X T)] = 0. This result in combination with implies that ¢y satisfies @[}
O

A.2 Proof of Corollary

Assume ([13)). Then, since ST e (yt 2ty a) does not depend on holds for s = T.
Next, integrating with respect to fo(yr—1 | yr—2, x7_1,a) implies that

/%(yT,?CT)fa(yT’yT1,$T1,G)f0(3/T1|yT2,xT1, y' Zth y', 7', a)

where we have used the fact that [¢97T_1(YT*1, XT-1 A)|yT-2 XxT-1, A] = 0. In particu-
lar, this implies for s = T'—1. Further integrating with respect to fo(yr_2 | yr_3, T1_2, a)

/ oo(y"

then yields

T
Y H fo(ye | ye—r, @, a)dy™ 7 Z@/}gty 2’ a)
=T

t=T-2
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since E [¢97T_2(YT_2, XT=2 A)| Y13 XT—2, A] = 0. This implies for s =T — 2. Con-

tinuing this reasoning, we easily conclude that for s =2,..., T,

T s—1
/ ¢0(3/T7 xT) H f@(yt | Yt—1, Ty, a)dyS:T = Z w@,t(yt7 xt7 CL),
t=s t=1

implying for s =2,...,T. Finally, since E [t)g1(Y0, Y1, X1, A) | Yo, X1, A] = 0, integrating
the identity

T
/%(ZJT, ") H Jo(ye lye—v, 2, a)dy*" = Vo.1(Yo, Y1, 71, @)
t=2

with respect to fo(y1 | yo, z1,a) yields (9).

Conversely, suppose that @ and hold. Equation for s = T implies that we can

write:

/ébe(yT’fCT)fe(yT |yr—1,2r,a)dyr = ¢gr_y (y' ' 2" a), (60)

for some function ae,Tfl (nyl, =1 a) that does not depend on 7. Then, fors=T-1
entails that:

E (G (Y7 X7, 4) [ Y72 X7 A] = By (VT2 X724

for some function ¢y ,_,(Y72, X772 A) that does not depend on X7~*T. Equivalently, we

can write:
Gor (YT XTTHA) = G (Y2 X2 A) b (YL XL A),

with E [’(pg’T,1<YT_1,XT_17A) |YT—=2 XT-1 A] = 0. Next, for s =T — 2 implies that:
o o(YT 2 X772 A) = Gy (Y2, XT3 A) + g rn(YT2, X772 A),

for some function ¢y, 5(Y7 73 X773 A) that does not depend on X727 with
E [¢or—o(YT72, X772 A) | VT3 X772 A] = 0. Continuing this argument based on restric-
tion (L0f), we conclude that, for s =2,..., 7 — 1,

5078(}/57 Xsa A) = a@,s—l(Y8717 XSila A) + ¢9,S<Y37 XS? A)a
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such that E [1y (Y*, X*, A) | Y*1, X*, A] = 0. Furthermore,
EO,I(Y()? }/17 X17 A) = 1/J0,1(Yb7 }/i7 X17 A)a

with E [¢g1(Y0, Y1, X1, A) | Yo, X1, A] =0 by @D Collecting terms, we have shown that

T—1
/ ¢9(yT7 xT)fG (yT | Yr—1,2, a)dyT - 597T71(yT_17 xT_la CI,) = Z 7/)971: (yta xta CL),
t=1

with the property that E [ty (Y?, Xt A) | Y1 X! Al =0fort =1,...,T—1. This coincides
with .

A.3 Proof of Theorem [3.1]

Parts (A) and (B) follow from replacing ¢g(y”, 27) by wa(y?, 27) — he(yT, 2T, a) in the proof
of Theorem and from applying the triangle inequality to pg(y”, z7) — ho(yT, 27T, a).

A.4 Proof of Corollary

The proof is the same as the proof of Corollary [2.1.1} except for the fact that ¢a(y”, z7) is
replaced by @o(y”,aT) — ho(y", 27, a).

A.5 Proof of Theorem 4.1

Let £(6,w,|y”, z") denote a smooth parametric submodel, where w, = (g, T, V) and w,, =
wo for some scalar 7y. Following the logic of Lemma [A.T], but now using n in lieu of n*, each

submodel yields a (7" + 1) dimensional score vector
S(y",2") = (7 (y", "), S (", 2T, ST (T 2T, Sy )

where the first component S77(yT, ) corresponds to the heterogeneity component; the next
T — 1 components S™9! t = 2...,T, are the scores for the feedback process at each period;
and the final term S™(y”, 2T) is the score for the initial condition.

By definition, the nonparametric tangent set 7y, ., x is the mean-square closure of elements

AS" where A is a constant K x (T + 1) matrix. Its orthocomplement is

Tovnc = 10 € RN|E[¢] = 0,E[¢/¢] < oo with E [¢/s] =0, for all s € Tgy i }
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or, equivalently,

Tvuoic = 10 € RY|E[g] = 0, E[¢/¢] < o0 with E[¢S"] =0,

for all scores S” of smooth parametric submodels} ,

by Lemma A.1 in |Newey| (1990). We have ¢g, € Tgr,x if and only if
E [¢g,(y", 27)S™(y",zT)'] = 0. Thus, by Lemma , we conclude that 75, j consists
of the set of functions ¢y, € R* such that each component satisfies conditions (9) and
of Theorem 2.1]

A.6 Proof of Theorem [4.2]

By construction, 5§§7G(YT, XT) =11 <§9(YT, X7 |Tia,K> is an element of Ty ;. Thus, it
follows from Theorem that qNﬁgfg satisfies conditions @D and . The moment restric-
tion ([36]) is then a consequence of gbgg@ being absolutely integrable under DGP (6, wp) and
Theorem By the same argument, Eg, ., [ﬁ(g&go(YT,X MNTges, L)] = 0. The moment

condition~ 7)) then follows from the definition of @gﬁa in and . Lastly, when w = wy
we have g - = @gf | and G§l 5 = gl | yielding the efficient moment functions for 6, and

Lo, respectively.
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ONLINE SUPPLEMENTAL APPENDIX

B Supplementary Lemma

Lemma B.1. Let T > 2 and suppose that oj(YT, XT), p2(YT XT) are two L x 1 square-
integrable moment functions under (0y, wo) verifying as well as and of Theorem

' Then, H(wéo (YT7 XT) ‘ %O»WD»L) = H(QOZO (YTv XT) ’ 7-90,010,11)'
Proof. By assumption, ¢g (Y7, XT) = (YT, XT) — 05(YT, XT) € Tk, . since it satisfies
the conditions @— of Theorem Then, we can write
eo(Y", XT) = g (V" XT) + ¢y (Yo, YT, XT)
= M<97 CU) + H((pgo (YT7 XT) | 750,&10,[1) + H(Sog()(YT? XT) | 7;?;,(4)0,[1) + ¢0 (}/07 YT) XT) .

By linearity of Ty, . (5, (Y™, XT) | Totor) + 00 (Yo, YT, XT) € T4, .- There
fore, standard properties of Hilbert spaces imply that II(gy (Y7, XT)|Tg)w0.L)
H(ngo (YT7 XT) | ﬁo,wo,L)' L

C Calculations supporting the MPH results presented

in main text

C.1 Some useful distributional properties of the MPH model

Our derivations of the results presented in the main text for the MPH model exploit a number
of its special distributional properties. Variants of these properties feature in prior work, for
example that of Hahn (1994) and Ridder and Woutersen| (2003). Our analysis requires these
known implications of the MPH as well as several (apparently) new ones, specific to the
feedback case. This section of the supplemental appendix derives and presents the needed
preliminary results.

Recall the definitions pg (z,) = Aq (v:) exp (Yyi1 + 248) for 2z, = (yi_1, 9, 7)) and P, =
po (Zy) fort =1,...,T with P, = p; = py (2;) denoting — when the context is clear — a specific
value of the random variable P;. Unless there is a risk of confusion we omit the dependence

of P, on #. The period t conditional survival function equals

Pr (Y, > yly' ™' 2" a) = Sp (w]y' "2t a) = exp (—Aa (%) exp (Yyeo1 + 238 + a))
= exp (—pg (z) €"), (61)
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for t =1,...,T. Using monotonicity of the integrated baseline hazard and (61)) we have

Pr (P> pily' ™" ot a) =Pr (Y > A7 (prexp (—yyis — 28))| y' 2, a)
=exp (—Aa (AL (eexp (—yyi—1 — 238))) exp (-1 + 738 + a))
=exp (—pee”) - (62)

Observe that is the survival function for an exponential random variable with rate

parameter €. Since the mapping from y, — p; is invertible we therefore have that
B P! X" A ~ Exponential (e?) , t =1,...,T,

and also that

T T
f <x2:T7p1:T‘ y(bmlaa) = eXp <TCL - (Zpt) 6a> H§<xt| yOapl:t_laxt_la CL) )
t=1

=2
where §<$t| y()vpl:til) xtila CL) =4 (It| Yo, yl:
Integrating over %7 gives the following lemma.

=Lt a) for pr = pg(2) and t = 1,...,T.

Lemma C.1. (EXPONENTIAL STRUCTURE OF THE MPH MODEL) For the MPH model
defined by Emmple we have, for t =1,...,T, that (i) P,|P'™', X', A ~ Exponential (e*)
and (i) Py| Yy, X1, A %! Exponential (e?).

Our characterization of the set of FHR moments for the MPH model uses a particular
one-to-one transformation of PT. We next derive the properties of this transformation.

Let P, nd Gamma(ay, 5) for t = 1,...,T and consider the bijective forward orthogonal
transformation V¥ = G (PT):

t=1
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with an inverse given by P7 = G~ (V7T):

P =V\Vr
t—1

P=[J0-VoViVe, t=2,....T 1
s=1
T-1

Pr=[[-vovr.

s=1

By the change-of-variable formula,

T-1 t—1 T-1 dG-1(V'7)
fV(‘/bV%"': fP1 ‘/1VT ngz <H VtVT> fPT < ) ‘d t (T

s=1 s=1

We shall show that:

T
Vr ~Gamma (Z oy, 5) , (63)

t=1

T
VtNBeta(at, Z Oz5>, t=1,....,7 —1,

s=t+1

with (Vi, Vs, ..., Vr_1, Vr) additionally mutually independent of one other.

To this end, let J@(V;,... Vy) = det [deV(TY )] In Subsection |C.4| we establish that:

T-2
JOWA, V) = VI (= v, (64)

s=1
Applying the change-of-variables formula then yields, as we show in Subsection [C.4]
B
r (Z;F:l at)
T-1 T (Zstt as>
=1 ['(a) T (ZST t+1 O‘s)

fo (Vi Vay ..., Vi) = yZem o=V (65)

T

X

‘/;at—l(l — V;)Zsttﬂ 0‘8_17 (66)

from which claim immediately follows. This result, in combination with Lemma
above gives, for B for t = 1,...,7 —1 and P as defined in the main text, the following

lemma.

Lemma C.2. (“HELMERT TRANSFORMATION” FOR THE MPH MODEL) For the MPH
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model defined by Example (1] we have, conditional on Yy, X1 and A, (i)

P, ~Beta(1,T—t), t=1,...,T—1,
P ~ Gamma (T, eA),

with (ii) (ﬁl, b, ... ,IgT,l,ﬁ) additionally mutually independent of one another.

C.2 Proof of Lemma 2.2

Recall the bijective transformation between (yi,...,yr) and (p1,...,pr) given by
pt = Aa(yt)evyt—l"rx%ﬁ’ t = 1’ . 7T’

as well as the second (bijective) transformation between (pi,...,pr) and (py,...,pr-1,P)

given by

ﬁ _ ygs
t — T )
Zs:tps

T
p= Zpt-
t=1

The distribution of (Py,..., Pr) is stated in Lemma and that of (ﬁl, e ,ﬁT_l,?) in
Lemma [C2

From these two bijections we get the following two equivalent representations of ¢g:

o(yo,p", ") =g (yo, Ay (p1 exp(—yyo — 218)),

o ,A;l(pT exp(—vyyr_1 — 240)), xT) (67)
T—2 T—1

we(ZJo,ﬁT_l@a :UT) :59(?/0,]7@7 (1 - ﬁl)ﬁ?ﬁ? EIR) H(1 - ﬁs)ﬁT—lTja H(l - 275)2_?, xT)' (68>
s=1 s=1

In the present context, condition of Theorem for s = T corresponds to a require-

ment on of

“+o0o
(o, p", 27 )ee™"PTdpy does not depend on
0

= Ao (yr)exp (Yyr-1 + a7) (see
Lemma |C.1). This implies that Lpr — &(yo,p? L pr, 2T Y 27)][e!] = Llpr —
&o(yo, pT Y, pr, 21, T7)][e?] for any Z7, where £ denotes the Laplace transform operator.

where we have used the change of wvariable, pr
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By the uniqueness of the Laplace transform, it follows that &(yo,p” ', pr,2? 1 ar) =

ge(yOa pTila pr, xTil
suppress the dependence of ¢y, &y, g on .

, T7), meaning that & does not depend on zr. Hereafter we therefore

Next, consider the decomposition
7700(}/07 ﬁT_17F7 XT_I) =
(Yo, P71 P XTY) — B [0(Yo, P71 P, X7 Y| o, P2 P X7

+ (B [go(¥o, P71 P, X7

}/07],571727?7 XT?1:| —-E [Qp@(ybaﬁTilaﬁ? XT?l)

}/E)? ﬁT?g? F? XT72:| )

+ (E [wg(yo,ﬁTfl,?, X7-1

%7;\;1—‘737?7 XT?Q] —-E [we(%’ﬁT*17?7 XT?I)

Yy, P74 P, XT%S} )

+ E |:¢9(K): ﬁT_laﬁa XT_I)

%7ﬁ17ﬁ7X2i| )

or, succinctly,

T2
Tﬂe(%yﬁT_l»?, XT_l) = Z¢9,t(%vﬁt7ﬁy Xt+1) +77Z)9,T—1()/07ﬁT_1aFa XT_l)a

t=1

where
Yo (Yo, P77 P XY = (Yo, P71 P XY — B (Yo, PP PLXTT)| Yo, PP P XY
forallt=2,...,T — 2,

1/}9,15 <Y07 ﬁtaﬁu Xt+1>

— E [0(¥o, PP X7 Yo, PP X< [ (Yo, PTL P XT)| Yo, PP XY
and

Y01 (Yo, P, P, X?) = E [ y(Ye, P71 P, X71)| o, Py, P, X7
The law of iterated expectations readily implies that:

E |:¢9,T—1(}/ba ﬁT—17F’ XT_l)

Yo, P2 P X =0,

E |:w6’,t(YE]7 ﬁtaﬁa Xt+1>

YO,ﬁH,?,Xﬂ —0, t=2,....T—2.
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It only remains to show that (i) for all ¢ = 1,. — 1, ¥g.(Yo, P!, P, X'*1) does not depend

on X;41 and (ii)

E | ¢o(Yo, P71 P, X7

}/E)aﬁa X1:| = 0.

We start by establishing (i). To that end, fix any s € {2,...,7 — 1}. By Theorem
equation , we have

/ Eo(yo, pt, T Hete ™ th:Sp‘dpSZT does not depend on z*7
0
using the change of variables, p, = A, (y:) exp (vyi—1 + 238) for t = s,...,T. Next, recall

that ﬁt = Tpt s
Zk:t Pk
second change of variables, the previous condition is equivalent to

t =s,...,7 — 1, and introduce p, = Z::Spk. By Lemma |C.2[ and a

e(T—s+1)a

T s—1 — r-i_~- T—s —epsd d td d T
/0 o(Y0,0° ", Py T )F(T ot 1) (Ps) p, does not depend on x*
where
T-2 T-1
T@(y()aps_l?psﬂ x / 59 Yo, P 7psps7 (1 - 2’55)55—&—12_957 R H(l - ﬁk‘)ﬁT—l]_jsa H(l - ﬁk)]_?m xT_l)
k=s k=s
t+ 1) .
XH (1_pt>Tt1d Tl
Hence,

LB, = (B)" Yolyo, p* B v 2™ (€] = LB, = (B,)"° Tolyo, p*H, Par 1, 71 [e7)],

s T—1

for any possible values z . By uniqueness of the Laplace transform, we conclude that Ty

does not depend on z*7~1. Since there is a bijective transformation between (p*~!,p,) and
~s—1 = 3 ~ _ - s—1 — .
(p*~1,P) given by p, = m t=1,...,s—1,andp= >,  pr + D,, we have:
T—1
s—1 — (T —t +
TG(yOap 1,ps,f]3 / w@ 3/0, 7p7 H F (1 — Dt )T = 1d~ST 1

t=s

—E [¢(¥o, P' P, X7

}/0 :y07P871 :ﬁ8717ﬁ:ﬁ7xs :x8i| )

which does not depend on 2*7~!. The second equality follows from the fact that the “forward
orthogonal transforms” P71 are independent of P51, P, X* by part (i) of Lemma|C.1{and
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Lemma [C.2] This shows that, for s € {3,...,T — 1},

%73—1(Y0, ﬁs—l’ F? Xs)

=E [wg(%vﬁ,ril??? XT?I) %7ﬁ8727ﬁa XSil

%7§8717F7 XS:| —E |:1/}9(}/07§T717F7 XT?l)

does not depend on X*7 and that, for s = 2

U0 (Yo, 1, P, X2) = B [ (¥o, P71, P, X7

}/07§17F7X2j|

does not depend on X*7. This proves (i).
Finally, by Theorem equation @, we have

/ fa(yo,pT, xT—1)6ae—e“ Zleptde — 0,
0

where we have once more used the transformation p; = A, (y;) exp (yyi—1 + 2;5) for t =

1,...,T. Consider now, p; = ZTpt - t=1,....,T—1and p = Zlepk. By Lemma |C.2
k=t

and a second change of variables, the previous condition is equivalent to

= o1y €0 P
To(yo, D, 2"~ p’ e Pdp =0
/0 G(yovpax )F<T)p € p )
where now T9<y07ﬁ7xT_l) = (fol 77Z)9(y07ﬁT_17ﬁ7 xT_l) 31:_11%(1_515)21_15_1(1?_1)'

Hence,
L= " Tolyo, B, 2" H)][e?] = 0,
which by uniqueness of the Laplace transform implies that
0= To(¥o, P, X" = E [ 4(¥o, P/ P, X7 %o, P, Xa |

where the second equality is again a consequence of Lemma [C.2] This establishes (ii) which

finally yields the desired representation.

C.3 Semiparametric efficiency bounds for the MPH model

Here we present our semiparametric efficiency bound derivations for the MPH model. Our
calculations exploit Lemma [2.2] and Theorem [.1] of the main text. In order to compute the
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efficient score for the MPH using equation (30) in the main text, the following lemma is

useful.

Lemma C.3. (MPH PROJECTION) For any L x 1 mean-zero random vector pg(YT, XT)
such that E [ngg(YT,XT)||2] < 00, we have

T-1

H(SOG(YT?XT”%,LUJ,L) = Z SOGL,t(YEb ﬁt7?7 Xt)?

t=1

with
o (Yo, PP XY) = E [@9(YT,XT)|Y0,ﬁt,F, Xt] _E [(pg(YT,XTﬂYO,ﬁt_l,F, xt] .
Proof. First, we note that by iterated expectations,
E [%{t(YO, PP, X")|Y,, P71, P, Xt] _0.

Thus, Lemma and Theorem {4.1|imply that 3, ' ©5.4(Yo, P!, P, X') is an element of Too L
Next fix s,t € {1,...,7 — 1} and consider any function vy (Y, pPs, P, X®) € 7;va such that

E o, (Yo, P P, XY, P P X°| = 0.
Observe that if s > ¢

B [ (Yo, PP X (Yo, B P, X°)|
=E |, (Yo, P', P. X'VE |4, (Yo, P*, P, X*) Yo, P P.x"||
= 0.

Symmetrically, if ¢ > s,
E |:S009L,t(}/07 ﬁt7?) Xt)/1/)9,s(§/(]) -ﬁsyﬁa Xs)i| = 07

since by construction E [%{t(YO’ Pt P, X H|Yo, Pl P X t] = 0. Using these observations we
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can show:

T-1 !
YT XT ZQP 0.t YbaﬁtaﬁaXt)> 1/}9,3 <Yb,ﬁS’F’XS)
t=1

\ , o
_E (W(YT XT) = ot (Yo, P, P XS)) Yo.s (YO,PS,P,XS>]

—E _(¢9<YT,XT> ~ B [po0T XYY, PP, X)) s (Y0, PP, Xs)]
+E [E [wg(YT,XTﬂYO, PP, Xsi|/77b0,s (Yo, PP, Xsﬂ
=0,
where the second equality uses the definition of %ﬁ(yo, ﬁt,ﬁ, X*) given in the statement
of the Lemma and where the last line follows from iterated expectations and the fact that

E |:77ZJ975(YE), ﬁs,ﬁ, X*9)|Yo, ﬁsfl,ﬁ, Xs} = (. Since by Lemma and Theorem any func-

tion of 7%, 1, is of the form:

T-1
¢9<Y07ﬁT_17F7 XT_1> = Z¢9,t(%aﬁtvﬁv Xt)v

t=1

with E [zp@,t(yo, PP, X"
that

Yy, P1, P, Xt} =0, t=1,...,T — 1, these calculations show

T-1

(soe(YT,XT> 3" i(Yo, PP, Xt>> (Yo, P71 P, XY | =0

t=1

E

By the Projection Theorem (e.g Theorem 11.1 in [Van der Vaart, (2000)) we conclude that,
T—1 N
H(gpg(Yb,Y XT)| QwL Z@ét(}/E)?Pt’P?Xt)?

t=1

as claimed. O

C.3.1 MPH efficient score under feedback

We can use Lemma to derive an explicit expression of the efficient score for § = (o, 3, 7).
Given the historical and continued importance of the MPH model, the required calculations,
although involved and tedious, are presented in detail here.

Recall the form the integrated likelihood for the semiparametric panel data model with
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feedback presented in equation of the main text. The form of the parametric period ¢
panel data model equals, in the MPH setting,

To(yel@e, i1, a) = Ao (ye) exp (Y1 + 238 + a) exp (—pg (2¢) €7) .

Further recall the notation: P, = pg (Z;) = Aq (Y;) e?-14X8 (when evaluated at population

value 6 = 6y). The (submodel) score for 6 equals

SOYT XT)=E

06

ET: alnfg(}/;f|}/tflaXtaA) |YT,XT] )

t=1

By Theorem [£.1 and Lemma the efficient score, when T' = 2, equals
o1 (Y2, X?) =E [59(1/2, X | Yy, P, P, Xl] —E[S°(Y? X?) Y, P, X1],  (69)

while, in the general T' > 2 case, it equals
(beff YT XT Z(ﬁf}ffl. YE),Plt N5} Xl:t)’

with, fort=1,...,T —1

Y

¢Z§,J_(Yb, 1’51:15’ ?’ Xl:t)
—F [SQ(YT,XT)D/O,ﬁLt,F,Xl:t} o) [SQ(YT,XT)D/E),ﬁl:til,F,Xl:t} ) (70)

In what follows we focus on the T' = 2 special case for simplicity (and because it is this case we
study in the numerical experiments reported in Section [5|of the main text). The calculations
proceed by evaluating — and simplifying as far as appears to be feasible — equation
above. We do this separately for 5, v and a. Our efficient score expression for g holds for
any baseline hazard, those we present for v and « assume that the baseline hazard takes the
Weibull form: A, (y;) = ayi'. The calculations presented below can be adapted to study
semiparametric efficiency bounds under other maintained baseline hazard assumptions.

The efficient score for 5: The (submodel) score for §, recalling the notation re-
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established immediately above, equals:

T
Pt x7) — g |3 2ol '5;“’ Xy XT] (71)
Lt=1

T
E > X (1— Pe”) |YT,XT]

L t=1

T T

=> X, = > XPE[e*|Y" X"],

t=1 t=1

which, when T' = 2, coincides with
SPY? X?) = X1+ Xo — (X1P+ XoP)E [ | Y2, X?]
Reparameterizing in terms of P, and P yields the equivalent expression
(V2 X%) = Xy + X, — (Xlﬁlﬁ 4 X1 151)?) E [eA Yo, P, P, X2] .
The efficient score for 3, from equation above, equals
gff’ﬂ(y27 X2) =K |:Sﬂ(y27 X2)|)/07 ]’517F7 X1i| —E [Sﬁ<y27 X2)|§/0,?, Xl} : (72>

We evaluate the two expectations to the right of the equality above in sequence. First,
E[$%(Y2 X*)%, i, P, X4
— X, +E | X[¥o, P, P, X, | = Xi P PE [* | Yo, P, X3] = (1= P)PE | Xae Yo, B, P, X3 |
Second, and making use of Lemma when evaluating expectations over ﬁl,

B [$7(r%, X) Y, P, X,]
= X, +E [X,|Yp, P, X;] — X, PE [ﬁleA Y,, P, Xl] _DPE [X2(1 —P)et | Yy, P Xl]

= X, +E [Xo|Yo, P, X,] — %Xll_DE [e*] Yo, P, X,] — PR [X2(1 ~ P)et vy, P, Xl} .
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Collecting terms we get an efficient score for 5 of

~ 1\ — _
hy2 X?) = —X; (P1 - 5) PE [e* Yy, P, X ]

+E | XY, P, P, X1 | — E [X] Yo, P, X))

— (1= POR [Xoe? | 5, B, P, X | — B [X5(1 = P |0, P, X)) P,

or more concisely

(VXY = - X, (?1 - %) PE [e*]Y,, P, X1]
+E [X2 (1 . E)Fef‘) Yo, Py, P, Xl}
~E [XQ (1 —(1- E)Fe/*) Y, P, Xl] ,
as claimed in Section [Bl
The efficient score for y: The (submodel) score for v equals:
T

S’Y(YT’XT) —E Z alnfg(}/; ‘ }/;«*17Xt7‘4) |YT,XT
Lt=1 87

T
E > Vi (1—-Pe) Y7, X7

Li=1

T T
=3 Y- Y Y RE[M YT, XT],
t=1 t=1

which, when T = 2, coincides with
STY2 X)) =Y+ Y — (YoP +ViR)E [e? |V, X7,
or, after reparameterization in terms of (P, P), with
SV X% =Yy + Vi~ (WBRP +Yi(1 - P)P)E [ Yo, Py, P, X7
The efficient score for ~, from equation above, equals

(Y2, X2) = | [S”(YQ, X2)|Y, Py, P, Xl] —E[S7(Y2 X2)|Y,, P, X,]
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where evaluate the first expectation to the right of equality as

E [SV(W, X2)|Y,, P, P, Xl] — Yo+ Y — (Yoﬁl?+ Yi(l— ﬁl)?) E [eA Yo, Py, P, Xl}

:YE)+5/1_ (Y()ﬁlﬁ+}q(1_ﬁl)F>E|:6A|YE)7F7X1}7

using the fact that P, L (A, P)|X,Y; (see Lemma above).

In order to evaluate the second expectation entering the efficient score for v we consider

a—1

the special case of a Weibull baseline hazard: A, (y:) = yf, A\a(y:) = ay; . This hazard
& o—xIE_1y,
e :

la «

~1

. . . . + _x/B_1a
implies the convenient relation Y; = Pfre *1a"a¥0 = PP

use Lemma to evaluate the expectation:

This allows us to

E [V, P, X)) = e Xia-a%E [ﬁﬂYO,F, x,| Pe

where we have used the fact that P, ~ U[0,1] = Beta (1, 1). Proceeding in the same general

way we also get

~ _ , ~1 ~ _ 1
E[Vi(1 = P)[Yo, P, X1 | = e X% [Py (1 - P)[¥o, P, Xu| P*

— o — @ einangopé‘
l+a 142«

Using these two results we evaluate the second expectation in equation as:

E [S’Y(Y27X2)|Yb7?7 Xl} = }/0 +E [)/1|)/O7ﬁv Xl}
_ (yOE [131|Y0,F, Xl} +E [5/1(1 — P[0, P, le PE [¢"| Yo, P. X, ]

« 1 B_ vy —1
:}/E]—i— e Xla aYOPD‘
1+«

1 (6% (6% 1By —1 J— _—
— | Yo3 — ~MamaYope ) PE [e? Yy, P, X
(02+(1+a 1+2a)6 ) [ %0, P,.X,

Collecting terms yields an efficient score for v of:

& (V2 X2)(P, P, X)) = Y — —— e Xia-3%pa

~ 1 ~ «@ o 1B _ vy =t
— (Yo (P —= Yi(1 —Py) — — ~Xia—aYope
(0( : 2)+(1( % (1+a 1+2a)6 ))

x PE [e! Yy, P, X1]. (75)
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This expression does not appear in the main text.

The efficient score for a: The (submodel) score for « equals:

T
Oln fo(Yi|Y, 1, Xy, A
ocyT XT —E ) )

Lt=1

) |YT,XT

T
e [3 om0 alnAa(Yt)PteAlyT’XT]

Oa Oa

Lt=1

T
Z ln)\ Zaln/\ Pt]E[ A|YT XT}

which, when T' = 2, equals (after reparameterization in terms of P, P):

OlnA,(Y:)  9lnAa(Ya)
« Y2 X2 _
SE(V5, X5 O + oo
- (Ynlel)p  O08a0%) (1 5y)) P [e %, P P X0 X
oo Oa

and the efficient score for «, from equation above, equals
¢fo,oc(y27 XQ) =K |:SQ(Y27 XQ)’YEh ﬁlaﬁa X1:| —E [Sa(y2, XQ)’%aﬁa Xl] : (76)

To make further progress we again consider the Weibull baseline hazard case; implying
InA,(Y;) =alnY; and In A\, (Y;) = Ina + (v — 1) InY;. This yields

0lnA,(Yy) Y,
Ja

—8ln>\a(Yt> = s +InY,.
Oa «Q

~ = ’ ~1__1 bd
In the parameterization Py, P, with Y; = Pla e Xi5-1v — PePce “X{Z-2Y and Y, = (1-—

~ . 1—=1 1B _ o
Py)aPee X1a"aY0 we have

Ol A.(Y7)

156

M:111Y2:—l(Xéﬁ—i—’y}/l)—i-lln(l—Pl) +lhl]_3
oo Q a @

1 1
=Y, =——(X|8+7Y,) + —lnP1—|— lnP
o o

1 i1 s s 1 N
E—— (X;ﬁ n 7P1“P“6_X1§_5Y°> v —1n<1 - P1> + P,
« « (6%
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and

In A, (Y] 1 1 1. ~ 1. —
QﬂﬁLﬁ:———Mﬁ+ﬂ@+—mﬂ+—mP
O a o«
1 X7

InA,(Y2) 1 ~1_ 1 AR
8n—0‘<2):___()(é6+7p1apa Xi5 aY0>—|——hl<1—P1>+_lnP-
Jda o o « o

The following implications of Lemma are useful for the calculations which follow: ﬁl il
PlYy, X with P ~U [0, 1] and hence, by the properties of the uniform distribution, — In P~

Exp (1). Using these facts we evaluate the following four expectations:

E |- 1n<1 _ E) Yo, P, Xl} _E [— ln<1 _ E) |Y0,X1} ) [— In Py|Yo, X1 | = +1

= .
E |Pr|Y,, P, X | =

L a+1

[~1 [0 «
E[Pe(1- P YPX}: _

I (1= P)lYh, ! (1—|—a 1+2a>

U 1
E 1nP1P11YO,P,X1} -7

Using these calculations we can then evaluate the various conditional expectations in the

efficient score expression. We start with

mA(Y1) . 5 = 11 !
E [a PR 1)|Y0,P1,P,XJ =~ —(X{f+9Y0) + ~ P+~ P,
606 (6] 0%

and
Oln A, (Y] — 1 1 1 ~ — 1 —
E {n—(”m,P,Xl} =~ S (X!|B+Yy) — —E —1nP1|Y0,P,X1] L ZInP
Oa a « « «
1 1
= —— (X]f+7Y0) + —InP,
o «

which together give

mA(Y) o = — mAa() 1 5 LR AN
E 8n)\a( 1)|YE),P1,P,X1 ) M|%,P,X1 :—+—lnP1.
Jda dax a o

Second we evaluate

AR

E {Eﬂn Ao (Y

5> D 1 ~1_1 ;8 ~
804 )|}/E)7P17P7X1:| :a_ ( |:X2D/07P17P X1i| /B_ny aPa Xiq lYO)

~ 1 _
1n<1 _ P1> 4 —InP,
(6%

Q=

+
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1 N 1 _
_-E [—ln(l _ P1>|Y6,P,X1} 4P
(6%

«

_ _1 , _
- . (E [Xa| Yo, P, Xl}/ﬁ +’7LPC“6X1§2YO) + l1nP,
«Q 14+« o
which together yield:
In )\, (Y5 ~ — In )\, (Y- _
E an—a(Q)Wb?php,Xl ) an—Mnfo’p’Xl
oo Oa

1

1
a o«

~ . /
(B [X%o, PP, X1 | ~ B[]0, P, X1]) 4

~1 __1 ’ ¥ 1 g
7 (Pla —— )Paexliayo+—1n<1—P1).
(6%

Collecting the results so far, we have that the first part of the efficient score, equation ([76]),

equal to:

ol )

QR

Yo

2 1. - 1 - 1 .

—+—1nP1—|——1n<1—P1>—1(P1‘*— a )P“e‘Xl
a o« « «a 1+«

1 - _ /

-~ (E[Xal¥o, 1. P, x| — E [Xa]Yo, P, Xa] ) 6.

To find the form of the second part of the efficient score we need to evaluate several

additional conditional expectations. We begin with the pair of conditional expectations,

using the expression for %Z(Yl) presented above,
O Ay (Yy) ~ — - -
E {na—“)PlPE Yo, P, P, X2 |Y0,P1,P,X1}
(8%
1, O [ e T
—E|(-=(Xf4Yy) + —InP + -InP PlPE[e |Y¢),P1,P,X]|YO,P1,P,X1
[0 (0% 6%

1 S e P _
= (—— (X1 +Yy) AP+ —InP PP+ —PlPlnP> E [e*|Yo, P, X1],
(e (e (e
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and also

In Ay (Y;) ~ — - _
E [M—MPIPE [eA Yo, P, P, Xﬂ |Y0,P,X1}

_ _ 1 -~ _ _
X!B+~Y,)E [PleA Y,, P, Xl] P+-E [m PiPiet | Yy, P, Xl} P

Qr—t
AQ)
Q

+—E

%

Together this yields a difference of expectations equal to

Piet |, P, Xl}PlnP

1— 11— 11— _
(X8 +Y) = P———P+——P1nP)E[eA|YO,P,X1].

QIH

2 a4 a2
In A, ~ ~
[8“8—“13 PE [ |Yo, P, P, x?| |Y0,P1,P,X1}

(07

[%()HPE [ AlY,, By, P, Xﬂ Yo, P, Xll
(6%

1 ~ 1 1 ~~ 1 1/~ 1 —
= (—E(X{ﬁ—i—nyO) <P1 - §> +a (1nP1P1 + Zl) + > <P1 - 5) lnP)
x PE [e* Yy, P, X1] .

91n A, (Y2)

B given earlier,

Next we evaluate, using the expression for

In A, (Y- >\ PP Py, P
E lana_H x (1= P)PE [¢*| Yy, P, P, X?| |Yo7P17P7X1]
(0

1 i g, | N o
—E K—— (Xgﬁ F AP Pee —Xlg—a%) n —111(1 - P1> 4 n P) (1— PP
(6% (6% (6%
E ¢! Yo, i, P, X?| Yo, P, P, X |
1 Y S
~—-E [XQeA Yo, P, P, Xl} B(1— PP
Y0(1 - P)PE [e!| Yy, P, X1]
4= ln<1 - ﬁ1> (1— P)PE [e* | Yo, P, X4
(0%

1 ~ _
+—(1—-P)PInPE [e"|Yy, P, X1].
(07
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We also require:

. {alnAa%)
Oa

~ _ !
E [(1 ~ P)XoeM | Yy, P,Xl} 5P

x (1 - P,)PE [eA | Yo, P, P, Xz] Yo, P, Xl]

1
[

e METIOPR | PR (1 - P)et | o, i, P, X

hS")—‘

s

E [m(l - 151>(1 — Pt | Y, P, Xl]

_|_

+
QImR—RlRe |+

Pl PE [(1 — P)et | Yy, P, Xl] ,

which, after further simplification using Lemma [C.2] equals

. [EﬂnAa(Yg)

S (1 - P)PE [eA|Y0,ﬁ1,F, XQ] Y, P, Xl]

1 - I VA
—__E [(1 ~ D)X | Yo, P,Xl} 5P
e
TYoa -X-2vp( & o A B
_ L PpeeXia-avop _ E[e?|Y, P, X
a ¢ (1+a 1+2a) [e Yo, P, 1}
Tl g —
_EZPE[G |}/E),P,X1}
11—, — _
+ —§P1nP]E [e? Yo, P, X1] .
8]

Putting these last two expectation evaluations together yields a difference of:

. {alnAasz)
o

e {aInAa(Yz)
oo

1 ~ 5 B P P x,|) sP
= (- P [xee? 10, P X)) B [(1 - Paet 10, P X)) 6P

DXt (pr_py - (0 @ PPE [e4 Y, P. X
© (1( D\ Toa 1520 [e* Yo, P, X4

X (]_ — ﬁl)FE [eAl}/baﬁlaF7X2:| |Yb’ﬁ1’ﬁ’ X1:|

« (1 — P,)PE [eA Yy, Py, P, X2] Y, P, Xl]

-2

Q

+ l (ln(l — ﬁ1>(1 — ﬁl) + i) PE [eA | Yy, P, Xﬂ

Q

Q

1 ~ 1\ = — _
—I——((1—P1)—E)PlnPE[eA]YO,P,Xl}.
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Hence the second component of the efficient score is given by (minus):

1 ~ 1\ — —
(X18 +7Y0) <P1—§> PE[€A|Y0,P,X1]

o
1/ ==~ 1N\=raiuv =
+— | ImPP+ PE [e" Yy, P, X1 ]

(0%

1L/~ I\, —— A =
+— (P — < |InPPE[¢"| Y, P, X1]

o 2
. (1—-PF) L) 51 PE [¢ Yy, P, X1]
o 1 5 n € 0,475, A1

1 ~ ~ 1\ — _
+ (1n<1 - Pl)(l P+ Z) PE [ | Yy, P, X1]

a
_ 0 -xiE-2y, Se(1_ Dy _ a o Bab A )
Le (P1 (1-P) <1+a 1+2a)>P PE [e*| Y, P, X4
o~ o~ PR ~ — , —
! ((1 _P)E [XQeA\YO,PI,P,Xl} _E [(1 _ Pl)XgeA\YO,P,Xl]) 4P,
o

which, after some manipulation, simplifies to

1 ~ 1\ — —
_E(Xm‘i‘ﬂ/o) <P1—§> PE[eA\YO;P,Xl]

1 ~~ 1\ = —
+ = (m PP, + Z) PE [e* | Yo, P, X1 ]
(6%

1 _ S 1\ 5 -
= (111(1 _ P1>(1 —P)+ Z) PE [e* | Yy, P, X, ]

T (P - By - (S — %)) PUPE[* | Yo, P, X
1 - - - _ .

_ = ((1 _P)E [XgeA Y,, P, P,Xl} _E [(1 — D)X | Yo, P,X1]> 3P.
o

We want minus of the former to form the effcient score, so (and also collecting terms)

1 ~ 1\ — —
+E(X{6+7Y0) (P1—§) PE [e*| Yy, P, X]

1/ ~~ 1 - -1 _
S (mplpl n Z—l—ln(l —P1>(1 —P1)+Z> PE [e*| Yy, P, X1]
[0

Texiz-n (pra—B)— (-2 - % V)P PE["|V), P, X

+-e (1( 1) T-a 1+2a [e? | Yo, P, X4]
1 - - ~ _ -

4= ((1 _P)E [X26A|Y0,P1,P,X1] _E [(1 —Pl)XgeA]YD,P,le 5P.
e}
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Putting everything together, the efficient score for o equals:

> 1.~ 1 - 1 1
eff,a y,2 2 Y o _x/B_ay
VLX) =S4 —InbP + -1 (1—P)—— P — PreXia-2%
Py “( ) a+an 1+&n ] a(l 1+&) e
1 o~ /
-~ (E[XaYo, X1, 1, P| — E [X[Yo, X1, P] ) 6
1 -1\ = _
+E(X{/3+7YO)<P1—§>PE[€A|Y0,P,X1]
1/ ~~ 1 - N
- 1nP1P1+Z+1n<1—P1)(1—P1)+Z—L PE [e" Yy, P, X]
«
Tttt (prr- Py — (-2 = % ))P*PE["|Y,, P, X

1 ~ ~ — ~ - "=
+= (L= POE [Xoe" [ ¥, P, P X0 | —E[(1 = P)Xpe" | Y5, P, X | ) 6P,
o
Close inspection of the expression above indicates that it includes linear combinations of the
efficient scores for 8 and v as components. This observation, as well as simplification and
rearrangement, gives a final expression of:

1 - ~

gebo(v? X?) == (2 +In P+ 1n<1 — P1>>
«

1/~ ~ _ _
<P1 P+ (1= P)In(1- P

«

N—

1\ — _
+§> PE [e*| Yy, P, X,

v xy Y gt x)

Q1=

. (77)
Like its counterpart for v this expression does note appear in the main text.

C.3.2 MPH efficient score without feedback (i.e., under strict exogeneity)

Hahn| (1994)) derived the SEB for the MPH hazards model with 7" = 2 and strictly exogenous
regressors. His analysis did not include lagged duration dependence, as ours does. For
completeness, we sketch the derivation of the efficient scores for o, S and ~ under strict
exogeneity here. Details can be filled in along the lines of our derivation for the scores with
feedback and/or by studying the rigorous analysis in |[Hahn| (1994)).

By direct analogy, the efficient score when T = 2 under strict exogeneity equals
GTE(Y2 X2) = [SG(YQ, X2)|Yy, P, P, Xﬂ ~E[S" (Y2, X?) | Yo, P, X?] .

It follows that the expressions for the scores are the same as those derived above under

feedback except that each expectation now conditions on all “leads and lags” of the strictly
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exogenous covariates.

This yields an efficient score for 8 of
~ 1)\ — _
eSS (y2 X?) = (X, — X)) (P1 —~ 5) PE [e Yy, P, X?] . (78)

This expression is identical to the one found by Hahn! (1994).

Maintaining the Weibull baseline hazard assumption, the efficient score for v equals:

eff SE,y Y2 X2 —Y, — Q —Xig
¢9 ( ) ) 1 1 + Cke

~ 1 ~ o' « 1By =+
(Y% (P -2 Yi(l—P) - - ~XiamaYope
o(r-3) (i (5 - ) e ert) )

x PE [e? | Y, P, X?]. (79)

1
~y R
_EYOPO‘

The analysis of [ Hahn| (1994) did not accomodate lagged duration dependence. The expression
above is therefore new.

Finally, the efficient score for a equals:

1 —~ ~
¢gffvSEva<Y27X2) == (2 +InP + ln(l — P1>> (80)

o
1 ([~ ~ ~ ~ 1\ = —
i (P1 InP +(1— P1)1n<1 — P1> + 5) PE [eA | YO,P,XQ]
o
_ 4eTSEB y2 2 /ﬁ _ getsBa 2 x2y
( ) ) o 0 ( ’ )Oé
This expression coincides exactly with the one given in Lemma 3 of Hahn (1994) except that
his formulation maintains the additional a prior:i restriction v = 0. Setting v = 0 in the
expression above yields Hahn’s expression.
C.3.3 MPH efficient score for average effects
Lemma can also be used to derive expressions for the efficient score of average effects

(0, w).

Average structural hazard. Consider first the ASH A(y|2, y:—1) defined in (22). In the
main text, we showed that (YT, XT) = )\a(yt)exmﬂyf*% is an identifying FHR moment
function for A(y|zs, ye—1). Applying Lemma yields the projection

T-1

H(QDG(YTvXT)”—&t),L) = Z@é_,t(}/o? ﬁt7?? Xt) = 07

t=1
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since, for all t € {1,...,T — 1},

803:,5()/07 ﬁt7ﬁ> Xt)

E [WG(YTaXT)|Yb7ﬁt7?7 Xt] —E |:§00<YT7XT)|}/OJﬁt_17?7 Xt]
T—1 T7—-1

bW exiﬁ+vyt-1 — )\, em;,ﬁﬂyt_l _
(Z/t) 1z (yt) 1z

0.

This verifies the claim in Section[5l Recalling from Section [4.1] that the efficient score is given
by ogt (YT, XT) = o(YT, XT) = (@y(Y", XT) | Ty, 1), we conclude that the efficient score
for the ASH is
/ T—-1
oY1 XT) = dag)ert o ———.

Average structural function. As a second example, consider the ASF p(x;, y;—1) defined
in . Under a Weibull baseline hazard, it takes the form

p(ry, yp1) =T <1 + é) eXP<_$Q§ - gyt1>E [exp(—%)] .

In view of , one candidate identifying moment function is

By F(1+4)0(7T)2
YT X" = —Ty= — Y N Pe.
809( ’ ) eXp( xta ayt 1 F(T—{—é)

Applying Lemma , we again get II(gg(Y", X7)|T5., ) = 0, which implies that the efficient
score for the ASF is given by

/é zyt 1) r (1 + é) F(T)F% (81)

eff

Alternatively, based on , one could for example consider the FHR moment function

1

1 B
QO%O (YT, XT) =T <]. + a) exp (—ZL';E — ayt_1> Pla,

«

noting that E [Pla Yo, Xy, A] =E [exp( a)} For this choice, the identity P, = P, P and an
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application of Lemma yields

1 ~1_1 ~ —1
(0" X)) =T (14 3 Jexp( =il = T ) (PP — £ [Pi00, 7. 77)
1 B 7 sipr T+ (T4
:F(1+a) eXp(_x;a_ayt—l) (Pl P — F(T—i—é) P
1 B v \T(OA+3)T(T) 5L
:gpg(YT,XT)—F(l—Fa) eXp( Ty— — —Yi 1) F(T—l—i) )

where the second equality leverages the distributional properties reported in Lemma .
The projection residual would then deliver the same expression of the efficient score as .
This aligns with the result discussed in Section that the efficient score for average effects
is invariant to the specific choice of ¢y.

C.4 Detailed calculations

Derivation of equation (64): Using the inverse mapping defined in Appendix |C| we can
write the (determinant of the) Jacobian of the mapping from V back into P as:

Vi 0 0 0 Vi
—VaVir (1-V1)Vr 0 0 (1-V1)Va
—(1-V2)V3Vp —(1-V1)V3Vp (1-V1)(1-Va)Vp 0 e (1-V1))(1-V2)V3
J(T)(Vh--wVT): : : : : . :
~ L (=Va)Vpa Vi [_2A-Vove T2 =Ve)Vro
-5 a-v)vr -T2 -vVovr = (1-vs)

A Laplace (co-factor) expansion along the first row gives

(1-V1) Vi 0 0 (1-V1)Va
—(1-V1)VaVp (1-V1)(1=Va) Vi 0 e (1= (A-W2)Va
JOVi, . V) =V : : : .. :
—(1-V) I =Va) Ve Vi | J R CER AN T2 (-Va)Vry
—(1-v) [T22 A=Ve) v -T22a-vove ha-ve
—VaVip 1-v)vr 0 0
—(1-Va)V3Vp —(1-V)V3Vp (1-V1)(1=Va)Vr 0
+ (_1)T+1VY1 . . . .
-T2~V V1 Vi M2V vr
~I1I5 a-vovr -2 a-vove
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and further factorizing common factors across columns yields

Vr 0 0 Vo
—VaVr (1-Va)Vp 0 (1-V2)V3
JD VA, V) = V(1 = V)Tt : : : - :
~MI22a-vove_ v [ a-Vo)vr M5 (1-Vo)Vr_y
TS 1=V vr S | SRR AN 115 a-v)
Vo Vi 0 0
(1-V2)V3 —VaVp (1-V2)Vp 0
+ (=)' =)y : : : :
M5 0-Vove . v IS a-vvr
115 (-vs) o S a-vove

Observe that the matrices involved in the first and second determinants have the same set
of columns. More specifically, the second matrix can be obtained by swapping \_%J pairs of
columns in the first matrix, implying that the determinant of the second matrix is (—1) %)
that of the first matrix.

Next observe that the first determinant has exactly the same structure as JX (Vy, ..., V),
except that it involves T'— 1 variables instead of T" variables, namely (V5, ..., Vr) instead of
(V1,...,Vr). More precisely, this determinant coincides with JT =1 (V5, ... V).

Together, these observations imply that:

TOWV, V) = V(1 = V)T T (e, . V) + (DT LE v — v 200D (v, V)
= (1 -T2V J TV, V)
= (1 =) 2Vp(1 = Vo) T3V J T2 (Vs .. V)
= (1 =V 2Vvp(1 = Vo) T3V x .o x (1 = Vo) Vp @ (Vip_y, Vi)
= (1 =V 2Vp(1 = Vo) 3Vp x . x (1 = Vip_g) Vi Vi

T-2
— V/J’?*l H(l . ‘/S)Tf(erl)7
s=1

which coincides with as required.

Derivation of equation The change-of-variables formula, in conjunction with the
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determinant given in , yields

t—1

Fv(Vi, Vay oo Vi) =fp (ViVr) prt (H )W&) fer (H(l—VS)VT

s=1 s=1

hs 1NV
_ Vi Vi)t BVAVr
Doy VIVr)™ e
Tl e (1 a1
X S 1— V)V, V e BILZ1(1-Va)Vivr
g F(at) <g( ) ! T)
T-1 a1
BQT e
L 1- V)V, e Pz A=Vi)Vr
T(ar) 51:[1( Vr
T—2
% V[]T—l H(]- _ ‘/S)T—(S-Fl)
s=1
T
_ ﬁZt:1 at szzl O‘t_le—BVT
F(OéT) T
K Lyt S e (1) HT—(141)

T(ay)

X Va2—1(1 — VQ)ZtT:g ot (T—2)+(T—(2+1))
F(Oéz) 2
X ﬁvﬁf;ll(l — VT_l)Z,T:le at_(T_(T_l))
apr_q
52?:1 Qg

__ P Xl —pvp
— = g
r (Zt:l O‘t)
f r (Zf:t O‘S)
=1 L' (aq) T (Zfztﬂ O‘S)

x VP (1 - VB,

where the simplification on the penultimate equality follows from:

t—1 T-1

VT—ZPt V1VT+H1— I/;VT+H1— Wi

This corresponds to equation as needed.

D Additional details for the numerical experiments

In this section we again omit the dependence on # in P and related quantities.
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Lemma D.1. Consider the MPH model defined by FExample |1| with T = 2. If there is no
feedback, then (i) P, Xy, 151 are independent conditional on Yy, X1, A, and (ii) ]51 15 indepen-
dent of Xo, P, A, Yy, X1. If in addition X, is independent of A conditional on Yy, X1, then
(iii) P, X, Py are independent conditional on Yy, X,

Proof. If there is no feedback, () and Lemma imply that the joint density of (P, X5, ﬁl)
conditional on (Yp, X1, A) is given by

f(D, 22, p1lyo, 21, a) = pexp (2a — pe®) 1{p > 0}g(x2|yo, x1,a)1 {p1 € (0,1)},

which establishes (i). This also proves that P L A, Yo, X; and hence (ii). If X5 is independent
of A conditional on Yy, X1, g(x2|yo, x1,a) = g(x2|yo, z1) whereupon the form of the above
joint density imply (iii). O

Locally efficient score. The working model in our numerical experiment is w = (g, 7)
where g is a Bernoulli(p) and 7(v) = 11{v > 0} where V = exp(A4). Since P|Yy, X1,V ~
Gamma (7', V') by Lemma , it follows from Bayes rule that V|Yj, P, X; ~ Gamma (T, F).
Therefore, Ey g [V 1Yy, P, Xl} = %. In view of , the locally efficient score for 5 under w
is

Te ~ 1\ = —
(Y2 X?) = X, <p1 _ 5) PEos [V | Yo, P, X1]
+Eoz [X2|Y0’ PP, Xl] —Eoz [X2(1 — P)PV|Y,, P, P, X1]

~ o [X2lYo, P, Xi] + Epz | Xa(1 = P)PV]Y;, P X, |
1

= _Xl (ﬁl - §> ?EQ,Q |:V | %7?7 Xl]

+ Eo [Xa] Yo, Xi] — (1= )Py [Xa| Yo, Xi] Egg [V Yo, P, X1]
— By [Xal Yo, Xi] + PEog [Xa|Yo, X1 B (1 Py)| B [V]¥5, P, X,

=(p—X,) (131 — %) T, (82)

where the second equality follows from the implications of Lemma [D.1] and the third equality

uses Eg 5 [V | Y,, P, Xl} = %, Eo & [ﬁl] = % by Lemma |C.2| and the definition of g. For the
T

remaining components of the efficient score, we use once more, Ey 5 [V | Yo, P, Xl] = 5 and
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obtain

eff’y Y2 X :Y o Q —Xig—gYOﬁé
0,& ( ) 1 1+a€
~ 1 ~ o «Q ' B
— (Yo (P —= Yi(l—P) — - —XigmaYope ) )T
G R I (e e Ea)
(83)
from ([75)), and finally
Teff,a /y 2 2 1 D D
(Y X?) =~ (2—|—1nP1 —|—ln<1 —P1)>
1 /[~ ~ ~ ~ 1
——(PllnPl—i—(l—Pl)ln(l—Pl)—|—§)T
«
_ Teff Y2X2 6_eff Y2X21 84
G2 X2 - (v, x?) L (34

from ([77)).

Implementation details. The asymptotic standard errors reported in Table (1| are ob-
tained via Monte Carlo integration using N = 1,000,000 simulation draws from the DGP
of Experiment (A). As a benchmark, we computed the square root of the diagonal elements
of E [ ZEE’SE(Y,L-Z,Xf)gbe’SE(Yf,Xf)’] 71, which corresponds to the semiparametric efficiency
bound under strict exogeneity. This quantity serves as a reference for the remaining es-
timators, which explains the normalization in the first row. Similarly, the second row dis-
plays the square root of the (normalized) diagonal elements of E [¢§ (Y;?, X2) g5 (Y2, X2)] -
i.e the semiparametric efficiency bound with feedback. For the locally efficient estima-
tor and the simple moments approach, we report the (normalized) asymptotic standard
errors using the method-of-moments variance formula: H~-'VH~-!. In the case of the

005 (V2 X?

locally efficient estimator, the matrices are defined as H = ]E{ 8627 )} and V =

E [ S0 (V2 X2)g256,O w(YQ X?)'|. For the simple moment-based estimator, we use the same

expressions, replacing ¢gi (Y2, X7) with ¢, (Y, X7).

In Table [2, we follow an analogous procedure with N = 1,000, 000 simulation draws from
the DGP of Experiment (B) to evaluate population expectations. The main difference is that
we now treat the square root of the diagonal elements of E [¢§T (Y2, X2) 5T (Y2, X2)] ! as the

benchmark for efficiency comparisons. For the ASH, we report the corresponding asymptotic

7



standard errors for the method of moments estimator

N
=~ ~ 1
)‘(ytlxb Yt—1; 9) = N Z 905(}/;27 XzQ)>

i=1

where (Y%, X?) = )\a(yt)eziﬁ”yt*l%. The benchmark in this case is the square root of

k3

the covariance of the efficient influence function for the ASH:

a<1090 (}/127 XzZ)

Y2 X2
9090< z?Xz>+E|: o0

e e /*1 e
} B[4 (v2, X2)gT (2, X2)] ™ e (¥2, X2).

We apply the same strategy for the remaining two estimators, modifying the influence func-

tion accordingly. Specifically, for the estimator based on working models, we use:

(Y, X7),

~ -1
a9090 (Y;2> X?) E agbgf)f@(y?? Xz2) Teff
00 06 bo,w

o0, (V2 X?) — [

and for the method based on simple moments:

)]1 Poo (Y7, X7).

2 2 2 9

06 00

Finally, in both experiments, we evaluate p = E [X3] via Monte Carlo integration to compute

the locally efficient score for § in equation (82)).

Computation of efficient scores. In the absence of feedback, Lemma and Lemma

imply that simplifies to
o0 (Y2, x2) = (131 — %) P (E [XoV|Yo, P, X1] — X4E [V | Yo, P, X4]) (85)

where V' = exp(A). As a result, the efficient score for a in also simplifies. On the other
hand, the efficient score for 7 in ([75)) remains unchanged. To compute the efficient score, we
must evaluate two quantities: E [XQV 1Yy, P, Xl} and E [V 1Yy, P, Xl} . In both numerical ex-
periments V ~ Gamma(kg, A\g) where kg = A\g = 5. Given that P|Yy, X;,V ~ Gamma (T, V)
by Lemma , Bayes rule implies that V|Yy, P, X; ~ Gamma (T + Ko, P+ )\0) and hence
E [V Yy, P, Xl} = Ltro  Furthermore, the success probability for X, in Experiment (A)

P+/\0'
is p(Yo, Y1, X1, V) = 1 — exp(—7a(Yo, X1,Y1)V) with 74(Y, X1,Y1) = Yy + X;. Using this
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specification, we derive:

—\ T+ko
— T+ k X+ P
E[XoV | Yo, P, X1] = 7+ — (T + ko) — (o +P) T
(Ao +P) (Mo + P+ 7a(Yo, X1, Y1)
and
_ T T
E [e?[Y, X;, X5, P] = Xp— b~ TH0 ((1—X2>—X2 = ) T ,
Wy — W2 <)\0+P) W1 — Wa ()\0+F+’TA(%,X1,}/1))
—=T—-1,k —=T—-1,k
for w; = = A" D(Ttno) wy = L Ay D(T+r0) 7. This last expression en-

T(T)T (ko) (AO+?)T+KQ ) I(T)T (ko) ()\O+ﬁ+TA(YO,X1,Y1))
ables us to compute the efficient score under strict exogeneity given in —— for

Experiment (A).

Equations f* reveal that, in the presence of feedback, computing the efficient
score requires evaluating the following four conditional expectations: E [Xleo, ﬁl,ﬁ, Xl],
E [Xa|Yo, P, X,], E [XQV]YO, PP, Xl], E [X2(1 — P\)V|Y,, P, P, Xl] In Experiment
(B), the success probability for Xy is p(Yp, Y1, X1,V) = 1 — exp(—75(Yy, X1,Y1)V) with
15(Yo, X1,Y1) = Yo + X7 + 1. Under this specification, we obtain the following expressions:

()\0 + P)T‘FKO
(Mo + P+ 75(Yo, X1, Y1) 7

E | Xa[Yo, X1, P, P| =1~

E [X,Y0, X1, P =1 - (o +P)" "™ x X o Fy (T + Ko, a5 1+ a; —@)

C(T+no) C

1
—\ T+ko
- T No+ P
E[X2V|Y0,P1,P,X1] _ 2R (k) _ (o +P)
)\O+P (AO—I—P—}_TB(%)XDK

))T—‘rno—i—l ’

and

E[X2(1—ﬁ1)vaO,F,X1}
. 1T—|—KJO
2N+ P

1 Cy 1 Cy
W (2F1 <T+/{0+1,0l,1+a,—a) —5 X o (T—I—/{O—|—1,2a,1+2a,—a)),

. (T—l— /io) ()\0 +F)T+mo «

1B _ o

where we use the shorthands C; = \g + P + Yy + X1, 0y = Poe X1a7aY0 and »F) (a, b; ¢; 2)
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denotes the hypergeometric function

) — [(c) Lb=1(1 — f)e=b-l
) = e ) / ey "

E Nonlinear regression: derivation of equation

Let ¥ (Yo, y1, 21, a) denote a moment function satisfying . Following Corollary we
search for functions ¢y satisfying equation , ie.,

400 1

202

— 00

2
®0(Yo, Y1, Y2, T1, T2) €Xp (— (y2 — mﬁ(ythaa))) dys = Yo(Yo, Y1, 21, @),

which is a convolution equation. Thus, if we let 7 = mg(y1,22,a), an application of the

Convolution Theorem yields

2

F (o (yo, y1, -, x1,21)] [3] eXp(—%Sg) = F [¢o(yo, y1, x1,m5" (y1, %2, 7))] [s],

where F [g] [s] = fjoo g(z) exp(izs)dz denotes the Fourier transform operator, and we have

o0

used that the characteristic function of a N(0,0?%) is given by s exp(—§32>. More

explicitly, we have

—+o00
®0(Yo, Y1, Y2, T1, $2) eXP(iS?h)d?Jz

—+00 B ) 0_2

= %(yo,ybxhmgl(y1,$2,T))exp(zsr+ 752) dr
+oo

= we(ymyl,l’b@)

—00

2

0
Imes(y1, 22, ) exp (ismg(yl, To,a) + %82) da,

Oa

where we have used the change in variables a — 7 = mg(y1, 22, a).

However, the inverse problem may not have solutions since the inverse Fourier transform

1 +oo +o0

. om , T, a
o | exp(—15y2) [ . @DG(yanlaxba)%

2
exp (ismg(yl, To,a) + %82) da} ds
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may not be well-defined. To address this issue, our strategy is to regularize the problem, and

compute the regularized inverse

%\(?/0, Y1, Y2, 21, 562)

1 [T ) Feo Omg(y1, 9, a ) o?
=5 Ak (As) exp(—isys) [ Yo (Yo, Y1, T1, a)% exp (zsmg(yl, To,a) + 752) da} ds
+oo omg(yi,z0,a) [ 1 [T ) 1
Y a)% {% / Ak(As) exp ('Ls(mg(yl, 29, a) — yo) + 50282) ds} da
+0o0

am y X2, A m , Lo, Q) —
A e e e L

—00

which is always well-defined (under suitable conditions so that the integrals can be inter-
changed). This is similar to the strategy used in kernel nonparametric deconvolution (Ste-
fanski and Carroll, 1990).

The expectation of this regularized inverse is

E [¢5 (Yo, Y1, Ya, X1, Xo) | Yo, X ]

+oo 0 Y, X Y, X - Y
=E |: 1/}0(}/0’}/17)(17@) mﬂ( alc; 27a)K)\ (mﬁ( 1) ;,CI,) 2) d(l|Yo,X1:|
1 [T oo omg(Y1, Xo,a
-5/ )\/1()\5)/_00 E[wg(%,}/l,)(l,a) ﬂ(éa 2,0)
Y, X - Y 1
X exp <)\ism5( L ;,a) 2 +§0282) |Y0,X1} dads
1 [T too omg(Y1, Xo, a
-5/ )\/-@()\s)/_oo E{W(YO,Y},Xl,a) 5(5a 2,0)
Y, X — €9 — Y1, X5, A 1
X exp <)\ismﬁ< L Xs,0) 81; m (N1, X, >+50252) |Y(),X1]dads
oo omg(Y1, Xo, a
= [ E[wtra v xR
T
X o A(As) exp (2s(mp(Yr, X2, a) — mp(Yr, Xo, A))) ds | Yo, X1 |da

oo 0 Yi, Xo,
=/ Elwe(%,m,xhw m“;@ 2,4)

o0

L[t

><_
21 J_

k(u) exp <i§(m5(YI, Xo,a) —mp(Y1, Xo, A))) du | YO,Xl] da.

Since |k(u) exp (2%(ma(Y1, X2,a) — mp(Y1, X2, A))| < |s(u)| and by assumption |k(u)] is
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integrable, the dominated convergence theorem implies

lim B [¢(Yo, Y1, Yz, X1, Xz) | Yo, X1

oo omgs(Y1, Xo, a
=/ E[wa@fo,m,xl,a) ﬂ((;a 20 5y (Ve X ) — (Vi X 4)) | Y5, X, |

o0

where 0(-) denotes Dirac’s delta. Finally, since by assumption a — mg(yi, z2,a) is strictly
increasing we have

}\IE)%E [¢2(YO,Y1>Y2>X1>X2) ‘ }/E)aXl]
+oo
:/ E [65(Yo, Y1, X1, a)d(a — A) | Yo, Xy da

o0

+oo
:E |: 1/}9()/07}/1))(1701)5(0/_A>da|Yb7X1

o0

= E[d}@(%a}/laleA) | Y07X1]
:O’

where the first line follows from the composition property with the Dirac delta.
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